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PREFACE 


Tue “Essentials of Junior High School Mathematics” con- 
sists of three books planned as a unit to cover the work of the 
seventh, eighth, and ninth school years. The content and 
organization of the material have been determined largely by 
the recommendations of the National Committee on Mathe- 
matical Requirements and by a careful consideration of recent 
surveys and courses of study. 

During the three years covered by these books the pupil is 
undergoing important physical and mental changes. ’ His out- 
look on life is growing broader and his interests and abilities are 
expanding. The course in Junior High School mathematics 
should keep pace with these changes. It should be planned with 
a view to appealing to the new interests of the pupil and to sup- 
plying his new needs. 

The aims of this Junior High School Course in mathematics 
may be summarized as follows: 

(1) To give the pupil such a mastery of elementary number 
combinations as will enable him to perform with skill all common 
numerical operations. 

(2) To develop his ability to think ea and judge soundly 
and to cultivate his powers of generalization. 

(3) To afford a clear insight into the quantitative and spatial 
relations of the objects by which he is surrounded. 

(4) To produce skill in the application of mathematical 
principles to the problems of everyday life. 

(5) To give the pupil an idea of the tools of mathematics and 
of the breadth of their application. 
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Book THREE places the chief emphasis on algebra. The 
approach to this subject is made easy by correlating it with 
arithmetic and with the formula and by anticipating and 
guarding against the pitfalls that confront the beginner. The 


Ee lattes. | ail tal 


‘ 
~~: 


ey. 
sy Soe 


work throughout is in accord with the principles of modern — 


psychology. 

The difficulties of factoring and algebraic fractions are post- 
poned till the second half of the year. The importance of the 
functional relation is duly emphasized. The frequent drills and 


reviews help to clinch the principles and to form correct habits. . 


In spite of its simplicity, this book covers all the require- q 


ments for elementary algebra of the College Entrance Examina- 
tion Board and of the National Committee on Mathematical 
Requirements. 


The book abounds in geometric concepts and applications of 


geometry to algebra. In addition, a brief introduction to 
demonstrative geometry is included in order to familiarize the 
pupil with the nature of geometric proofs. An introduction to 
trigonometry further widens the pupil’s mathematical horizon. 

The problems are related to the pupil’s interests and deal, so 


far as practicable, with real situations. Puzzling problems and - 


algebraic fallacies are given at the end of several chapters to 
interest the inquiring student in somewhat more difficult work. 


A chapter of exercises that supplement and review the work of 


the entire year is included at the end of the book. 

Provision for individual differences among pupils is made by 
supplementing the many simple exercises and problems intended 
for the average pupil by sufficient material to keep the brightest 
pupils active. 
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CHAPTER I 


INTRODUCTION TO ALGEBRA 


An Extension of Arithmetic 


You have learned how important a part arithmetic plays in 
all the affairs of life. In your games and in your studies, at 
home and outside the home, you are constantly brought face 
to face with problems that call for a knowledge of the prin- 
ciples of arithmetic. What was John’s batting average? 
What per cent did Mary have on her last arithmetic test? 
What change should the clerk hand you? How much must you 
save each day for that coveted radio set? Is your gas bill 
correct? Can your father afford a new car? These and 
hundreds of other questions call daily for a knowledge of 
arithmetic. 

You are now about to study another branch of mathematics 
called algebra. This study will greatly increase your facility 
in many kinds of computations and will enable you to grasp 
clearly and attack successfully some of the more complex 
problems that press for solution from time to time. 

Algebra has been aptly termed the “ shorthand ” of arithme- 
tic because it greatly shortens the work. It might also be 
called ‘“ generalized arithmetic,” since it uses letters to repre- 
sent all possible values instead of confining itself to numbers of 
definite values. By this means algebra reveals many truths 


that lie concealed in arithmetic and might easily be overlooked. 
1 
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Symbols of algebra. Many of the principles of arithmetic 
apply also to algebra. The signs +, —, X, +, and = are 
used in algebra with the same meaning as in arithmetic, 
although, as you will see later, the signs + and — have 
another meaning as well. 


Multiplication in algebra may be indicated by a raised dot _ 


or by writing several letters side by side. Thus, 5 X a may 
be written 5-aor 5a, 5X aXb may be written 5-a-b or 
5 ab. In general, if the numbers are represented by letters, 
all signs of multiplication are omitted. 

As in arithmetic 3 X 5 = 5 X 3, so in algebra ab = ba. 


A factor of a product is one of the numbers that multiplied . 


together give the product. Thus, 5, a, and 6 are factors of the 
product 5 ab. 
Using Formulas 


Suppose that you wish to find the cost of 3 baseball bats 
at $2 each. You know that you must multiply the price of 
1 bat by the number of bats. The statement of this rule may 
be abbreviated to: ; 

The cost = the number X the price 

By using the letter c to represent any number of units in the 
cost, n to represent any number of bats, and p to represent any 
number of units in the price, the rule may be shortened to read : 

c= np 

In the case of 2-dollar bats, you have c = 2 n. 

What would c equal if each of 3 bats cost $1? $1.25? 
$1.50? 

The area of a rectangle is found by multiplying the number 
of units in the base by the number of units in the height, or 
altitude. This is commonly expressed 


Area = base X height, or 


A = bh b 
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USING FORMULAS 3 


Such abbreviated statements are called “ formulas.” “A 
formula is a rule for working a problem, expressed in algebraic 
symbols. 

In the formula A = bh, b and h are called poteral numbers, 
since they represent any numbers that may be substituted for 

the letters of the formula. 
EXERCISES 

_ 1. When the price of radio tubes is $3 each, what is the 
cost of 2 tubes? of 5 tubes? of n tubes? 

The cost of n tubes gives the formula c= 3n. 

2. Using the formula derived in ex. 1, (a) find the cost when 
n = 1; (6) find the cost when n = 5. 

3. Find the cost of 4 tubes at $2.50 each; at $5 each; at 
d dollars each. What is the formula for the cost of 4 tubes at 
d dollars each? 

4. Using the formula derived in ex. 3 (c = 4d), find ue 
cost of 4 tubes when d = $3; when d = $4.50. 

5. How much will » tubes cost at d dollars each? Find the 
cost of tubes when n = 2 and d = $2; when n=8 and 
— d = $2.50. 

6. If M= 1000 and C = 100, what is the value of 
3M+8C? of 4M+3C? of 2M—C? 

7. If q = 25 cents and d = 10 cents, what is the value of 
qt+d? of 2¢+ 3d? of 5qg+2d? 

8. What is the area of a rectangle having a height of 
6 units and a base of 5 units? the same height with a base of 
3 units? of b units? 

9. State the formula for the area of a rectangle in terms of 
the base and the height. Find the area whenh = 6 and b = 4. 

10. Find the area of a rectangle with a base of 7 units and a 
height of 2 units; with the same base and a height of 6 units; 
of A units. 
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11. Find the area, of a rectangle when b = 7 and h = 3; 
when b = 12 andh = 15.5. 
12. Ifa = 5andb = 6, find the value of 5a + 86; OF Tae 


13. If a =3 and b = 7, what is the value of 2a+ 2b? | 


] of 3.ab? 


14. The perimeter of a figure is the 
NE eae distance around it. Write a formula for 
the perimeter, p, of the parallelogram 


a shown at the left. Find p when / = 8 in. 


and w = 3 in.; when / = 2.5 ft. and w = 1.5 ft. 
15. What is the perimeter of a rectangular city block 405 ft. 
long and 200 ft. wide? Draw a figure to represent this. 


16. A farmer has a rectangular meadow that is 25 rd. wide — 


and 32 rd. long. What is its perimeter? 

17. Draw a diagram to represent a triangle. Letter the 
three sides a, b, and c. Write a formula for its perimeter. 

18. Find the perimeter of a triangle if a = 8 in., b = 7 in., 
endec —o12. ip: 

19. Find the perimeter of a triangle if a = 3 ft., b = 4 ft., 
and¢c = 5 ft: 

20. Howard ran around a triangular course whose sides were 
408 ft., 572 ft., and 620 ft., respectively, at the rate of 16 ft. a 
second. How long did it take him? 

21. A triangle having two sides equal is called 
an isosceles triangle. How can you express its 


perimeter in terms of a, one of the equal sides, 9 ° 
and 6, the base? 
22. What is the perimeter 
of an isosceles triangle when 
5 5 @=10 in, b=15 in? when a = 2h it., 
b = 3 ft.? 
23. A triangle having three sides equal is 
S called an equilateral triangle. Express its 


perimeter in terms of its side, s. 
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24. Find the perimeter of an equilateral triangle when one 
side is 2in.; 8in.; 12} in. 

The height, or altitude, of a parallelogram is the line drawn 
between the upper and the lower base perpendicular to the bases. 


The area of a parallelogram is equal to 
the product of the number of units in the 
base and the height. 


- That is, A =bh b 


25. Find the area of a parallelogram when b = 5 in. and 
h = 3in.; when b = 7 in. and h = 5in.; when b = 4 ft. and 
h = 2 ft. B 

The diagonal BD of the parallelo- = C 
gram at the right divides it into two 
equal triangles. This may be shown 
by cutting out a parallelogram and A 
then cutting along one diagonal. The 
two triangles formed can be made to fit exactly over each other. 

The height, or altitude, of a triangle is the line drawn from 
the vertex of the triangle perpendicular to the base. 

Since each of these triangles is one half of the parallelogram, 
the area of each triangle is one half of the area of the parallelo- 
gram. 


The area of a triangle equals one half the product of the number 
of units in the base and the altitude. 


That is, A =+4bh 


26. Find the area of a triangle when b = 8 in. 
and h = 4in.; when b = 3 ft. andh = 23 ft. 

27. The volume of a rectangular solid is repre- 
sented by the formula V=Iwh. Find the volume 
of a rectangular solid when / = 3 in., w = 2in., 
h = 5in.; when? =8 in, w=5 in, h=6in.; 
when J = 15 in., w = 3in., h = 4 in. 
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Expressing Division 
If you want to write 16 divided by 8, you may write it in two 
ways, thus: 16 + 8or48. Similarly, you may write a divided 


by bas a+b or ; - The form 5 is the fractional form and, as 


you will remember from arithmetic, the upper number is 
called the numerator and the lower number, the denominator. 


One half of a may be written either $a or = 


EXERCISES 
Find the value of s when: 


ag 12 1b = 3. @= 18,6 =6 
20 2 bar — as 4. a = 18, b = 12 


If velocity is indicated by V, distance by d, and the time by ¢, » 


what is the meaning of the formula V = fy Find V when: 


5. d = 20 ft., t = 2 see. 7. d = 2000 ft., t = 4 min. 
Grd = 20 mid. = Shr: 8. d-= 240' mi, t = 8 hr 
9. The volume of a cone is found by substitut- 


ing for Band hin the formula V = 1Bh. Find V 
when h = 12, B = 150; when h = 8, B = 72. 

10. The formula for the sum, s, of two fractions, 
e and a iss = b+ a. Test this to see if it is 
a b ab 
true for } +4. 


11. Find sifa = 4andb =5; ifa = 3 andb = 4. 


12. One of the formulas used in electricity is C = z Find 


C when E = 550, R = 10; when E = 110, R = 22. 
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POWERS, EXPONENTS, COEFFICIENTS i 


Powers, Exponents, Coefficients 


You remember that when the four sides of a rec- 
tangle are all equal, the figure is called a square. 
If s represents the length of one of the sides, the 
area of the square is s X s, or s%. This is read s 
square. 

You know also that when the length, the width, and the 
height of a rectangular solid are all equal, the solid is called a 
cube. The volume of a cube whose side is s 
units long is s X s Xs, or s?. Thisis read s cube. 

A product, like s’, that is made up of a num- 
ber of equal factors is called a power of that 
factor. The factor is called the base. 

The small figure * is called an exponent. It 
shows the number of times the base is to be taken as a factor. 
An exponent is written to the right of and a little above the 
base. 

Any number expressed in algebraic symbols is called an 
algebraic expression. Thus, 5 ax and 3 az’ — 2 y° are algebraic 
expressions. 

If an algebraic expression can be separated into two factors, 
either factor is called the coefficient of the other factor. Thus, 
in the expression 5 az, 5a is the coefficient of x, while 5 is the 
numerical coefficient of az. If nothing is said to the contrary, 
the term coefficient indicates the numerical. coefficient. 

The coefficient 1 is generally omitted. Thus, a@ is written 


s? |s 


for 1a and bry for 1 bry. 


ORAL EXERCISES 


What is the area of a square if one side is 3in.? 8 ft.? 
What sort of figure is one of the faces of a cube? 

Find the area of a face of a cube if the edge is 7 in. 
Find the total surface of a cube if the edge is 4 in. 
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Using Parentheses 


If you want to find the sum of 3 times 5 and 3 times 8, you © 
may obtain it at once by finding 3 times the sum of 5 and 8. 
3X5+ 3X 8 = 3(5 + 8) 
15 + 24 = 3(5 + 8) 
15 + 24 3X 13 
39 = 39 
Similarly, 3(a + 6)= 3a4+ 30. an 
The signs ( ) are called parentheses. They indicate that the 
expression included within them is to be considered as one 
number. Therefore, if possible, operations within a parenthesis 
should always be performed first. 


ll 


EXERCISES 
Read each of the following expressions, tell what each one 
means, and write it without the use of exponents: . 
1. 8a’x*? Soivution. 8 a%? = 8 aarrer 7 
2. 7 @ary 4. 6 xyz 6. 3 mn?x> 
3. 12 ax*y? 5. 15 atb3x 7. 5ani 


Express each of the following in an abbreviated form: 


8 tetaet+eate 1l. @+e+e?t+ hh BP 
9. xxrxx 12. 3 abbb 
10. 2 X 2 X 2 aabb 13. 5 aarxy 


14. Why is the second power of a number called the square of 
the number? Give a reason for calling the third power of a 
number the cube of the number. 

State the coefficient of x in each of the following: 


15. 6az 16. 5 abz 17. 4 ab’x 18. 2(a + b)x 


19. State the exponents and the numerical coefficients in 
ex. btous 
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When a = 2,6 = 3,n = 4,2 = 2, andy = 0, find the value of: 


20. a? 27. 3(an)? 34. ax(a + y)? 
Zi. a* 28. (3 an)? 35. 5a? +(5 a)? 
22. 3a’ 29. 5 ab? 36. (nx)? — nx? 
23. 2a? 30. a(b + n) 37. (w+ y)? — ay 
24. (2a)? 31. ab(n + y) 38. abxy 

25. 5an 32. xy(a? + b) 39. a?(2? — y?) 
26. 3 an? 33. a3(2a — n) 40. (3b)? — 38? 


The square of the longest side of a right triangle 
(the hypotenuse) is equal to the sum of the squares 
q_ of each of the other two sides. That is, c? = a?+ b?. 


41. Find c in a right triangle when a = 3, 
b b = 4; when a = 8, b = 6; whena = 12,b=5. 


42. State the formula for the volume of a cube. Find the 
volume when the edge is 3 in.; when it is 2.3 ft. 


43. The six faces of a cube are equal squares. 
If one edge of the cube is e, write a formula for 
the total surface. Find the total surface when 
é = 1in.; whene = 2in.; whene = 5 ft. 

44. The circumference of a circle is given by 

the formula C = 2ar. r is the radius and r 

is the approximate number 31. Find the cir- 

cumference of a circle when r = 1; when r = 3.5. 

Nors. 7 is often expressed by the approximate decimal 

3.1416; but in this book 3+ is to be used unless another value is specified. 

45. Find the circumference of an automobile wheel 
if its radius is 15 in. 

46. The area of a circle is given by the formula 
A =r. Find Aewhen r = 4.2; whenr = 53. 

47. The volume of a cylinder is found by using 
the formula V = wrh. Find V when r = 3.5 in. 
and h = 4 in.; when r = 5in. andh = 4.2 in. 
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48. The formula S = 477? gives the surface 
aS of a sphere in terms of its radius. Find S when 


r = 31 in.; whenr = 14 in. 


UD, 49. What is the approximate surface of the — 
earth if r is taken as 4000 mi.? 


A diagonal of a trapezoid divides the trapezoid into two tri- 
angles. The area of the trapezoid is equal to the sum of the 
areas of the two triangles. That is, 

A =thb+ he, or A =$h(b+ 0c) 

50. Find the area of a trapezoid if 
= 2 in} > = > ang C:— oi clr 
h./7in.,, 0 = 12ins, sand ¢ = 61m: 

51. The formula S = 4 a? is used in physics to determine 
the distance a freely falling body will drop in ¢ seconds. If 
a = 32, find S whent = 1; whent = 2; whent = 3. 

52. The horsepower of some gasoline engines is given by the 


formula P = i in which d is the diameter of the cylinder in 


inches and n is the number of cylinders. What is the rated 
horsepower of a 6-cylinder engine when d = 3.25 in.? 


Summary of important formulas. 


1. The area of a parallelogram or of arectangle A = bh 

2. The area of a triangle A=+4bh 

3. The area of a square A=: 

4. The area of a circle A=r7r 

5. Velocity formula Y= : 

6. The perimeter of a parallelogram p=21+2w 
7. The circumference of a circle C = xd or C = 2ar 

8. The volume of a cube V=s 

9. The volume of a rectangular solid V = lwh 
10. The hypotenuse of a right triangle C=0+P 
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The Language of Algebra 


Before we can solve problems by algebra, we must translate 
them into statements with algebraic symbols. 

General problems can be represented as formulas. Others 
can be put into the shorthand of algebraic language by fol- — 
lowing the statement of the problem. 

For example, if Mary had c cents and Jane had 10 cents 
more than Mary, Jane had (c + 10) cents and the number of 
cents both together had was c+ c+ 10, or 2c+ 10. 


\ 


EXERCISES 


1. George earned $3.50 a day and his father earned twice as 
much. How much did his father earn? How muck did both 
earn? 

2. Frank earned d dollars a day and his father earned 
twice as much. How much did his father earn? How much 
did the two earn in a week of 6 days? 

3. Tom had c cents. How much did James have if he had 
18 cents more than Tom? How much did both have? 

4. Harriet had k cents and Nina had ¢ cents more than 
Harriet. How much did Nina have? How much did both 
have? 

5. There were n girls in the biology class and 5 fewer boys 
than girls. How many boys were there in the class? What 
was the total number of pupils in the class? 

6. The altitude of a triangle is h inches. What is the base 
of the triangle if it is 3 in. more than 4 of the altitude? 

7. If John had d dollars and saved n dollars a week for 
2 weeks, how much did he then have? 

8. Julia had 6 books. If she received n books for Christmas 
and 3 books for her birthday, how many did she then have? 


9. What is the perimeter of a square whose side is s? 
ESS. J. H. S. MATH. 111 —2 
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10. If 3 baseballs cost d dollars, how much will 1 ball cost? — 


5 balls? » balls? 


11. When eggs cost 48¢ a dozen, how much will 1 egg cost? | 


2 dozen eggs? 9 eggs? n eggs? d dozen eggs? 

12. Suppose that eggs are c cents a dozen, how much will 
1 egg cost? n eggs? d dozen eggs? 

13. Mr. Clark drives his automobile at the rate of m miles 
an hour. At that rate, how far will he go in 2 hr.? in 3 hr.? 
in 15 min.? in A hours? 


14. How long will it take Mr. Clark to drive 10 mi. at the ~~ 


rate of m miles an hour? 7 miles an hour? 5 nm miles an hour? 
15. Harry had d dollars. How many cents did he have? 


He spent c cents for lunch, n cents for car fare, and 5 cents for - 


a pencil. How many cents did he have left? Express this 
result in dollars. 

16. Mr. Kane is 45 yr. old. ioe old was he 5 yr. att 
y years ago? Jf Mr. Kane is k& years old, express his age 
y years ago; n years hence. 

Consecutive numbers are numbers that follow each other in 
the natural order of counting, as 5, 6, 7. 

17. Write five consecutive numbers having 20 for the first 
number; having 12 for the middle number; having n for the 
middle number ; having 15 for the largest number. 


18. What is an even number? an odd number? State | 


which of the following numbers are even and which are odd: 
Seeny 19. 021) 224. 03° 240 ee 

19. Consecutive odd numbers and consecutive even numbers 
follow each other in the order of counting, as 1, 3, 5 and 2, 4, 6. 
In ex. 18, find three consecutive odd numbers; four con- 
secutive numbers; four consecutive even numbers. 


20. If nis an integer (whole number), write an even number ; 
an odd number. 
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Solving Easy Equations 


Tf you are told that 3 notebooks can be bought for 21 cents, 
you may think of this problem in this form: ‘The price of 
3 notebooks = 21 cents,” or, in algebraic language, in this form: 


3b = 21 


Such a statement is called an “ equation.” 

An equation is a statement that two quantities are equal to 
each other. The quantity on the left side of the equality sign 
is called the first member, or the left member, and the other 
quantity is called the second member, or the right member, 
of the equation. | 

Some expressions that look like equations are not true equa- 

tions. For example, the statement n+ 5 = 7 is not an equa- 
tion, since it is impossible for a number increased by 5 to 
equal itself. 

An equation may be compared to balanced scales, the two 
pans of which represent the two 
members of the equation. To 
maintain the balanced condition 
of the scales, any change that is 
made on one side of the scales 
must be balanced by an equiva- 
lent change on the other side. 

Suppose that the scales are balanced in weighing a box of 
eandy. To keep them balanced, if a clerk takes out half a 
pound of candy from the box in one pan, he must remove a 
half-pound weight from the other pan. If he adds a pound of 
candy to the box, he must add a pound weight to the other 
pan. If he puts only one half the amount of candy in one pan, 
he should have only half the weights in the other pan, and if he 
puts double the amount of candy in one pan, he should double 
the weights in the other pan. 


BALANCED SCALES 
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Golden rule of the equation. Whatever you do to one side of an 
equation, do also to the other side. 

If you wish to find the value of 6 in the equation 36 = 21, 
proceed as follows: 

Statement of the equation : 3.6 = 2 

As b is 4 of 3 b, divide both sides by 3: x = 21 


: i or b=7 
An equation is solved when a value of the unknown quantity 


eo 


has been found which, if substituted in the equation, will make 


both sides of the equation the same. 
This value is called a root of the equation and is said to 
satisfy or fulfill the conditions of the problem. In the case 


above, b = 7 is a root of the equation. It satisfies the condition: 


that 3b ="21,; since 3 X 7.= 21., 

All values found for the unknown quantities should be sub- 
stituted in the original equation to see if they satisfy the equa- 
tion. This is called a check of the work. 


EXERCISES 

1. Which of the values x = 5,2 = 8, or x = 12 satisfies the 
equation 224 —3 =2+9? 

2. Is the equation 24 +9 = 12+ 19 satisfied by x = 12? 
by:-2 =4? bye = a4? 

3. What values of x will 
satisfy the equation 3 x = 18? 
How many such values do 
you find? 

4. How may a seesaw, bal- 
anced as in the figure, be used 
to illustrate an equation? 
Read the Wlleting equations and translate them into word 
problems. Then solve the equations and check the results. 

5. 3n = 18 . 


Hint. If 3 times a certain number is 18, what is the number? 


. s 4 
ne ee ae 
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6. 22 = 24 10. 12a = 180 14. 5¢—2 = 24 
7. 62 = 42 11. 9n = 27 ~ 15. 2a +34 = 30 
8. 5n = 20 12. 5n—-—2n=21 16. 13b)—5b= 56 
9. 152=240 18. 8n+3n=55 17. 252+32=112 
18. 24+72=0 212 25.04 -i-a@ = 30 
19. Ty — 2y = 22.5 22. 283n — 15n = 39 


20. 32+ 1527 = 54 23. n4+-5n = 42 


24. Douglas and Lee have 42 marbles between them. Lee 
_ has twice as many marbles as Douglas. How many has each? 


_  SoLuTrion. Let m = the number of marbles Douglas has 
Then 2 m = the number of marbles Lee has 
and 3m = the number of marbles both have 
But 42 = the number both have 


. Therefore 3m = 42 
Divide both sides by 3: m = 14 
2m = 28 
puis Check in the original problem : 
2X 14 = 28; 14 4+ 28 = 42 
Notre. The horizontal bar separates the equation of the problem from 
the algebraic statements on which it is based. 
25. Mary and Anna together have 84¢. How much has 
each if Mary has 3 times as much as Anna? 
26. How much money has each if Mary has twice as much as 
Anna and together they have 84¢? 
27. A man and his son together earned $13.50. How much 
did each receive if the father earned twice as much as the son? 
28. There are 36 students in a classroom in algebra. If there 
are 5 times as many boys as girls, how many are there of each? 
29. The perimeter of a triangle is 24. Find each side if one 
side is 3 times as long as the shortest side and the other side is 
equal to the sum of the first two sides. 
Hint. Let one side = s. Then the other two sides will be 3 s and 4s; 
hences +38+4s8 = 24. 
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Axioms. In solving equations, you have made use of the 
fact that both sides of the equation may be divided by the 
same number without changing the equality. A statement 


of a principle accepted as true without proof is called an axiom. 


Division axiom. Both members of an equation may be dwnrded 
by the same number without destroying the equality. 
Notg. Division by zero must be excepted. 


EXAMPLE 1. Solve the equation 52 + 3 = 18. 
Souturion. It is evident that 3 more than 5z is 18. Hence you may 


find the value of 5 x by subtracting 3 from both sides of the equation, thus: ~ 


§zx+3—-—3=18—3 


or 5x = 15 
Divide both sides by 5: z= 2 
orz =3 
Cuecx. Substitute3forz: — 5 (3) + 3 = 18 
15 +3 = 18 
18 = 18 
ExampLe 2. Solve 3x + 5 = x + 17. 
SoLurion. 38z2+5=2+17 (1) 
*Subtract xz from both sides of (1): 382 +5—-x=2+17-—2 (2) 
or2%+5=17 (8) 
*Subtract 5 from both sides of (3) : 22 SAPs (4) 
Divide both sides of (4) by 2: "6 


Notre. The steps marked * could be combined into one step by sub- P 


tracting « + 5 from each side of the equation. This would shorten the 
work, thus: 


82+5-—-¢2#-5=2+17-2-5 (2) 
22 = 12 (3) 
: T= "6 
CHECK. 8(6)+5=6417 
18 + 5 = 23 
23°= 23 


Subtraction axiom. The same number may be subtracted from 
both sides of an equation without destroying the equality. 


q 
4 
E 
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EXERCISES 

Solve and check each of the following exercises : 
n+ 8 = 18 8. 42+ 15 = 75 
2.3+y=17 9. Beis Fs) aR A 
8. 7+2= 15 10. 8+22= 182 
4.2n=n+3 11. 24+27+6=72 
(6. 2n+5=n+15 12. 8y +15 =6y+4+ 33 
6. 38n=524+%n 13. 5n+3=2n+194+n 
1 52=15-+22 144. 5474+ 15—2=48+27 


15. Read ex. 1 to 7 and state each one orally as a word prob- 
lem. Thus, ex. 1 may be stated, ‘‘ What number increased 
by 8 is equal to 18?” 
16. Mr. Drake divided $5 between his two sons so that the 
older boy had $1 more than the younger. How much did 
each receive? 
Hint. Let d 
d+1 
Then 2d -+ 1 = 5, the number of dollars the two boys received 


17. John and Carl received $23 for a week’s wages. If John 
received $5 more than Carl, how much did each earn? 

Hint. c+(c + 5)= 23. Explain. 

18. Mary spent 5¢ more than twice as much as Jane did for 
lunch. If they spent 50¢ together, how much did each spend? 

19. Find two consecutive numbers whose sum is 37. 

Hint. If 7 is the smaller number, n + 1 is the larger number. 

20. Find two consecutive even numbers whose sum is 46. 

Hint. »+(n + 2)= 46, or2n+2 = 46. Explain. 

21. Find three consecutive odd numbers whose sum is 51. 

22. One number is 5 more than a second number and their 
sum is 41. Find each number. 

23. Read ex. 16 to 18 and state each as a number problem. 
Thus, ex. 16 may-be stated, “ Divide 5 into two parts such that 
one part is 1 greater than the other part.” 


the number of dollars the younger boy received 
the number of dollars the older boy received 
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ExampLe 1. Solve the equation m— 8 = 15. 


Soturion. The equation states that 8 less than the number m is 15. 
-Hence to find m, add 8 to both sides of the equation, thus: 
m—8+8=154+8 


or m = 23 
CHECK. 23 —8 = 15 
or 15 = 15 


Addition axiom. The same number may be added to both sides 
of an equation without destroying the equality. 


EXAMPLE 2. Solve the equation $2 = 9 
SOLUTION. g§r4=9 (1) 
Multiply both sides of (1) by 4: 4X8sae=4X9 (2) | 
or 32 = 36 (3) 
‘Divide both sides of (3) by 3: ae (4) 
CHECK. 3 (12) =9 
9=9 


What was the reason for the first step of the poluuon, namely, 
“ Multiply both sides of (1) by 4”? 


. Multiplication axiom. Both sides of an equation may be mut- 
tiplied by the same number without destroying the equality. 


Summary of Principles. 

The four axioms used in solving equations are four principles 
that are united into one general law of the equation that we 
have called the Golden rule of the equation. (See page 14.) 


1. If a number is added to one side of an equation,.an equal num- 
ber must be added to the other side of the equation. 


2. If a number is subtracted from one side of an equation, an equal 
number must be subtracted from the other side of the equation. 


3. If one side of an equation is multiplied by a number, the other 
side of the equation must be multiplied by the same number. 


4. If one side of an equation is divided by a number, the other side 
of the equation must be divided by the same number. 


' : Leos 
et Te ee ee 
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EXERCISES 

Solve and check the following equations: 

1. n — 12 = 28 7. 42—-—2=8 

2. 18 =n —2 8. tn —-—6=5 

3. 32—5=15—2 9. 5n-—-6=8-—2n 

4. 27-—15=9—x 10. n—5=8n+2 

§. 22-7=19+2 11. 2n+3=in+18 
6 c¢=424+8 12..3n7—2=2in+1 

n x 3 
13. 5 =8 14, = 6 15. 36 = 5 16. 18 = 7 


17. Read ex. 5 to 10 and state each as a word problem. 

_ 18. Two boys caught 18 fish. One boy caught 4 fish less 
than the other. How many fish did each catch? 

Hint. Let n = the number of fish the first boy caught 
Then 2» — 4 = the number the second boy caught 


Hence 2n — 4 = 18 

19. Fred and Chester spent 30¢ for notebooks. How much 
did each spend if Fred spent 6¢ less than Chester? 

20. In Miss Baird’s history class there were 6 more girls 
than boys. If there were 32 pupils in the class, how many » 
girls were there? how many boys? 

21. Jack is 25 yr. younger than his father and the sum of 
their ages is 65 yr. How old is each? 

22. Mary is 5 yr. younger than her brother Paul. How old 
is each if the sum of their ages is 21 yr.? 

23. Louis and George paid $85 for two radio sets. Louis 
paid $20 less than twice as much as George paid. How much 
did each pay? 

24. Read ex. 18 to 23 as number problems. Thus, ex. 18 
may be read, ‘ The sum of two numbers is 18. What are the 
numbers if one number is 4 less than the other number? ” 


20 INTRODUCTION TO ALGEBRA : ‘ 


- 25. How much do eggs cost per dozen when 4 of a dozen } 
cost 30¢ less than a dozen cost? 
Hint. Let c = the number of cents eggs cost per dozen 
Then ic = c — 30 
26. How much do oranges cost per dozen when 2 of a dozen ~ 
cost 40¢? 


27. Arthur bought a suit of clothes and a pair of shoes for $49. 
If the shoes cost as much as the clothes, what was the price of 
each? 


ae  ———— 


28. Draw a triangle similar to triangle ABC below. Cut off» 
the angles A and C and place them next to angle B, as shown in 


B 


y. C Ve 
the diagram. You will find that the sum of the three angles of 
the triangle is equal to one straight angle, or 180°. 
29. Find each angle of a triangle if angle C is equal to 
angle B and angle A is equal to the sum of angle B and angle C. 
30. Find each angle of a triangle if angle B is 4 times as large 
as angle A and angle C is equal to the difference between angle B 


and angle A. 


31. Two angles of an isosceles triangle are equal to each 
other. Find the size of each angle of an isosceles triangle if 
the equal angles are each 4 times as large as the third angle. 


REVIEW EXERCISES 


1. What are general numbers? What advantage is gained 
by their use? Explain. 
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_ 2. We may indicate a X b by ab. Explain why we cannot 
indicate 7 X 3 in the same way. 


3. State the exponents and the coefficients in 7 az®y3—5 b4z". 
Ifa = 3,b = 2,2 = 2, y = 1, z = O, find the value of: 


4. 2a? Ve oey 10. 2a? + yz 
5. (3 2)? 8. 54 . 11. b(a@? + 22) 
6. 2.04 9. azz? 12. 32(46 + a) 


_ 13. Express each of the following formulas in words telling 
what it represents : 


Cc.= np (6) 2=0+ 0B 
(2) A = bh (7). C= iad 
od = Ve (8) A =ar 
(4) A=1bh (9) V=iBh 
(5) p = 20+ w) (10) V =arh 


14. The cost of sending a telegram of more than 10 words is 
45¢ plus 3¢ for each additional word. State this as a formula. 
15. Using the formula of ex. 14, find the cost of sending a, 
telegram of 12 words; of 15 words; of 75 words; of 100 words. 

16. Using the formula of ex. 14, find the number of words in a 
telegram if the cost is 48¢; 69¢; 99¢. 

17. If 7« = interest, p = principal, r = rate, t= time in 
years, and A = amount, state the meaning of 7 = prt; of 
A=p-+oprt; of A = p(1+7t). 

18. Find the interest on a $500 Liberty bond at 44% for 
2 yr.; for 3 yr. 6 mo.; for 5 yr. 

19. In what time will the interest on $2000 at 5% be $22.50? . 

20. What is the amount of $250 for 1 yr. 8 mo. at 44%? 

21. The base of a rectangle is 3 times its altitude and their 
sum is 16 in. Find the base, the altitude, and the area. 

22. If the altitude of a rectangle is 5 in. longer than the base 
ind their sum is 25 in., find the altitude, the base, and the area. 


You will discover how helpful equations are in the solution 
of the following problems. 4 

1. A bottie and a cork cost $.50. How much did the bottle 
cost if it cost $.40 more than the cork? : 

2. If a fish and a half a fish weigh a pound and a half, how ~ 
much will a dozen and a half fish weigh? 

3. What is the weight of a dog that weighs 24 lb. plus + of . 
its weight? 

4. If 3 boys catch 3 fish in 3 min., at the same rate how 
many boys will be required to catch 24 fish in 12 min.? 

5. How old is Ann if 3 times her present ane is equal to 44 
times her age 6 yr. ago? 

6. Chester is 18 yr. old and Fran‘ is 3 yr. old. In how many 
years will Chester be 3 times as old as Frank? 

7. Fred was asked how many marbles he had. He réplied 
that 22 was 10 more than 4 of the number he had. How many: 
marbles did Fred have? 

8. The head of a fish is 4 in. long, the tail is as long as the 
head and } of the body, and the body is as long as the head 
and the tail together. How long is the fish? 

9. If a dog and a half could eat a chop and a half ina 

minute and a half, how many ee could six dogs eat in 
6 minutes? 

10. The temperature at noon was 32°. By 6 p.m. it had 
fallen + as many degrees as the resulting temperature. What 
was fie temperature at 6 P.m.? 

11. A gallon mixture of alcohol and water contains 1 1 water. 
How much water must be added to the mixture so that it shall 
be 4 water? 

12, How much pure alcohol should be added to the original 


mixture in ex. 11 to make the mixture 80% alcohol? 
22 


In the last chapter you saw how useful letters are in repre- 
senting numbers. Rules for working many problems may be 
stated in the form of short equations or formulas. For example, 
the rule for finding the cost of a number of articles of the same 
kind by multiplying the price of one article by the number of 
articles may be stated briefly as c= np. This abbreviated 
form of expression is one of the great advantages of algebra 
over arithmetic. 

Most of your everyday calculations are with numbers such as 
you studied in the last chapter and in arithmetic. There are 
some instances, however, in which numbers must be distin- 
guished in a special way. In playing games, if you win 
10 points, you say that you are 10 points “to the good.” 
This you may represent as + 10. If, however, you lose 
10 points, you say that you go “in the hole.” This you may 
represent as — 10. Again, a boy is credited with the amount 
he earns and is debited or charged with the amount he owes. 

If you are told to find a certain number that when increased 
by 15 equals 10, you write the equation, 

n+ 15 = 10 


_ When you try to solve this equation by subtracting 15 from 
each side, you meet a difficulty that troubled people for a great 


many years. 
23 
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Many ideas about numbers that seem very srmple to us_ 
caused great difficulty to the early mathematicians. Some of 
our simplest operations with fractions puzzled the most learned © 
men in the time of Plato and Euclid. There are many mathe- — 


matical ideas that even to this day it is difficult to grasp. You — 


can easily look out of a window twice, but suppose some one 


. 


f 


asks you whether you can look out half of a time, what will be 


your reply? Can you seat 100 pupils in 3 classrooms so that ~ 


each room will have the same number of pupils? 
For many years men thought it impossible to find a number 


which when added to 15 gives a sum of 10; but we shall soon ~ 


see how easy it is to find such a number. 


Positive and Negative Numbers 


q 
1 


; 


To solve problems similar to the one just stated, people 


found it convenient to divide numbers into two opposite groups 
called ‘‘ positive numbers” and “ negative numbers.” 

Positive numbers are all the arithmetic numbers and are 
often distinguished by the sign + written before them, as 
st), 1rd. 

Negative numbers are all the numbers that are opposite in 
quality or direction to the positive numbers. They are dis- 
tinguished by the sign — written before them, as — 5, — a. 

The signs + and — have two meanings. First, they are 
used as in arithmetic to show the operations of addition and 
subtraction. Second, they are used to indicate positive and 
negative numbers. Such numbers are called algebraic numbers. 
When no confusion arises, positive numbers are written like 
arithmetic numbers with the sign + omitted. The sign — 


? 
however, is never omitted before a negative number. 


The arithmetic value of a number without regard to its 


direction sign is called the absolute value. Thus, + 6, when 
regarded as a positive number, is larger than the negative num- 
ber — 6; but the absolute value of each is 6. 
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_ Positive and negative numbers may be represented graphi- 
cally, as shown below. If 0 is the starting point, positive num- 
bers are represented by the lengths of the divisions of the line 


— Negative Numbers Positive Numbers a 
bie) 4-3-2 I 0 to 43 14145 +6 


at the right of 0, as + 1, + 2,or +4. Negative numbers are 
represented by the lengths of the divisions of the lines at the 
left of 0, as — 2 and — 6. 

You are all familiar with the scale of the thermometer. On 
this ‘scale a temperature has been fixed as the zero or starting 
point. Degrees above zero may be indicated by posi- 
_ tive numbers and those below zero, by negative num- 
bers, as, + 70°,— 10°. The freezing temperature is 
i + 32°, or 32° above zero, on the Fahrenheit scale. 

. 
: 


° EXERCISES 


1. Draw a straight line scale to represent numbers 
from — 15to+ 15. On this scale locate the numbers 
»— 8, — 3,9, 12, 82. 

2, Draw a scale to represent thermometer readings 
from — 20° to 100° at intervals of 5°. Can you tell 
how the zero point is determined on the Fahrenheit 
thermometer? 

3. Locate on the thermometer scale the readings 

B— 12° — 4° 10°, 22°, 70°. 

4. If dates after Christ are represented by positive 
numbers, by what are negative dates represented? What dates 
would the following be: — 350? — 420? — 30? +1? +1200? 
+ 1492? + 1620? 

5. If you win 30 points in a game, you might represent your 

score by +30. What would be meant by — 15? by 25? 
by 0? by — 50? by 100? 
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—P Pa 


6. A gain, or profit, of $50 might be represented by + 50. — 


How, then, would a gain of $75 be represented? a loss of $25? 
a loss of $100? a gain of $20? 


7. Explain how improvement or the opposite might be — 


indicated on your report card by the use of the signs + and —. 
8. Ifa balloon pulls upward with a force of 15 lb., how may 


this be represented? How would a weight attached to the 7 
balloon be represented? What would be the total effect if the y 


weight were 1 lb.? 8 lb.? 12 lb.? 144 1b.? 15 1b.? 20 Ib.? 


9. If a boy can row in still water at the rate of 4 mi. an © 
hour, how may this be represented? If he rows against the ~ 


current of the river, how may the current be represented? 
What will be the effect if the current is } mi. an hour? 2 mi. an 
hour? 3 mi.? 4 mi.? 5 mi.? 

10. How may positive and negative numbers be used to 
indicate that one pipe is emptying water into a reservoir at 
the rate of 15,000 gal. a day and another taking it out at the 
rate of 8500 gal. a day? 

11. If longitude east of Greenwich is positive, how could 
you locate places whose longitude is 5°? — 2°? 18°? 0°? 
— 20°? 

12. Explain a way in which north and south latitude may be 


indicated. How could you locate places whose latitude is 
+ 22°? + 41°? 0°? — 10°? — 50°? 


13. In what way may a tug of war be represented by positive — 


and negative numbers? 


14. Describe other ways in which positive and negative 
numbers may be useful to designate opposite groups. 

15. Which of the following numbers has the greatest value: 
3, — 8, 15, 18, — 20, — 25? Which has the least value? the 
least absolute value? the greatest absolute value? 

16. Positive and negative numbers are sometimes called 
signed numbers or directed numbers. Explain why. 
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_ Adding Positive and Negative Numbers 


(1) Suppose that you are playing a game and your score is 
7 points to the good, or + 7 points. If you gain 9 points in 
the next round, what will your score be then? 
| + 7 points +(+ 9 points) = +16 points 
_ (2) If instead of winning 9 points in the second round, you 
lose 9 points, what will your score be then? 
: + 7 points +(— 9 points) = — 2 points 
| (3) If your original score is 7 points in the hole, or — 7 points, 
and you gain 9 points, what will your score be then? 
— 7 points +(+ 9 points) =+ 2 points 
(4) If your original score is — 7 points and you lose 9 points, 

what will your score be then? 

— 7 points +(— 9 points) = — 16 points 


EXERCISES 
Translate into algebraic statements and find the sums: 

1. John has $14 and earns $5. 

2. After earning the $5, John spends $8 for a pair of shoes. 

3. Mr. Jones borrows $17; then receives $42.50. 

4. Fred owes $12 and earns $9 during the week. 

5. Mary owes $2.50 at a book store. She buys a book for 
$1.50 and has it charged. ) 

6. A man drives his car 12 mi. in an easterly direction and 
then 23 mi. in the opposite direction. 

7. An aviator rises 5280 ft., descends 200 ft., rises 500 ft., 
then descends 1000 ft. 

8. Alfred, who weighed 98 lb., became ill and lost 7 Ib. in 
weight. After he recovered he gained 12 lb. 

9. Joseph made 25 points in a game, gained 30 points, lost 


50 points, lost 25 points, and then gained 15 points. 
ESs. J. H. S. MATH. WI—3 
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~The exercises on page 27 explain the following rules for add- — 
ing two algebraic numbers: 

If two algebraic numbers have the same sign, find the sum of 
their absolute values and prefix their common sign. 4 

If two algebraic numbers have unlike signs, find the dh erer a 
of their absolute values and prefix the sign of the greater. 


ORAL EXERCISES 


Find the sums indicated : 4 
1.6+8 3. —8 5. +7 7 —7 9. +10 


oe +5 +9 +9 — 12. 
2.4+8 4. —8 6.9 -he 8 —7 10. — 187 
—5 fe ee. a) + 32 — 

il. + 8 SoLuTion. ‘ 

— 9 Add the positive numbers: +84+7= 15 

+ 7 Add the negative numbers: = 9— 13 =— 22 

— 13 Find the sum of the results: + 15 +(— 22)=— 7 


Summary of Steps. 
1. Find the sum of all the positive numbers. 


2. Find the sum of all the negative numbers. 
3. Find the sum of (1) and (2). 


Add: ; 
12,15 13.-— 9 “14-75 15° 387 “16-5 ee 
12 5 — 9.3 — 52:5 19 
—7 15.5 8.2 — 78 — 20 
— 3 — 8 1.6 85.2 — 45 


17. Show that 5 x 10+ 7X 10+3 X 10 —8 X 10 equals | 
Texalo: 


18. Find the sum of 5t + 7#+3t—8t. 
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Add: 
fon 4 eh x4 19 413 X43 4 
Mes e+ of — 19f +137 —3f 


21. & Zoe ha 25. 12 p 27. 6r 
= hy 2 124 Se 12r 
13 x PSA Sr) el 7) 1l5r 

— 202 —- @ 8p alot, 

; ae ee 23 p Ee gi he 
22. 220 24. 36 26. 72x 28. 3n 
—3a 5b —8xz 2n 
5a — 8b —2¢2 — 4&4 
ee Se 32 —4n 
9a 4b £ n 


Monomials and polynomials. When an algebraic expression 
is made up of parts connected by the signs + and —, these 
parts are called terms. 

Thus, in the expression a + 2b + 3c, the terms are a, 26, and 3c. 
Ina + ~ — c(a + b), the terms are a, 5 and c(a + b). The expression 
a + b consists of two terms; but when these numbers are grouped together 
a+b 

c 


by a parenthesis or by a bar in division, as , they are considered as 


one number and the entire expression is a single term. 


You may remember that the prefix mono (as in monoplane) 
means one; bi (as in biplane) means two; tri (as in triangle) 
means three; poly (as in polygon) means many; the root nom 
(as in denominator) means name or term. 


An expression that consists of one term is called a monomial. 


(Why?) Thus, ab, ©— u 


, and abc are monomials. 
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An expression that consists of two or more terms is called a — 
polynomial. (Why?) Thus, a+6, 2a—b6+¢, and — 
ta+b—c-+3d are polynomials. Me 

A polynomial that consists of two terms is called a binomial. — 


(Why?) Thus, a + b, c + azx*y, and ——— 2 +8 — dx are binomials. . 
A polynomial that consists of three ma is called a trinomial. 7 
(Why?) Thus, a + b + c and —— 2 + b +d(a+y)+ 2 are tri- K. 
nomials., 
Terms that have the same literal factors with the same expo- — 
nents, as 2 ax and 7 az, are called like terms, or similar terms.._ 


Terms that do not have the same literal factors, as 4a, 26, | 
and 4 az, are called unlike terms, or dissimilar terms. 


EXERCISES 
1. Select the monomials, the binomials, and the trinomials: 
b+ec x(b — c) @+ be -— @ 
bex 2a+b—-—c fo ep ae 
qd 
2. Select like terms: 
bx 2 abx BS Oia 8 ba 
abx 3 bz? 2 bax 7 bax 


3. How many different sets of unlike terms are there in ex. 2? 
Name each set. 


Order of operations. Suppose that you are asked to find © 
the value of 2X 4+ 3X 4+ 3. There are a number of ways 
in which you might get a result to this example; but in order 
to avoid confusion it has been decided to follow just one order, 
as shown below: 

(2X4)+(3X4+3=84+12=844=12 — 

The advantage of following this order will be clear to you if 


you find the value of ac + " when a = 2,6 = 3,c = 4, and 
d = 3. 


a 
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} EXAMPLE. What is the value of 3 X 42-2 4+ 24+ 23? 


Sotution. 3 X(4?)— ee =o“ 16) 4 18 = 50 


ae this result with the value of the expression 
| ac — % + 0? when a = 3,6 = 2,ande=4. 


Perform the operations in the following order: 

1. Find all the indicated powers and roots. 

2. Find all the indicated products and quotients. 

3. Find all the indicated sums or differences. 

Note that operations indicated within a parenthesis must be 
performed first of all. (See page 8.) 


, 


! 
EXERCISES 


Find the value of : 
18+3+6xX7+2 
25 —7 X 3.-- 18.4- 9 
24*3+9-18+6+3 
10+8x6+12-—-9x5+15 
165+5x3-12x*9+18-—9 
(15+ 5)X 3 —12 x 9 +(18 — 9) 
18-—-3xX*9+6+3+4+12—5 
(18 — 3)X9+6)+(3 4+ 12)—5 

Adding like terms. You have already noticed (page 28) 
that5t+7t+3t—8t=7t. Inthesame way, 5 ax + 7 az 
+3ar—8axr =7az. 


Exampue. Add 2 abc — 3 abc + 5 abc + 7 abc — 8 abc. 


uss es ear tence boue® 


SoLuTIon. 

The sum of the positive terms is 2 abe + 5 abc + 7 abc, or 14 abc 
The sum of the negative terms is — 3 abc — 8 abc, or — 11 abe 
The sum of 14 abe and — 11 abc is 3 abe 


In adding like terms, find first the sum of the positive terms, 
then the sum of the negative terms. Combine these two sums. 
and prefix the sign of the numerically greater of the two terms. 
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EXERCISES 
Find the indicated sums: 
1. 9p —4p—17p+3p 
2. lbat3a—9ata-—8a 
3. 2ry —3ay + 8ry — xy 
4.52% + 822%y — 7x’y —Q9ay 
5. ab? — 9 ab? + 2 a®b? + 4 a’b? 
6. 2 abe — 7 abc + abc + 4 abc 
7. 302 —72+ 8224+ 52? — 2 
8.9 pq. — 4g > 1d pe, asp 
9. 3rP+5r—-—156r+69r 
10. 7(a + b)~ 9(a+ b)-—(a+ BD) 
11. 3px + 8 pr — 2px — 7 pr 
12. 5@ + y+ +o) = SOW) te Gee 
13. 2.4%? + 15a3 —7a3 —3a'+ 4a’ 
14. 8e@+ 70-24-94 
16. 8x15+7xX15—2x*15-—9x 15 
16. 138 X 18 + 20 X 18 —8 X 18 —5 X 18 
17. 15 xX 18 — 10 X 13 — 17.* 13 + 4 xis 


Adding unlike terms. Terms that are alike, as 5a and 7a, 
can be added and their sum can be simply expressed, as 12 a; 


but there is no simple way of expressing the sum of terms that — 


are not alike. 


Nore. If we add 5aand8 b, the sum is neither 13 a nor 13 b nor 13 ab. _ 
This may be verified by substituting any values for a and b. Thus, if we © 
substitute 2 for a and 3 for b, 5a+8b = 5(2)+ 8(3)= 34. Also — 


13 a = 26, 13 b = 39, and 13 ab = 78. The only combination that gives 
the correct result is 5a + 8b. 


In adding a series of unlike terms, find the sums of the different 


sets of like terms and connect these sums with Me correct sign, 


+or-. 
Exampue. Find the sum of 8a —-2b+3a—c+b. 


Sotution. 8a+3a = llaand —2b4+ 5b =—b. 
The sum is 1l a— b —c. 


ADDING POLYNOMIALS ae: 


EXERCISES 

_ Find the sum of: ; 
1. 24,36, —2a, —b 6. 47°, —5r,6,87r, —372, —2 
Beal, Yi Le 7. 32, 6, —52,°— 27,84 
3. 3a’, 2ab, — 3ab, 5a@ Bo 3X62, 5X3, 8X2, 2K38 

4) 727, —3y,827,—1222 9. 7.52, —5.2y, —3.3y, 2.32 
6. 2, 2y,—y,82,-5y 10. 522,279, —y', — 3.24, 2% 


Adding Polynomials 


Exampie. Add 2a? + 3 ab — B, —a@+206%, and 
— 5ab +b? Check by letting a = 2 and b = 3. 
SOLUTION. CHECK. 
2@2+3ab— 0b = 8+18— 9= 17 
—@ + 2 6? =-—4 +18 =, 14 
—5ab+ 0 = — 30+ 9 =- 21 
a@—2ab4+20? = 4-—-12+4+18= 10 


Polynomials are added by finding the sums of the like terms and 
arranging these sums as a new polynomial. 


Checking. Theaccuracy of work in addition may be checked 
by reversing or otherwise changing the order of the work, since 
the order in which numbers are added does not change the result. 
ihus,4+-/+9=74+4+9=9+7+4= 


A common way to check algebraic addition is to substitute for the letters 
some conveniently small values, other than zero. If the numerical value 
of the sum is equal to the sum of the numerical values obtained by substitu- 
tion in the given expressions, then the work is presumably correct. This 
is not an absolute check, for it is possible to make two mistakes that: 
balance each other. If the two numerical results are not the same, there- 
is a mistake either in the working of the problem or in the checking, and the: 
work should be done over. 

lf « =1, then 527 = 5, 52? = 5, and 523 = 5. For this reason it is 
better not to use 1 as a value for checking. A convenient method to follow 
is to let the first alphabetical letter = 2, the second letter = 3, the third 
letter = 2, andsoon. Thus, in checking3 % + 2y — z, letx = 2, y = 3, 
and z = 2. 
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EXERCISES 
Add, and check the results: 

1. 2a+306 6. 22+3y—T7z 
5a+ 0 x—2y+82 
Ree 4d ¥ 7. 5a —2ab+38 
—xz+2y —7@+ ab—4P 

oop eg 8.0 12 a ee 
8 pied 22 S30 tee 
4. 5n— SFr 9. 7 —2a-8 
8.1 AST —5@+3a—2 
2 oF —3@—5a—-T7 
5. — 15x4y + 8 yz 10. 222—17ay+ y? 
— 2x —Tyz —3¢7+- sy Foy 
12ey+ yz 84+ sry — by 


Find the sums of the following polynomials : | 

11. 20+3b6 —¢,3a+2¢,56—46, and —4¢@--20 ae 

12. 227-—52+3, 42e?+2-1, —52?+22-—7, and 
Tx+5. 
13. 227+ 32y, Try — y?, 422+ 5a2y — 8 y’, and — 122? 
+2y+3y° 
14. 22+32y+5, —32—22y, 72xy+12— 132, and 
8a —8 

15. 15¢@ —2ab+3B?, 2302+ 3ab—7.1a?, and 2a? 
- — ab + 2.2 Bb? 

16. 50+3@—-—T7a+1,40+4+2a-8, —a@ —5a+3, 
and a —a-—2 


17. 2p+3q-—7s, 5¢a+3p+2s, 6s—4p—8q, and 
Cap — g 
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18. 2a?+3ab —7 6B’, depose ak ag da + 6ab + B, 
and — 8a? + 12 ab — 20? 

19. 44+3y—7z, 2x—8y+2, 9y—7x—10z, and 
fest — 24 

20. 227-37 +5, 32° +2y—3, 4239-7y+ 10, and 
—6277+5y—-—8 

21. Sty+3az—Tyz, 2ry—l0ez+yz, —S8ryt+22 
— 2yz, and xy + 222+ 4 yz 

22. 8p? — pq t+ 3¢7,5p? +7 pg — 2.5¢,2.3p? — 1Liopgt@, 
and — 12p°+2pq—12¢ 

23. 8m —2n+7, 3m+5n—27r, 3n—Tm+3r, and 
m—4n+2r 

24. .2¢+1.5a— 3.5, 3a? —2.5a+ 4.5, and 15@+a 
—2 

25. 327+ 7ay+y, 8ry—2+ yz, 2 —2yY4+32, and 
oy — 7 yz 

52° + 37y—2y, 424° —xry—y, —32*— hay 
+ 87’, and x? — 27° 

27. 4a? —iab+40'7,a + 40b —30,2@ + ab + BD, and 
bot — 3 

Complete these statements : 

28. The distinguishing characteristic of positive and negative 
numbers is 

29. The zero point of a thermometer scale indicates 

30. The terms 5 az and — 2 az are like terms because ——. 

31. The expression 2 xy is a monomial because 

32. The expression a? + b? is a binomial because 

33. The expression x? + y”? — 2 is a trinomial because 

34. An expression containing more than one term is called 
a polynomial because 

35. It is necessary to check all work because ——. 
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Subtracting Algebraic Numbers 


In finding the sum, s, of two numbers, a and b, one number. 


is found that takes the place of the two numbers; as, 


a+b =s. A problem in subtraction is the opposite or inverse - 
of one in addition. The sum of two numbers, s, and one of the. 


numbers, a, are given and it is required to find the other num- 
ber, b. The sum in this case is called the minuend, the given 


a 


number is called the subtrahend, and the required number, or | " 


difference, is called the remainder. 


Exercises in subtraction are frequently checked by finding 


the sum of the remainder and the subtrahend. If this sum 
equals the minuend, the result is correct. The exercise in 
subtraction-then may be worded as an exercise in addition and 
the question asked may be, ‘“‘ What number added to the 
subtrahend will give the minuend? ” 

If Agnes spends 20¢ at the grocery store and hands the 
clerk a quarter, he will return to her 5¢ in change and will say 
** 20 and 5 are 25.”’ 

Nots. In this text, when the difference between two numbers is men- 


tioned, the minuend is stated first. Thus, the difference between a and b 
means a — b. 


ORAL EXERCISES 


1. If you are playing a game and have a score of 32 points, 
how many points must you gain to have 50 points? 

How many points must be added to your score of 32 points to 
give you 50 points? 

Evidently the difference between 50 and 32 is 18, or 50 — 32 
= 18, 

2. Suppose that your first score is 32 points and your 
second score is 15 points, how many points have you lost? 
What number added to 32 will give 15? 

Evidently the difference between 15 and 32 is — 17, or 
15 — 32 =— 17. 
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3. Suppose that your first score is — 15 and your second 
score is — 25, how many points have you dropped back? 

What number added to — 15 will give — 25? 

_ Evidently the difference between — 25 and — 15 is — 10, or 

— 25 —(— 15)=— 10. 

4. Suppose that your first score is 10 and your second score 
is — 15, how many points have you fallen back? 

What number added to 10 will give — 15? 

Evidently the difference between — 15 and 10 is — 25, or 
- — 15 —(+ 10)=— 25. 

5. If a thermometer registered — 4° at midnight and 8° the 
next noon, how mays degrees did the temperature 
rise? 

What is the amet between 8 and — 4? 

6. If a thermometer registered 10° at 2 p.m. and 
— 5° at 1 a.m. the next night, how many degrees did 
the temperature fall? 

Express this as a problem in subtraction. 

7. How many degrees change are registered when 
the temperature changes from — 2° to — 8°? 

8. What change is registered by a thermometer 
reading 65° at 8 a.m. and 78° at noon? 

9. Find the difference in longitude between a place 
at 23° east longitude and another place at (a) 55° east 
longitude; (b) 5° east longitude; (c) 0° longitude; 
(d) 17° west longitude. 

10. What is the difference in longitude between a place at 
25° west longitude and a place at (a) 37° west longitude? 
(b) 10° west longitude? (c) 0° longitude? (d) 30° east 
longitude? 

11. What change is registered by a thermometer reading 
— 10° at 5 a. and 10° at noon? by a thermometer reading 
— 5° at 6 a.M. and. 15° at 3 p.m.? 
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ORAL EXERCISES 
The first ten exercises just worked may be restated in algebraic 
numbers as follows. In each case, subtract the lower number 
from the upper one: 


Pe. 50 ere nS 9. (a) 23 10. (a) — 25 
32 =i 55 ae 
2 ETE eas (b) 28 (6) =e8 
32 10 35 16 
3. — 25 Zavoes (c) 23 (c) —25 
=15 -2 0 0s 
we 15 8. 78 (@) 23 (d). = 25° 9 
10 65 SF 30 


Subtracting like terms. You have seen that a problem in 
subtraction may be stated so that it becomes a problem in ~ 
addition. Thus, asking for the difference between 50 and 32 
is the same as asking, ‘“‘ What number added to 32 will give 
50?” 


‘Subtract : 50 Cuecrk. Add: 32 a 
32 18 a 
18 ' 50 


The result is obtained by adding 50 and — 32. 
Similarly, the difference between 8 and — 4 may be found by 
finding the number that added to — 4 will give 8. 


Subtract : 8 Cuecx. Add: — 4 
— 4 12a 
12 8 


This result is obtained by adding 8 and 4. 


To find the difference between two numbers, change the sign of 


the subtrahend and find the algebraic sum of the subtrahend and 
the minuend. | 
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EXERCISES 
Subtract the lower number from the upper one: 


als 9a 5. 15 x? 9. — 12 ab 13. 0. 
5a 1A 3 ab = Lom 
a2 30 Gre 2 aie 710. "5 ax 14. 3.2 pq 
; oa 5 a3 Lae 4.9 pq 
3. 8a 7. 0 11. — 8a’ 15. 1.8 rs? 
— 20a 17a 17 ay = 5 tS? 
4. 7a 8. 0 125) 32 ay" 16. — 7.3 m?n 
= OG — 8p 40 xy? — 8.1 m?n 
We 3 ar 19. 21 ax ot 3(a + 6b)? 
ae 34 ax — 2(a + 6)? 
urs. a’b 20. 41 by 22. — 6a(2?+ y) 
19 ab — 32 by — 9a(x? + y) 
23. 0 24. 13(a + b) 
— 7 bry 20(a + b) 


25. What number added to — 18a will give 27 a? 

26. Find the number that added to 23 zy will give 0. 

27. From the sum of 15 2?y, 2 2?y, — 8 xy, and xy subtract 
— 5x’y. 

28. Subtract the sum of 5b(a+y), —7b(@+~y), and 
— 3b(x + y) from the sum of 2b(2 + y), — 8b(a@ + y), and 
b(x + y). 

29. What number added to the sum of 81, — 71, and 151 
will give 1? ; 

30. What number subtracted from 5 a will give 3 a? 

31. What number subtracted from — 10 a will give 7 a? 
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Subtracting Polynomials 


Before trying to subtract one polynomial from another poly- 
nomial, place the subtrahend below the minuend so that like 
terms are in the same columns. 


Exaupix. -Subtract 2a+7%7b—3c from 5a — 0-5 2eme 


Check. 

SoLurion. Cri, C)) Goa BbS= 8,6 =e (2) By addition © 
5a-—- 6+2c = 10— 3+ 4=11 2a+7b—8c 
2a+7b—33c = 4+21-—- 6=19 3a—8b+5e 
3a—8b+5c¢ = 64510 =—8 5a— b+ Diemae 


The checking may be done by substitution, as in (1), or by finding the 
sum of the subtrahend and the remainder, as in (2). One method of 
checking is sufficient. 


EXERCISES 
Subtract and check: 
1. 3a—2b 8. 3a+2b—3¢ 
a+ -b a— 6b 
2. 5a+3b eh 5 a — 6 sey 28 aie 
6a—4b v’—2ay4+3Y 
3. —3n+7m 10. 2a0—3ab+20? 
5n—4m 30+ ab— BP 
4. Sp +9 11. ; r+ rs 
6p —¢ 3r—rs+? 
5. 6axr — 7 by 12. 0 
4ax + 9 by = «+ oy oar 
6. i3ay— 5 LB: ip? — pao Oe 
= ty + 10 3p +8pgt+9¢@ 
1h 8 abc 14. 2.3m — 3.5n — 4.0 p 


—5abe +4 1L5m+22n+ 3p 
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15. Subtract 22? — 72y + 3 y? from 3 2? + 2ay — y. 

16. Subtract 3 zy + 72° — y? from 5 2? — zy +7 y?. 

17. Subtract 2a + 6 from 36 + 2c. 

18. Subtract a + 26+ 5 from a+ 3a — b. 

19. Subtract 32 —y+2zfrom2+ 5y —7z. 

20. From 5r — 2s +? subtractr+8s — 3t. 

21. From 0 subtract 5 a — 2ab+4+ 9 b?. 

22. From the sum of 2a+3b—c and —a+5b4+2c 
subtract 7b —a+ 3c. 

23. From the sum of 24—T7y and 8y+<2 subtract 
zr-—y-~z. 

24. What expression added to 74+ 3y—8z will give 
Z+y+2? Check with zg = 2, y = 3, and z = 2. 

25. What expression added to. 8a? — 2ab+ 6 will give 
9a —6ab+ 0? 

26. What expression subtracted from 52? — zy +7 7? will 
give 102? — 22y+15y?? Check with z = 2, y = 3. 

27. What expression subtracted from 2? —(a + b)x + 5 will 
wiye 2 2 + 3(a + b)x — 1? 

28. How much larger than 8 is 12? How much ehes than 
a2 3ab — >is 7a’ — ab + 26°? Check. 
99. How much smaller than*15 is 82 How much smaller 
than 522+ sy — 3yis22? — Tay —y?? Check. 

30. By how much does 12 exceed 5? By how much does 
32? + 2x2 —7 exceed x? —7x +1? Check. 

31. Find the difference between 5a?—2ab+0b? and 
a+ 3ab. Check. 

32. What number added to 84+7y — z will give 34+ y 
+52? 

33. From the sum of 3a+5b—6c and 8b—5a+5c 
subtract 7c + a—10b. Check. 
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REVIEW EXERCISES . 
1. How can you write the sum of 15 2 and 8x? the sum of 
152 and 8 y? . 
2. Define “ algebraic expression.”’ Give illustrations. 
3. What is a term? a monomial? a binomial? a trinomial? 
a polynomial? 
4. Classify each of the following expressions: 
(1) P+2rs+s? (3) ax+y) (oe * _ oe 
(2) 32 —y° (4) a+ b’c (6) a 4 Ce 


5. Distinguish between like terms and unlike ee: Write ; 
‘three of each. 
6. Define ‘ positive numbers”; “ negative numbers.” 
Give practical examples of positive and negative numbers. 
7. What is the absolute value of a number? Which has — 
the greatest absolute value — 2, 3, 9, or — 15? the least abso- 
lute value? the greatest actual value? the least? 
8. Which is larger, 3? or 25? (4)? or (4)?? 1? or 13? 
9. Which is larger, m or n?, when n is greater than 1? when 
n is less than 1? 
10. What is the value of: (a) 2 23? (6) 2 x 32? 
CB 2? xX 22? (dd) XS27 
11. Write the formula for the perimeter, p, of a triangle 
whose sides are a, b, and c. What kind of 
expression is the right side of the formula? 
12. In the triangle at the right: 
(a) Find pif a = 8,b = 9,c = 12. C 
(b) Find aif p = 20,b = 7,c = 8. 
(c) Find b if p = 38, a = 12,c = 15. b 
(d) Find c if p = 28,a = 9,6 = 13. 
13. What is the formula for the circumference of a circle? 
Find C when vr = 18.2. Find r when C = 96.9. 
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14. What is the formula for the area of a ies 
trapezoid? Find A when c = 8, b = 10, A = 5. 

15. Find h of a trapezoid when A = 66, 
b= t2.-and ¢ =.10: b 

16. Write a formula for the total area of ‘the: “SIX 


faces of a rectangular solid if 1, w, and h represent 
the length, the width, and the height of the solid. 
17. Find the total surface of a rectangular solid 
“if l= 5, w = 4, andh = 12. 
18. Why is it advisable to check the result ob- 
tained in an exercise? State two methods of checking an ex- 
ercise in addition; an exercise in subtraction. 


_ 19. If nis any integer, show that 2 n must be an even number 
and 2 + 1 must be an odd number. 


20. What are consecutive numbers? Write three con- 
secutive numbers the largest of which equals n. Write three 
consecutive numbers the smallest of which equals a. 

Find the value of : 

eo 9 x 4. 12 —(§ + 7)+.3-- 2 

22. (66+9)x 44+ 12-—8+4+7+4+6 — 2) 

23. (6+ 9)<(4+12 —8)+74+3—2 

24. Find the sum of 15 X 174+ 13 X 17-8 X17 — 10 X 17. 

25. Does x? — 7x +12 equal Oifx=1? ife = 3? ifx =4? 
io = 27 

26: Does 227 — 142 equal 16 if x=-—1? if x = 3? 
a= 4? ifx = 5? ifs = 8? 

27. If C = 8(F — 32), find the value of C when F = 0°; 
when F = — 13°; when F = 68°. 

28. Write each of the following terms without the use of 


exponents : 
(a) 27 (b) 3 ay’ (c) xy (d) 2 atx 


Ess. J. H. S. MATH. lI —4 


1. Find the sum of the numbers in each horizontal row, 


in each vertical row, and in each diagonal 


row ne the square at the right. 16|2{ | 5} : | 
. (a) What is the sum of the numbers 3, Salata 


a 14, and 5? 6,7, 11, and 10? Can you 
discover any other similar arrangements of 6 | 12] 1 | 15 
four numbers whose sum is 34? 

(b) Find the sum of the four numbers in 
the corners; of the four numbers in the 
center; of the pairs of middle numbers on opposite sides. 

An arrangement of numbers similar to that given in Fig. 1 is 
called a magic square. 


Fie. 1 


3. Write a magic square with the numbers 1 to 9 so arranged 
that the sum of any three numbers in a straight line is 15. 


4. Find the sum of the numbers in each horizontal row, 


in each vertical row, and in each diagonal 
25) 6 | 7|24| 3| 


row of the magic square at the right. 

5. What is the sum of the three middle 
numbers on each of the two opposite 
sides? of the numbers in the four corners 
of the outer square and the four corners 
of the inner square? 


Bint 
OME 
6. Show that the inner square of Fig. Ae sate 


is a magic square. Fie. 2 


7. Arrange the numbers 1 to 9 on the sides of a triangle so 
that the sum of the numbers in each straight line equals 17. 

The subject of magic squares is fascinating. You will be 
able to find more about them by consulting such books as 
“Mathematical Recreations and Essays,” by Ball; “A Scrap- 
book of Elementary Mathematics,” by White; “ Recreatignes in 
Mathematics,” by Lick. 
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HOW TO USE PARENTHESES 


If you wish to write a formula for the statement that the 
perimeter of a parallelogram equals twice the length plus twice 
the width, you will find it convenient to group the numbers 
representing the length and the width together in a parenthesis, 
thus: 

p = 20+ w) 

You remember that the amount of a sum of money at in- 

terest may be expressed by the formula 


A=p+ prt 


in which A represents the amount, p, the principal, r, the rate, 
and t, the time. Express the same formula using a parenthesis 
with the coefficient p. 

Sometimes one parenthesis occurs within another. In such 
cases it is convenient to use other signs of grouping, as 


brackets [], braces {}, and the bar —. The bar is used almost 
exclusively to separate the numerator of the fraction from the 
- denominator, as in the fraction Cae? 
c 


These four signs are called signs of grouping, or signs of 
aggregation. Where no confusion is possible, the term paren- 
thesis is used as a common term for all these signs. 

The expression within the parenthesis is considered as one~ 
number. (See page 8.) 

Thus, 2(1-+ w) means that the number /+w is to be 
multiplied by 2. If the parenthesis is removed, each of the 
numbers, J and w, is to be multiplied by 2. Hence 2(/ + w)= 


21+ 2w. 
45 
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ORAL EXERCISES 


Read each exercise, remove the parenthesis, and simplify : 


1. 3(a + b) 4. 3(a? — b?) 7. 48a — y) . 
2. 2(b +c) 5. 8(xy — 5) 8. 2(7 ax + 3) 4 
3. 2(2a — b) 6. 2(22 + 3) 9. 9(2? — xy) ; 
10. Find the value of each of the expressions in ex. 1 to 4 if a 
a=3,6 =2,¢=-3. 1 
4 

Removing Parentheses oe 


Suppose that you wish to find the sum of 2a anda —b+ cc; 
that is, the value of 2a +(a- 6+ ¢). 

You have noticed that when two algebraic numbers are added, 
no signs are changed, but like terms are combined and others 
are written after them. 

Sotution. Arrange the expressions as for addition: 


2a 
a—-b+e 
Add: 38a—b+e 


This is equivalent to writing 2a + a — b + c and combining 
the like terms so as to get 3a —b+c. 

Suppose that you wish to subtract 22+ y —z from 32, 
that is, to find the value of 32 —(2% + y — 2). ; 

When a number is subtracted from another number, the 
signs of the subtrahend are changed and the subtrahend is 
added to the minuend. A 


Sotution. Arrange the expressions as in subtraction: 


32 
2xe+y—z 
Subtract : x—ytz 


This is equivalent to combining like terms in the expression 
3x2—24—y+z2 so as to get x—y+z. The quantity 
- within the parenthesis is to be subtracted, hence all the signs 
must be changed and the resulting expression must be added. 
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= 
5 


A parenthesis preceded by a plus sign may be removed with- 
out changing any signs within the parenthesis. 
A parenthesis preceded by a minus sign may be removed if the 
_ sign of each term within the parenthesis is changed. 


EXERCISES 


Remove each parenthesis and combine like terms: 


1. 5+(7 — 2) 10. 32y —(2ay + y’) 

2. Meek iW. 22-79) 4+3 2% 

3. 4 —(5 — 2) 12. (—5a+3b6)+7a 

4. 7a+(b — a) 13. 8a —(— 2a — b) 

5. 8x —(2x — y) 14. (a+ b)—(5b — 3a) 

6. x +(42 —2z) 15. (2a — 5b)4+(3 a+ 2b) 
7. 50 +(0? — 2a?) 16. 6a+56-—-(2a—b+¢) 
8. 7 pq —(8 + 7g) 17. (2a — b)+(2b — 5a) 

9. 7? +(s? — 5.7?) 18. (2n+32)—(—2n-—5y) 


19. (3% —2y — z)—(52,— 2y +2) 
20. a? — 2ab —(8 ab + 0?) 

21. 2m—n—(8n—4™m) 

22. (2a? — 3 ab)—(— a? + ab — 8?) 
23. 7a —-(2a-—36+5c)/+b+€¢c 
24. 3a—b —(— 2a+76b — 20) 

25. (2a+ 6)—(8b+a)—(5a+ 0) 
26. (2a+6—c)—(—3b—c+ a) 


27. By means of a parenthesis, indicate the sum of the two 
expressions 3a — 2b+cand5a+3b-—2c. Find the sum. 

28. By means of a parenthesis, indicate that 3% — 2y + 2 
is to be subtracted from 7x + 3y—5z. Find the difference. 

29. Using three sets of parentheses, indicate that 2a —6 + 5e 
is to be subtracted from the sum of 3a.— 7c and 5a+ 35. 

30. Simplify (8a —2b+5c)—(5b+ 3c — 2a)—(4c+ 
3a—3b) by removing the parentheses and combining like 
terms. Check the result with a = 2, b = 3, ande = 2. 


Removing parentheses within parentheses. 

Exampus. Simplify 2a —[b —3a— (2a+36)]. 

Soturion. Remove the inner parenthesis: 2a —[b — 3a —2a—36] 

Remove the brackets: 2a—64+38a+2a43b 

Combine like terms: 7a+2b 

In removing a series of parentheses within parentheses, remove the 
parentheses in succession, beginning with e'ther the innermost or the 
outer ones. Continue till all of the parentheses have been removed. ~ 
Combine like terms. 
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EXERCISES 


Remove the parentheses and simplify : : 
1. 3 +(17 — 8)— [8 —(15 — 3)] “3 @ 


2 e207 iz) ls ee eed) 

3. [a2 +(8 — &)] — [2 @ — b)4+3e] 

4. 32+ 2y — [54 —Qy—2)+3y] — 32 

5. [5a —(2b —c)] + [5c -Qa+d)] 

Chee (822) a] eee eel 

7 (PP? —2+2)+ Be -Q22+7)] 

8. (62+ 3y)—22-— [22 —5y)—(72+32)— 2y] 

9. a —§20 + [3 a —(b — &)+ B?] — 3.0% 

10. 3.2? +(22y — y)+ [3-4° — [52° —B ay 7 eee 
1g — Pb=Ge Poa eee 4 


= 
i) 


. Ta—-[—2b+(-—8a—c+b)]. 


Grouping Terms within Parentheses 


It is sometimes convenient to group terms together in a 
parenthesis. A parenthesis preceded by the sign + may be 
removed without changing the signs of any of the terms — 
within the parenthesis. Similarly, terms may be placed 
within such a parenthesis without any change of sign. Thus, 
3+ 15 —8 =3-+(15 — 8), since each expression equals 10. | 
Similarly,a +b —c =a+(b— ). 


> 
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: 
In removing a parenthesis preceded by the sign —, the sign 
of each term within the parenthesis must be changed. Similarly, 
_ when terms are grouped within a parenthesis preceded by the 
sign —, the sign of each term placed within the parenthesis 
must be changed. Thus, 18 — 13 + 6 = 18 —(13 — 6), as 
each member equals 11. Similarly a — b +¢ =a —(b — c). 
Terms may be inclosed within a parenthesis preceded by a 
plus sign without change of any signs. 
Terms may be inclosed within a parenthesis preceded by a 
minus sign provided the sign of each term within the parenthesis 
is changed. 


a ees 


EXERCISES 


Group the last two terms of each of the following expressions 
in a parenthesis preceded by a plus sign: 


Ceo — 3 5. 3 ay + 2 by —2b2¢ + 3 ax 
2.15+9-—4 6. nrs — nr — ns 

38. a+b-c . 7. ab + ac — bx — cx 

A oe + y— 2 8 m+n+mp-+ np 


Group the last two terms of each of the following expressions 
in a parenthesis preceded by a minus sign: 
9. a—b-c 12. 2? —av-+ bx 
10. x? + cy — x2 13. a + b — ac — be 
11. 2ax — be — 2az+ bz 14. mn — pn — me + px 


Group the last three terms of each of the following expres- 
sions within a parenthesis: 


15. 2 —B—2be-C¢ 18. 927 —4¢+4ab-—0 
16. 2 —yt2yz-—2 19. 16a? — 9b? — 30be — 25¢ 
17. @ —2-—2Qry—-y 20. x? — yy? —4a@+ 4 ab — Bb 


2. rt+star+ay+az 

22. 227+ 2ay — 25a? — 10ab —B 
23. 36 — 49 m? + 14 mn — n? 

24. 49 2? — a? — 12 ab — 360? 
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32, you add the coefficients 5 and 3, getting 8, and prefix 


this to z, with this result: 54 -+32 =(5+ 3)% = 82. 
similar way, the sum of az and be is found by writing the 


of the coefficients a and b as one number prefixed to «, thus: — 


ax + bx =(a + b)z. 


EXERCISES 


In a. 


sum 


| 
4 : 
= 
a 


Literal coefficients. If you are asked for the sum of 5z and ~ 


Combine the coefficients of z and n and write as one term: ~ 


1. ax — bx Ans. (a — b)x 
2. an + bn — cn Ans. (a+b —c)n 
3. ax + bx 5B. cx — dx + ex 7. 3an—2bn —n 
4,.m+qxr—pe 6. 2axr4+3ba+2 8. rz —sxr+iz 
Add: © 
oe 10. jy 11. ax + by 
mx — ky — br — cy 
Ans. (l + m)x 
Subtract the lower number from the upper one: 
12. ap 13.) eda, 14. 2 mz? 
—p = Oe na 
Ans. (a — 1)p 
15. 327 —2y+ 2z 16. (a+ b)x — (c+ d)y 
ax + by — cz 2 ba + 3 dy 


Unite the coefficients of x and y and write as a binomial : 


17. ax — by —br +y —22 
SoLuTion. ax — by —br +y—2e4 =ar7 —br —22—by+y 
=(a — b — 2)x —(b — l)y 
18. 2a’x — 3 abr — ey + x — cy 
19. 5% ~— 2ay — by+ ax —cxr+ cy 
20. mx + my —ne—nytaty — 
21. 2ar — 2ay — bu + by + 3cx — Bcy 
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Parentheses in equations. 
Exampte. Solve 3(2 + 2)—5 =8 —(a — 1). 


SOLUTION. 38(@ + 2)— 5 = 8 —(@ — 1) (1) 
Remove the parentheses in (1): 82+6-—-5=8-—2+1 (2) 
Combine like terms in (2) : 82+1=9-2 (3) 
Add x — 1 to both sides of (3): 4x=8 (4) 
Divide both sides of (4) by 4: Cee (5) 


Check by substituting 2 for z in (1): 
3(2-+2)—5 = 8 —(2’— 1) 
3xX4-5=8-1 
c= 


EXERCISES 


Solve the following equations. Check ex. 1 to 10: 


. 162 +(12 — 32)= 64 8. 7x —2(82+ 5)=8 
Aae+l=272+5 Hint. 7x —(6z2% + 10)= 8 
142” — 5 = 3(22 + 5) 9. 64 = 18 — 3(¢ +1) 
5n — 4 = 3(n + 2) 10. 7(a — 2)— 5(@ — 2)= 8 
14% = 2(n-+ 1)-+ 13 11. 5(22 — 1)— 2(824+4 2) =a 
52 =3+4(x +1) 12. 2(2n — 1)—n = 25 

. 54+3 = 22246) 13. -2(n — 5)— 3(4 —n)= 18 


NPP wpe 


14. 327+19 =52 —4(27+4+ 1) 

15. 34+ 7(22+ 1)= 332 +5) 

16. 3(n + 3)+ 2(n — 2)= 15 

17. 2(n — 5)— 3(4 —n)= 1 

18. 6n —1=5n — 3(n — 5) 

19. 44+ 52 = 3(x+ 10) 

20. 3n + 5(2n +3)— 28 =0 

21. 4@ — 2-= 22, + 1)+ 1 

22. 524+4=(4+7)-(8241) 

23. 2(n + 1)— 4(n + 3)= 3(2 — n) 
24. 3(n — 3)—(n — 1)— n = 2(n — 2) 
25. 4(n — 1)— 3(8n —8)+5=n-—5 
26. .5n+ 2(n — 3)= .25n+ 12 

97. .3(n — .5)— .7” = 2.1 — .5(2 n — 1.5) 
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Algebraic Representation 
EXERCISES 
1. The sum of two numbers is 25. If one of them is n, what 
is the other number? 


2. The difference between two numbers isd. If the smaller 
number is 8, what is the larger number? 


3. Express the larger of two numbers when the smaller 
number is s and their difference is 15. 


4. Divide 33 into two parts one of which is p. 

By how much does n exceed 5? 

By how much does 18 exceed n — 7? 

John is y years old. Express his age 5,yr. ago ; 3 yr. hence. 


Erwin is n years old. Express David’s age if it is 4 yr. 
less thee twice Erwin’s age. 


ee 


9. Express in cents the value of q quarters; of d dimes. 


10. Express in dollars the value of A half dollars; of 
q quarters; of d dimes. 


11. If there are 18 coins in a purse and n of them are nickels, 
how many other coins are there? 


12. Two angles,.a and b, are complementary 
if their sum is 90°. If one of two complementary 
b angles is 40°, what is the other angle? 


13. An angle is d°. Find its complementary angle. 
14. Two angles, x and y, are supplementary a 
if their sum is 180°. If one of two supple- 
mentary angles is 80°, what is the other angle? xf ¥ 
15. If one angle is n°, what is its supplementary angle? 


16. The sum of the angles of a triangle is 180°. Express 


the third angle if one angle is n° and the second angle is 25° 
less. 


dq 


— —— 
Te So tee 


i - 
co eer 
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How to Attack a Problem 


Before attempting to solve a problem, read it carefully to 
find out just what facts are given and what is to be found. 

If only one number is to be found, represent it by some letter, 
as n for number, y for the number of years, J for the number - 
of feet in the length, etc. If more than one number is 
required, select the number that seems to be the principal one 
and represent it by a letter. Frequently it is easiest to use 
the smallest number as the principal number. 

From the conditions of the problem, find two algebraic ex- 
pressions that are equal to each other. 

Form the equation and solve it. 

Check the result by substituting in the original problem. 1t 
is not sufficient to check the result in the original equation, 
since you may have made an error in stating the equation. 

EXERCISES 


1. The sum of three numbers is 55. The second number is 
5 more than the first one and the third number is twice the 
second number. Find the three numbers. 


SoLUTION. Let n = the first number 
Then n + 5 = the second number 
and 2(7 + 5)= the third number 
n+(n + 5)+ 2(n + 5) = the sum of the numbers 


Then n +(n + 5)+ 2(n + 5)= 55 
Remove the parentheses and combine like terms: 


4n+15 = 55 
Solve: 10) 
n+5= Dee 
2(n + 5) = 30 


Curck. The sum of 10, 15, and 30 is 55. Also, 15 is 5 more than 10, 
while 30 is twice 15. Hence the numbers answer the conditions of the 


problem. 
2. The sum of two numbers is 28. If 4 times the smaller 
number is equal to 3 times the larger one, find the numbers. 
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3. Find two number! whose difference is 7 if twice the 4 


larger number is 6 more than 3 times the smaller one. 
4. The smaller of two numbers is 7 and their difference is d. 


Three times the larger number is equal to 8 times their dif- — 


ference increased by 1. What is the larger number? 
5. Find two numbers whose sum is 31 if twice one of the 
numbers diminished by 3 times the other number is 2. 


6. Divide 36 into two parts such that the larger part in- 
creased by 6 equals twice the smaller part. 


7. Find two consecutive integers if 3 times the first in=_ 


creased by twice the second is 137. 


8. Find two consecutive integers if 3 times the larger integer 
decreased by twice the other one is 12. 


9. Find three consecutive odd integers such that the first 


integer plus twice the second plus 3 times the third equals 46. 

Hint. n+ 2(n + 2)+ 3(n + 4) = 46. Explain. 

10. A 60-foot flagpole was broken by the wind into two 
parts such that the part broken off was 9 ft. longer than twice 
the part left standing. Find the length of each ee 

Problems about angles and triangles. 


11. Find two complementary angles whose difference is 25°. 
Hint. a —(90 — a)= 25. Explain. 


12. Find an angle that exceeds its complement by 18°. 


13. How large is an angle if the difference between 3 times 


the angle and twice its complement is 20°? 


14. Find two supplementary angles if one of the angles ex- 
ceeds the other by 34°. 


15. What angle has the sum of its complement and its 
supplement equal to 200°? 


16. The sum of the angles of a triangle is 180°. If angle A 


is twice angle B and angle C is 5° larger than angle A, find - 


the size of each of the angles of triangle ABC. 
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REVIEW EXERCISES . 

1. What are the signs of grouping? 

2. Give an illustration in which such signs are helpful. 
Remove the signs of grouping and simplify each of the follow- 
ing expressions by combining like terms: 

8. 5(a — b)+ 3(2b — 5.a)— 2(b — 3.4) 
Hint. (5a —5b)+(6b — 15a)—(26 — 6a) =? 
Ase —y)— 2y = 22)4-5@ = 3.y) 
5. 7(p — 29)+ 8(8q — 2p)— 28p+ 4) 
Combine the coefficients of x into a single term: 
6. ax + bx — cx 8. abr — cx + & 
7. 5% —ax+ br 9. 7 ax + 5 bx — bex 


‘10. State the exponents and coefficients of x in the expression : 
(2a — b)x® —(3b —c)a?+(a+ 6 —c)z 

11. How many terms are there in ex. 10? Read each term. 

12. What expression added to (3 a + b)z gives (5a — 3 b)x? 

Hint. (8a+56)z = 3ax + br and (5a — 3b)x = Sax — 3 be. 

13. From the sum of (a + 26)x and (36 — 2c)x subtract 
(b-—2a+c)z. 

14. How many z’sare therein5x+ 8x? inaz—2bx — 3cx? 

15. How many y’s are there in 3 ay — 2 by + y? 

16. How many parentheses of (a +6) are there in the 
expression (a + b)x —(a + b)y? 

17. How many («+¥y)’s are there in the expression’ 
A(x + ya — 3(x + y)b? 

18. What is the area of a parallelogram if the sum of its base 
and its altitude is 39 in. and their difference is 9 in. ? 
_ 19. Formulate a rule for removing in one operation all the 
signs of grouping in an expression. 
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1. John and Arthur take positions at an etal salary of — 


$750 a year. John is to get an increase of $45 every 6 mo. and 


Arthur is to get an annual increase of $100. Which has the : 


better paying position for the first 4 years? Why? 

2. Mary accepted a position that paid $30 a week. Agnes 
took one that paid $5 the first week with an increase each 
succeeding week equal to the salary of the preceding week. 


Which girl had the better paying place if they remained 3 wk. a 


5 wk.? 
3. John sells 4 of his goods for what $ of them cost him. 


What per cent of the cost does he gain or lose? what per cent 


of the selling price? 
4. Four fourths exceeds three fourths by what per cent? 


5. Agnes is 36 yr. old. She is 3 times as old as Cora was 
when Agnes was as old as Cora is now. How old is Cora? 

6. Stanley Harrison’s farm is + of a square mile and Joe 
Lee’s farm is + of a mile square. The two farms are of the 
same quality and together sell for $8000. How should the 
money be divided between the two owners? 

7. Frank asked the time of day. Howard replied that 2 hr. 
ago the time past noon was 4 of the time to midnight 2 hr. 
hence. What time was it? : 

8. A flagpole 44 ft. long was broken into two pieces such that 
if the shorter part were increased by 3 ft. and the other part 
were decreased by 5 ft., the first part would be 4 as long as the 
second part. What was the length of each of the two pieces? 


9. A farmer found that a certain triangular field required 
90 rd. of fencing. The second side required 10 rd. more than 
the first side, and the third side required $ as much as the sum 


of the other two sides. What was the length of each side? 
56 
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Multiplying Algebraic Numbers 


You will have as much occasion to multiply and divide posi- 
tive and negative numbers as to add and subtract them. You 
must therefore understand clearly how this is done. 

(1) Suppose that George is earning $2 a day. After 3 days 
the number of dollars he has may be represented by : 

3 X 2, or (+ 2)+(+ 2)+(4 2), or 6 

Multiplication of a positive number, b, by a positive number, 
a, may be considered as a short method of finding the sum of b 
taken a times. 

Thus, (+ a)(+ 6) =b+6+6+---to a times = ab. 

(2) Suppose that George is spending $2 a day. Since spend- 
ing is the opposite of earning, the number of dollars he spends 


in 3 days may be represented by: 
3 X(— 2), or (— 2)+(— 2)+(— 2), or — 6 
Multiplication of a negative number, — 6, by a positive 


number, a, is a short method of finding the sum of — b taken a 
times. 

Thus, a X(— b)=(— b)+(— b)+(— b)+ --- to a times 
=— ab. : 

(3) Suppose again that George has been earning $2 a day, 
then his financial standing 3 days ago, compared with his 
standing to-day, may be represented by: 

That is, 3 days ago he had $6 less than he has now. 
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Multiplication of a positive number, b, by a negative num- 
ber, — a, is a short method of subtracting 6 a times. 

Thus, (— a)(b)=—(+ 6)—(+ 6)—(+'b)->- to a times 
=— ab. 

(4) Suppose again that George has been spending $2 a day, 
then 3 days ago he was $6 better off than he is now. 

Thus, (— 3)(— 2)=—(= 2)=(= 2) 2) =a ee 


q 


: 


7 


= 6, the number of dollars George had 3 days ago more than 


he has now. 


Multiplication of a negative number, — b, by a negative | 


number, — a, is a short method of subtracting — b a times. 


Thus, (— a)(— b)=—(— Diels b)—(— b) to a times= 


1 b--'b + b+ =~ to d.times = abi 
Laws of signs in multiplication. 
The product of two numbers having like signs is positive. 
The product of two numbers having unlike signs is negative. 


Nore. A change of the sign of one of the factors of a product changes 
the sign of the product. 


Consider the product of (— 2)x(— 3)x(— 4). The product ~ 


of (— 2)(— 3)=+ 6. The product of (+ 6)(— 4)=— 24. - 
Similarly, (— 2)(— 2)(— 2)(— 2)=+ 16. 


ORAL EXERCISES 
Find the product of each of the following: 


1.65x8 8. — "5.8 5. 4 X(— 23) 
_ 2. 5 X(- 8) 4 OX Gao) 6. (— 3)?! 

(a 10. (—.5)°6=.8) 

Sin (-28)* 11. 36 


9. (— 2)(— 2)(— 3) 12... (2) are 
Ifa = 2,b =— 3, x =— 2, and y = 3, find the value of: 
13. @ + 0? 16. 2? — 7? 19. a(x — y) 
14. a? — 0? 17. ab — xy 20. b(x + y) 
15. ax — by 18. ab + xy 21. ab(a? — y) 
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Select from the numbers given at the right the roots of the 
equation at the left: 


.. 22. 2?+27—-6=0 1, 2,0, —3 
93. 2 +2=2 pe eee 
24. 2 —xr-—2=0 0,-— 1,2, -—2 
25. 2? +527+6=0 : 2, — 2,3, —3 
26. 2? —52=6 i eae AS Ee 6 


27. State the law of signs involved in the product of an even 
number of negative factors. 

28. State the law of signs involved in the product of an odd 
number of negative factors. . 


Multiplying monomials by monomials. You have noticed 
that the product of an odd number of negative factors is negative 
and that all other products are positive. 

Since multiplications may be performed in any order, it follows 
that : : 

BZasbv=2xX3 <x axXb = 6 ad 
(2a)(— 3b)= 2 X(— 3)X a X b =— 6 ab 
(— 2a)(3b)=—2X3xXaxXb=— 6ab 

(— 2a)(— 3b) =(— 2)X(— 3)X a X b = Gab 

The product of two monomials is found by prefixing the product 
of the numerical coefficients to the product of the literal factors. 

The product of monomials containing the same letters. 
x? means xz, x? means xxx, and x” means zrx - - - to n factors 
(see page 7). From this meaning of exponents, we have: 

(x?) (x3) = (xa) (arr) = 2?+8 = x 
(a2x?) (ax?) = (aa)(a) (xan) (xx) = ates = asa? 

(x™)(x") = (xxx -- - to m factors)(rrz - - - to n factors) = a+" 
_ The exponent of a letter in a product is equal to the sum of the 
exponents of that letter in the factors. 

Since (2?)3 = (x?) (x?)(a) =(ax)(xx)(xx) = x°, we know that 
(2?) = x6. Similarly, («”)* = 2™. 

Ess. J. H. S. MATH. 11—5 
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ORAL EXERCISES 
Give the products: 


1. (2a)(3 a) 5. y? -y 
2. (4a)(a’) 6. -y*- y4 10. 5a(— 7 a?) 
(io ae od Nowe ee een 11. 3a-2a' 
4, 2? - a 8. (— a)(a’) 12. 2a(— 3 ab) 
13. (— 3 a*)(— 5 abe) 14. (— 8 a')(2 bc) 
Ger cence Ub Re Ga! 23. (2 a?)? 
PiG. 2 x12? 20. 5? X 54 24. (3 x3)? 
Lia a OE. 25. (a?)# 
1G. oe Xt 28 22. 10 X 10° 26. (2 a*)* 
27. (15 zy)(— 4 a?y'z) 34. 7 xy%2(— 3 zy?) 
28. (— 3 x%)2(— 22) 35. —(3 xy)? 
29. a-a?- at 36. (— x)?(— 2)3 
30. 3 X34 37. — 3(— 52?) 
31. 24a XK 2a 38. (4 a’)? 
32. 20 X3a 39. (3 ab)? 
33. 3 2°(— 4 xy?) 40. 2(2 a)(— 2b) 


If a = 2,b =— 3, c =— 1, find the value of: 
41. 2a% 42. (2a) 43. 20°’? 44. —abe 45. (— abc)? 
The number of literal factors in a term is called the degree 
of that term. 


Thus, zy is of the second degree, 2* is of the third degree, and 2 xy? is of 
the fifth degree. 


gh 9. (— 2a)?(3 a4) : 8 


eT ean, See ee ee eh nn 


— — wos, 


The degree of an expression is the same as that of the term — 


of the expression which has the highest degree. 
Thus, the expression 5 2? — 2x + 3 is of the second degree. 
Arrangement of terms. It is generally convenient to arrange 
the terms of an expression according to the ascending or the 
descending powers of some common letter. el 


Thus, the expression 2° — 22%y + 3 xy? — y® is arran, 
the descending powers of z or the ascending powers of y. 


ged according to 
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; ORAL EXERCISES 
- ing powers of x: 


1. 5b¢4-—-2+7+23 4. 32+ y+ 22y 
2.3—-T7r+2!— 2 5. 423 + y3 — 3 ay? + 2 ay 
: 
| 


: Arrange the following polynomials according to the descend- 


3. 52*— 327-624 23 6. 52*-—-38y+ 22% 


7. Arrange ax + a® — ax? + x according to the descending 
powers of a. 
_ 8. State the degree of each term in ex. 1 to 3. 
9. State the degree of each polynomial in ex. 4 to 6. 


Multiplication of polynomials by monomials. You have 
seen that the product of a and x+y+z is obtained by 
multiplying each term of the polynomial by the monomial 
(page 45). Such a product may be indicated as follows: 


aja +y+2) =ar+ay+ az 


ExampiLe. Multiply 3 ry? — 22°y + 23 — y> by — 2 ay’. 
SoLurion. First arrange the terms according to the descending powers 
of x and indicate the multiplication by means of parentheses. Since the 
product is easily seen, write it after the indicated multiplication, thus: 
— 22y?(22 — 22%y + 32y — y8)=— 2x4y? + 4 xy? — 6 wyt + 2 ry? 
Or, the problem may be arranged with the multiplier below the multi- 
plicand, thus: w—-2Qey+3ay — ¥ 
— 22y? 
— Qaty + 4 233 — 6 xy! + 2 xy5 


ORAL EXERCISES 
Find the product of each of the following: 


1. 2(a — 3b) 8. — 5xy(ax? — y*) 
2. 5(x — 5 y) 9. — 5 ab(2 a? — b) 
3. — 3(a@ — ab) 10. — ia(4a — 6b) 

4, 22(2? — 2) — 11. $2167 —3ry +7’) 
5. 2 a(a? + 2) Loe gg = py 4-0") 
6. 32y(224+3y) 13. mn(m? + n? — 2mn) 
7. 2.0°(a*, — b?) 14. — 2 ab?(3 ab — b?) 
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Find the indicated products: 
15. 5ay(—327—-y+22y) 18. —a(fa—5+ 62’) 
16. — 7 m?n?(mz? — mnzx) 19. :a3(2 + a+ a?) 
17. <(8 —72+ 2’) 20. — a(a? + 2a — 1) 


21. What is the area of a square whose side is 2s inches? — 3 
22. What is the area of a rectangle with a base of b inches and : 
an altitude of (b + 3) inches? an altitude of (26 — 3) inches? ~ 
23. Find the area of a parallelogram if the altitude is h inches _ 
and the base is (3 h — 5) inches. 3 
24. What is the area of a triangle if the base is b inches and ~ 
the altitude is (6 — 5) inches? “= 


25. What is the area of a trapezoid if the upper base is 30 in., — 


the lower base is (2 b + 5) inches, and the altitude is 2 a inches? 
The product of two polynomials. The work of finding the 


product of two polynomials is much like that of finding the — 
product of two arithmetic numbers each of which contains — 


more than one figure ; for example, 21 X 32. 


32 30 + 2 
21 20 +1 
32 30 +2 
64 600 +40 
672 600 + 70 +2 


Exampte 1. Find the product of (2% + 8) by (a + 5). 


Sotution. In this example, each term of 2x + 3 is to be multiplied by © 


each term of x + 5. This work may be indicated thus: 
(x + 5)(2e% + 3)= x(2z + 3)+ 5(2 2 + 3) 
As in arithmetic, write the multiplier below the multiplicand and 
multiply each term of the multiplicand by each term of the multiplier. 
In algebra, however, it is more convenient to begin multiplying at the left. 


22+3 
e+5 ; 
w(2Qe+3)= 2224+ 382 , first partial product 
5(22+3)= 10x +15, second partial product 
(x +5)(22+3)= 227+132+15, sum ofthe partial products — 


a 
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ExampLe 2. Find the product of (3 « + 2 y) by (22 —y). 


SoLuTIon. Cueck. ©=2, y =8 
3x2 +2y =6+6 = 12 
2z- y =4-3 =] 

2282+2y)=622 +4 2y 
—y382+2y)= = say =2y* 
(22-—y)8r+2y=62+ ry -2y¥ = 24+ 6-18 = 12 


_ The work may be checked by substituting small values for x and y, as 
shown above. 

The representation of products by the areas of rectangles, as 
shown below, may help you to understand the product of two 
binomials. 

You have learned that the area of a rectangle is equal to the 
product of its base by its height or altitude, that is, A = bh. 
Suppose you wish to find the area 
of the rectangle whose base is b + ¢ 
and whose altitude is h. This area A bh ch 
is represented by the rectangle at 
the right. According to the formula, Cc 
the area is h(b + c), or bh + ch, which agrees with the sum of 
the areas of the two smaller rectangles into which the given 
rectangle is divided. 

Now consider a larger rectangle 
with the altitude a +h and the 
base b-+c. The area of this rec- 
tangle equals the product of its 
altitude and base, or (a + h)(b +c). 
This is equivalent to the product of 
h(b +c), as shown above, increased 
by the product of a(b+c). The product may be written 
(at+th)(6+c)=a(b+c)+h+c)=ab+ac+bh+ch. This 
product agrees with the area of the given rectangle, which is 
composed of the areas of the four smaller rectangles shown in 
the diagram. , 
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EXERCISES 


Find the indicated products and check : 


1. (2 + 1)(@ + 2) 11.’ (22-3) eae 

2. (x — 1)(z + 2) 12. (7p +5q)(2p — 54) 
3 (a+ 3)(a +2) 13. (22 — y)(e + y) 

4. (a — 2)(3a+ 1) 14. (72a + y)82 — 2 y?) 

5. (a — 2)(% — 3) 15. (5 xy +°3)(2 zy — 1) 

6. (22 — 1)(22+4+ 1) 16. (4% —3y)(52 —2y)% 

7. (8a — 2)(8a-+ 2) 17. (2x —y)4G2+y) 

8. (2a+ db)(a+b) 18. (pt+2q)(2p —5q) 

9. (2a — 3b)(a — 26) 19. (5r —3s)\2r+338)~. 
10. («c+ y)(22+3y) 20. (2? + x)(z-+ 1) 


21. Multiply 2?+1-—22z by x—38-+ 2%. Check with — 


r=2 a 
Sotution. Arrange the terms of the multiplicand and the multiplier | 7 
according to the descending powers of zx. 
CHeck. x= 2 a 

a2@—224+1 = 4-44 1 =f q 

w+ a¢-—3 = 4+2- 3 = 8 § 


Bie) aa PRT eats 
B-2e+ 2 
—3224+62—3 
w— #@-47+4+7¢r4-3=16-—8-—16414-—3=3 i 
Multiply : 
22. 2x+23—I1byx+2 24. 2% —3+a2byr+3 
23. +2 —2by 22-1 25. 2? +4? — 2 ay byt ae 
26. 3cry+a—2yYby2r+3y 
27. 32° + 22y —yby 32 —5y 
28. 12y? — Tay +222 by —42—y 
29. 2+ y—32yby2Q2+y 
30. e+ 24+e24+ bbyr—1 
31. @’ —2+4+ 1)@?+2+4+1) 
32. (a? — cy + y?)(x? + xy + y) 
33. (227 — x —.1)(4? + 22 — 2) 


a ER a ee ene 
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Find the indicated products: 

34. (x* — 234 1)(e?9+2+1) 

35. (a + 2a89—a+1)(8+a) 

36. (2x2 — 1)(x + 2)(x — 1) 

37. (a + b)(a — b)(a? + 0?) 

38. (32+ 5)(22 — 1)(1 + 22) 

39. (2a — b)(a + 2 b)(a? — 2 ab — 8?) 
40. (a + b)? 42. (2a — 3b)? 44. (a — b)3 
41. (2a — b)? 43. (3a — b)? 45. (a + b)3 


Equations Applying Multiplication 

It would not be worth while to learn the principles of algebra 
if they did not have useful applications. Multiplication of the 
kind that you have just studied is often necessary for the solu- 
tion of equations, and equations, as you know, are useful tools 
in solving many kinds of problems. 

Suppose, for example, that you wish to solve this problem: 

The height of a certain rectangle is 3 in. longer than its base. 
If the area of this rectangle were 1 sq. in. smaller, it would equal 


the area of a square having a side 1 in. longer than the base of 


the rectangle. Find the dimensions of each figure. 


Soturion. Let 6 = the number of inches in the base of the rectangle 
Then 6 + 3 = the number of inches in the height of the rectangle 
and b + 1 = the number of inches in the side of the square, 


The equation of the problem is: b(6 + 3)— 1 =(6+4+ 1)? (1) 
Perform the indicated multiplications: b?-+ 3b —1=6?+26+41 (2) 
Subtract 6? + 2 6 from both sides of (2): b= (8) 

or b = 2 

Henceb}+ 3 =5 

andé+1=83 


The rectangle is 2 in. by 5 in. and the square is 3 in. 

Cueck. The area of the rectangle is 2.x 5 sq. in., or 10 sq. in. 

The area of the square is 3 X 3 sq. in., or 9 sq. in., which is 1 sq. in. less 
than the area of the rectangle. 
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EXERCISES 


ee 


Solve the following equations. Check ex. 1 to 10: 
1. 320 —7)=22+7 3. 722+5)=22+41 
Qe a)" isk 4A. ae — 2)=2*—6 

§&. 2(27+3)-—3=22 

6. (22 — 1)(x% — 5) = 2(3 + 2?) 

7. («@ —5)\(2¢+ l= 22(z,— 4) 

8. w? — 3(a — 2)= x(x + 3) 

9. 2 —5xe —2x(a —7)=—4 

10. @-—2)a@+i=2+43 

11. (z 4 8)\@ — H=7 —@ +58 — 2) 

12. -3(¢— 1)— 38 —1)? =15—¢2 

13. (2n+3)\(n+ 3)—(n4t 1I2n+ 1)= 14 

14. («@ — 2)(@ —5)=@+DH@+ 3)— 4 

15. (2% — 3)\@—7)+15 =@—-1)(@+4)4+ 2 

16. (x + 3)? — 2(52 + 6)=(a — 1)? 

17. (c + 2)? -Q2+1? =32(1 — 2) 

18. 22(42+3)+4 =(32 — 2)? —(3 —2)? 

19. (@ + 1) +(@ + 2)° —(@ — 32 = 

20. (22-1)? +22 —1)7 =6G2—2) = 3." 

21. (n +2)? —@ + 3= = 17 

22. n(4n+ 5)—2Qn— 1)? = 11 

23. (« + 3)? —(2a — 5)? = 3.2(8 — x) 

24. (x + 3)? — a(@ + 5)= 15 

25. (22 — 3)? —(1+427)= 12 

26. (x — 5)\(a + 3)— a(x — 7)=5 

a7. (20 — 3)(e + 2)— Ae — 3)? =2 

28. 2x(2% — 7)= 22 +(4 + 3)(22 — 1) 

29. (7x — 5)(@ 2)-(824 4+ 2)(224+ 1)=22+4 

30. (82+ 5)(2x — 7)—-(4a% + 3)(2% — 1)= a(3 — 22) 
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Dividing Algebraic Numbers 


In algebra, as in arithmetic, division is the opposite or 


_ Inverse of multiplication. In multiplication, two numbers are 


given and a third number, called their product, is sought. This 
may be represented by a X b = p. In division, the product 
and one of the numbers are given and the other number is re- 
quired. This may be represented by D + d = q, in which D 
is the dividend, d, the divisor, and gq, the quotient. | 

Division is commonly expressed with the division sign, as 


above, or in the form of a fraction: 2 =q. (See page 6.) 


The following similarities in regard to signs should be noted: 
(+ a)X(+ b)=+ p; hence + p+(+d)=+a 
(-+- a) X(— b)=— p; hence —p +(— d)=+ 4 
(— a)X(+ b)=— p; hence — p +(+ d)=-— a 
(— a)X(— b)=+ p; hence + p +(— b)=— a 
Law of signs in division. 
If the dividend and the divisor have like signs, their quotient ts 
positive; but if they have unlike signs, their quotient is negative. 
ORAL EXERCISES 


Perform the indicated division : 


1. 18 +(- 3) 4, — 155 +(— 5) - 7. — 18 +— 36 
2. — 18 +(-— 38) 5. — 56+ 8 8. —9 + 27 
3. — 27+9 6. 77+-—7 9. —3+3 


Dividing monomials by monomials. 

a? X a2 =(a-a-a)(a-a)= a? = a5, (See page 59.) 
: 11 

= ddaaa 
fagh 
11 


a” _ «rrr + to m factors _ ann 
xz” sax: to n factors 


Hence a> + a? = @q2 = q3 


Similarly, 
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The quotient of two monomials is obtained in a way similar — 


to that of arithmetic : 


Nore. When it is said that like factors are canceled from both the 
dividend and the divisor, they are not canceled in the sense that the result 
is zero, but they are divided into each other with the quotient 1, thus: 


Any a with an exponent 0 is equal to 1. 


ys 
- ie 


Le er 


ir* = 


‘dns 


Instead of actually canceling factors in division, the work may 4 


be expressed thus: 
a = qg?>2 = q3 2° = 2-2 — 93 — 15.06 


=e 22 
@ Oy 5 aX Soe 


The exponent of any letter in the quotient ts equal to its exponent 
in the dividend minus rts exponent in the divisor. 

The sign of the quotient 1s + or —, according to whether the 
dividend and the divisor have like signs or unlike signs. 


EXERCISES (1 to 12 Oral) 


Divide: 
1. 2 eee ono 
ar ax 
as (fe 10, — 140%" 
4 =z ae ye 
oa (fea: 11, — 2b aty® 
2 te 7 axys 
hs eS 19, = 27 2'y%2 


8. 
3 ab =< 9.2772 
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Find the indicated quotients : 


— 12 ab : 1 1 
3 bs pea ls —120% _ = 8X2daK_ 2a 
Pee aia at Ex3abo 36 
, 8ab3 ‘15 ary? 39. a2b3 
14. 0 Ape ct 0) if LR 
12a — 25 axr’y 28. — p2 ab 
ieee ey — 64 rs> — 42 ax’ 
15. 18. Spies ee 
18 xy? 16 s® fe 28 x 
25 mn4 12 xy? — 8 abt 
16. 1955 os : 
SSE — 6277 of 18 a’b 


Dividing polynomials by monomials. In finding the product 
of a and x + y, each term of x + y is multiplied by a. (See 
page 61.) Hence a(x + y)= ax + ay. 

The quotient of ax + ay divided by a is obtained by the 
reverse process, that is, by dividing each term of ax + ay by a. 

arty 4 Wnty 


a a 
Similariy, 
atax2 _ atx3 = a?x4 - ax? ax? aza* = 2 we ae 4 x? 
aza? ax? azn? azz? > 


The quotient of a polynomial divided by a monomial is equal to 
the sum of the quotients of each term of the polynomial divided by 
the monomial. 

EXERCISES (1 to ro Oral) 


- Find the indicated quotients : 


i, (2r+ 6)+ 2 7. (2503 — 15a2)+ 5a 
230 = qr) 3r 8. brass 

iene Lip a 
3..{15a@ — 12)+—3 aE eis 
4. (16 bx — 12 by)+ 4b 9. ae aed 
§.'.(12 a? — 8ab)+— 44 10, 6@ 24 
6. (21 ab — 76*)+ 76 ; 2a 
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Find the indicated quotients : 


18 at + 54 a? + 36a 
18 a 

75 m3 — 50 m* + 25 m5 
2a me 


72.0% — 36. ab +18 abe 


18 ab 
a‘xz* — aa? + ax 
— ax = 
14 23 — 21 x* + 28 x? 
TD 


SW, 28 at — 7 16. 
7a 
12. 45 a’x® — 27 ax 17. 
— 9azx “ 
13. 2 ax? — 3 ata? + 4 ax 18. 
— ax 
14. 15 n> — 20 n3? + 10 n? 19. 
5 n? 
15. 18 24 — 3023+ 1222+ 62 90. 
62x 
91 27 xyz — 36 2y?2* + 45 xiy8z3 
; 9 xyz 
29 20 x4y? — 16 x*y? + 12 ry* 
; 4 xy 
93, Oe + y)— ale + y) 
rr a 
1 1 
Sonurion. (249) _ US+I) _ 5 _¢ 
ee) ee 
9A. ax(2a +b)— by(2a +5) 
2a+b 
95, mit — y)—2n(e — 9) 
a—y 
ag, Ce = 18) — Yat — 9") 
2 


o7, (a+2)'- 3(a +2) + 5(a +2) 


at+2z 


28. — 3(a — 22)' + 5(a — 22)? —(a—22).- 


So ae n) 
gp, Sable — d)— 30 ar(c — d)+ 15 ac(o — d) 


5a(c — d) 


a in ES a et nel 


7 
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Dividing polynomials by polynomials. A review of the 
steps in long division in arithmetic will help you to understand 
division in algebra. 

Study the following example: 


ExampLe 1. Divide 1081 by 23. - 


SOLUTION. 1081 | 23 
4X 23 = 92 | 47 
Subtract : “161 : 
if SK 28) = 161, 


ExpianatTion. The first figure of the quotient, 4, is found by dividing 
a part of the dividend, 108, by 23. The first partial product, 92, is the prod- 
uct of 23 and 4. 92 is subtracted from 108 and the result, 16, is combined 
with the next figure of the dividend, 1. This method is repeated until the 
division is completed. 


The method of dividing a polynomial by a polynomial is 
similar to that just used. 


ExaMPLe 2. Divide z?+62+8by2+2. Check. 


Sotution. #2+62+8 |x+2 CuHEcK. «x + 4 
e(e2+2)= 2422 za+4 xz+2 
Subtract : 4z2+8 evt+4zn 
A(z + 2)= 42+8 +227+8 
v+62+8 


EXPLANATION. The division may be better understood if you will con- 
sider the method by which the product of (« + 4) by (x + 2) is obtained. 
Review this method (page 62). 
(e+ 4)(2+2)=2(0+2)+4e+2)=27+227+4271+8=277+62+8 

In finding the quotient of 27 +62+8 by x + 2, the first number is 
obtained by dividing the first term of the dividend by the first term of the 
divisor. Thus, 2? +z = 72. 

The first partial product is x(x + 2), or 2? -++22. This is subtracted 
from the dividend, and the remainder, 4 x + 8, becomes a new dividend. 

The process is repeated. «x of the divisor is contained in4 x of the 
dividend 4 times. 4 is written as the second term of the quotient. The 
second partial product is 4(x + 2), which is subtracted from the dividend. 
The remainder is 0. The check by multiplication at the right of the work 
shows that it is correct. 
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The natural method of checking an exercise in division is to multiply the 
divisor by the quotient. Since 2 = q (page 67), then D = dg. The work a 


may be checked also by substitution. If this is done, care must be taken 3 
to select values for the letters that will not make the divisor zero, as division — 
by zero is impossible. 
Cae: +6248 441248 2 _ 

Thus, if x = 2, zee 242 = 3 =6. 

Also if x = 2, the quotientr +4=2+4=6. 

The divisor may be placed at the left of the dividend or at the riche! 
as on page 71. It is placed at the right of the dividend for the sake of 
convenience in finding the partial products. 


Nore. To divide one polynomial by another polynomial, arrange the — 
dividend and the divisor in either the descending or the ascending powers — 


of some common letter. 
If there is a remainder, write it over the divisor in the form 
of a fraction and add the fraction to the quotient. 
Example 8. Divide x + 62? — 2 by 22 — 1. 


Sotution. First arrange the dividend according to the descending 


- 


powers of zx. CHECK. += 2 
62+ 24-2 |22x-1 62 +a—2 = 24 
82(22—1)= 627 —32 32+ 2 2a2—1 = 3 
Subtract : 4x2 —2 24 +3 = 8 
222-—1) = 4x2 —2 382+2 = 3} 
EXERCISES 


Divide and check: 


ett ag 


e@+52+6byrz+3 9. 622-52 —6by32+2 

e+7x2x—S8byzrz-1 10. 102? — 292 — 21 by 22-7 
3. 2+2-12byx4+4 11. 22° 4+ 92 — 35 by 22 —5 
4.2+4+22-15byr+5 12. 1027-—6+112by224+3 
baa = S2—9 by c+ 1 13. llx— 14+ 152?by32—2 
6. 2+527+4byr+4 14. 622+ 152-21 by 7+22 
7. 2?—62+8 by s — 2 15. 627-—1lz2—T7by2z2+4+1 
8. y¥ —9y+8byy-1 16. ax — zy + by — abby x—b 


17. 10ax+4br + 6 by + 15 ay by5a4+2b 
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18. Divide 6234+ 72?+2+9 by 22+3. Check by 
multiplication. 


SoLvTion. Om Ade te ort O22 eS 
'32(27+3)=62°492 322 —r+2 

—2f74 <2 
—2(2r2%+3)= — 222-32 

4zx+9 

2(22 + 3)= 4x+6 

The remainder is +3 

3 


The quotient is written 32? —27 +2+ The sign + is nec- 


22+3 
_ essary before the remainder, since otherwise rece would be under- 
stood. 
Cueck. Multiply 32? — 2 + 2 by 2x + 3 and add the remainder 3. 
(32? -242)(224+3)4+3=624+72%+24+9 
Divide and check : 
19. 3227+524+2byr+2 21. 27°+3274+2by2r-1 
20. 2” —-6x24+7byr+1 Die) a 20 d= OD DY Ln 
23. 527 — 322 — 21 by524+3 
24. 1227+ 142-10 by 4x — 2 
25. 22°+327+2+6byr7+2 
26. 223 —132?-—x7+3by2z27+4+1 
27. 623+ 27 — 3824+ 5by5+22 
28. 623 — 2? —92— 10by3z2—5 
29. 72? — 12 a*%y — 25ay? —6y by 7x7 +2y 
30. 621+4+102?+ 427% by 4242 
31. Divide 8 a? + 1 by 2a + 1. 
Hint. The missing terms of the dividend may be supplied with zero 
coefficients or spaces may be left in their place. 
‘Divide : 
32. 92? — 167? by 32—4y 37.  —32x+2byx—-1 
33. 49a? — 36? by 7a+6b 38. 424-323 —-—l1byx-1 
34. 823 4+ 125y3 by 2a+5y 39. 6429+ 27y by 4xr+3y 
35. 27a? — 8b’ by3a—2b 40. 640% — bo by 4a? —b 
36. 7? — 49x —110byz2+5 41. 322°—1by2zx-1 
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Equations with Fractional Coefficients 


; 
ee 
Na aly Ree 


Very often the conditions of a problem give rise to equations ~ 


having fractional coefficients, as in the case of the problem, 
“Tf 1 of my money is $4, how much money have I? ”” Let us 
see Hoe such equations are solved. 


Evidently in the equation s = 4 the first thing to do is to get | 


rid of the denominator 3. This is done by multiplying both 
sides of the equation by 3, thus: 


ae 3X 4,orz = 12 (See page 18.) 


x 


Similarly, the equation 5 — = = 3 may be solved by multi- 


3 
plying both sides by some number that will get rid of the 
denominators. The 2 may be removed by multiplying both 


sides by 2, and the 3 by multiplying both sides by 3.. The — 


double multiplication is equivalent to a single multiplication of 
both sides of the equation by 6, thus: 


6(5)- 6(5)= 6 X 3, or3zx%—22= 18 Thatis; 7 = a3) 


EXAMPLE. Solve the equation “(@ —3)+5= *(@ ~ ae 
Check the answer. 
SoLurion. “(@ —3)+5= S@ —1)+ z (1) 


12 is the smallest number that will contain 3 and 4 as factors. It is 
called the lowest common denominator (L. C. D.). 
Multiply both sides of (1) by 12: 


8(« — 3)+ 60 = 9@—1)+42 (2) 


Clear of parentheses and combine: 82 + 36 = 132 —9 (8) 
Solve (8): z=9 
CHECK. #19 -3)+5=8s(9—1)+2 
4+5=6+4+3 
9=9 


Multiply each side of the equation by the smallest number that 
will contain each of the denominators as a factor. 
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EXERCISES 
Solve and check the equations: 


1 3@=14+ 42 38. dx24+42=7 5. gn—-—3=in 
8 4z2—2=42 4. 27-12=3 6 ¢2=1} 
EHF ty ui. 27-2 24 54 

8 2n=in+8 12 eg 
Oe ee Ty : aie 

9 Dh A 13.5 ca Pr agsecan 
10. +5 = 473 14. Sy + Sy =3y-2 


15. Find a number whose half and third together equal 15. 

16. Find two numbers whose ‘sum is 25 if one of them exceeds 
2 of the other by 1. 

17. Find two numbers whose difference is 8 if 1 of one of 
them is equal to 4 of the other. 

18. Ann spent 4 of her money for ribbon and had 28¢ left. 
How much did she have at first? 

19. Henry and Lee had equal sums of money. Henry spent 
1 of his money for a radio tube. Lee spent } of his for books. 
Together they had $17 left. How much did each have at first? 

20. The population of two neighboring towns is 4300. If 
the population of the smaller town is 200 less than 4 of that of 
the larger town, find the number of people in each town. 

21. Mr. Smith bought 16 tons of coal. Part of it was put 
into his own cellar and the rest into his son’s cellar. How much 
did each receive if the son had 23 tons more than 4 as much as 
the father? 

22. Ten years ago the price per ton of nut coal was $1.75 less 
than 4 of the price now. Find the price of coal 10 yr. ago if 


the cost of 8 tons now is $16 less than 3 times the cost 10 yr. ago. 
ESS. J. H. 8S. MATH. 111 —6 
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REVIEW OF CHAPTERS I TO IV 


1. Find the value of 3X 4—8+2+4+15X 6+ 18 —10. 
2. Find the value of 8 X 3?>+ 7 X 2 —10X 3? +5 X 3% 


Sotution. Combine the terms and get 10 X 3? = 90. Explain. 


3. Find the value of 17X18+3X13—12X18+2 — 


Naa 
4er15 SC Oeh= 180-23. 2) XX 2h 
55 eS — A 12 3 5 Oe Bee 
6. -5(22 — 4) 4+ 12 +13 +5)—9+3 = 
7 
6 


. State the order of operations to be observed in ex. 5 and __ 


8. State and illustrate a way in which algebraic methods 
are shorter than those of arithmetic. 


9. From the sum of 3 2? + 2” — 5 and 2? — 3a + 6 sub- 


tract 5 —(4a — 2 2). 

10. What is the perimeter of a triangle whose sides are 
2n —3,n+ 5, and3n— 7? Find each side if the perimeter 
is 25 in. 

11. Find the perimeter of an isosceles triangle if the base is 
(2b +3) inches and one of the equal sides is (3 b — 1) inches. 
Find each side if the perimeter is 49 in. 

12. The dimensions of a rectangular field are (5 r + 3) rods 


and (7 r — 3) rods. What is the perimeter? Find each side if — 


the perimeter is 266 rd. 


13. If the three angles of a triangle are 2 a°, (3 a — 5)°, and 


(a + 11)°, respectively, what is the value of each angle? 

14. What are roots of an equation? What is meant by 
satisfying an equation? Illustrate both terms by solving 
3(a@ — 2)=9 

15. Give the law of signs in subtraction. 

16. Illustrate two ways of checking an exercise in subtraction. 

17. What must be added to x + a to make y — b? 

18. What must be subtracted from 3 s + d to gives — 5d? 


REVIEW . ad 


19. A man earns d dollars a week and spends s dollars. How 
much will he save in w weeks? in a year? in y years? 

20. Harold bought m dozen tennis balls at d dollars a dozen 
and sold them at c cents each. What was the gain? 

21. I have m dollars. How much interest do I receive 
annually on + of it at 6%? on the remainder at 4%? 

22. What is the interest on p dollars at 5% for y years? ~ 
What is the amount? 

23. State the rule for removing parentheses. 

24. Simplify 37 — 52 —3(22+ y)—2y. 

25. Simplify 2a — 336 —a)+2—5a—(b+3a). 

26. Group the x and y terms in a parenthesis: 
(a) 902? — 2? —6ay—9y? (b) 25m? — 49224 7Txy — 25 y? 

27. Express 52 — 7 ax + 3 bx as a single term. 

28. Express the x quantities as one term and the y quanti- 
ties as a second term in ax + 5y — 5a — ay. 

29. What is the law of signs in multiplication? 

30. Give the value of each of the following: 
aay 1)* (Dwito=1)8 (¢) 2(— 2)3== (a) — 5-5)? 
- 31. Simplify (2a — 3b)? — 5.a(2a — b)4+ 20(3b — a). 

32. What is the law of exponents in multiplication ? 

33. Simplify: 
(a) (22) (b) 2(z)? (c) (@)(z)(@) (d) 2 Xx 2? 

34. Multiply 222 —-32+6by2+3. Check. 

35. What is meant by a power of anumber? by the degree of | 
a term? by the degree of an expression? 

36. In what order should the terms of an expression be ar- 
ranged? Illustrate in the following expressions : 

(a) a — 23 + ax? — 2ae (bt) 52-7432 — 22 

37. A rectangle has a width of w and a length of w + 5. 
What is its area? Draw a figure to show this. 

38. What is the area of a rectangle whose altitude is a + 3 
and whose base isa + 6? Draw a figure to show this. 
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39. The perimeter of triangle ABC is 50 in. If side AB 
equals side AC and their sum exceeds side BC by 10 in., how 
long is each side? 


40. Find three consecutive even integers if the first increased - 


by twice the third equals 12 more than twice the second. 

41. Find two consecutive integers such that 4 of the smaller 
equals + of the larger increased by 2. 

42. What is the law of signs in division? 

43. Find the indicated quotients : 

— 274 — 15a 12% 9 ax 

(a) es 2 ecmcar ar Ore (d) — 

44. State the law of exponents in division. 

45. Find the indicated quotients : 
Bia? (a = 2)! a? (— 3)! 
(a) on | (b) (a — 2) (c) a (d) page 

46. If D denotes the dividend, d the divisor, q the quotient, 
and R the remainder, express D in terms of the other letters. 
Express qg in terms of the other letters. 

47. Give two methods of checking a division problem. 

48. Divide 6 x — 3 yt + ay? + 13 zy’ by 3y? — 2 zy + 2a”. 
Check. * @ 

49. Divide9 xt — x? +182 —15by322 —22+5. Check. 

50. What is meant by cancellation in division? What is 
the result if all the factors in the divisor cancel with all the 
factors in the dividend? 

51. Find each of the following indicated quotients : 

12 ab? 2 ax 18 r3s? 6X 2° 

3 ab? (0) 2 ax ©) 12 rs? ) 3 xX 2? 

62. The sum of two numbers is 37 and their difference is 9. 
What are the numbers? 


53. Ernest and Arthur had $7.75 between them. Ernest 


spent $1.25 and Arthur spent $2. If they then had equal 
amounts of money, how much did each have at first ? 


nna 
e:| 
ale 


Many simple problems in the preceding chapters have been 
solved by equations; but you must learn more about equations 
before you can solve more difficult problems. 

The degree of an equation is the same as that of the term 
of.the equation that has the highest degree. 


Thus, 2x2 +3 =7 and 52 = y are of the first degree, and zy = zx —6 
is of the second degree. 


An equation which in its simplest form is of the first degree 
is called a linear equation. 

Identities. What is the value of z in the equation 5x — 2x 
= 6? Would this equation be true for any other value of x 
than 2? Compare this with the value of x in 52 — 22 = 3x. 
In this equation, substitute for x the value 1, 5, 10, or any 
other value. Thus, if z = 1, each side equals 3; if x = 5, each 
side equals 15, etc. In every case the two sides of the equation 
are identical; hence the equation is true for all values of x. 

An equation that is true for every value of the letters involved 
is called an identity. Every equation expressed entirely in 
arithmetic numbers is an identity. 

Since the equation 5 x = 15 is true only if the condition that 
x = 3 is fulfilled, it is not an identity, but it is a conditional 
equation. What does 5 x equal if « = 2? ife = 4? ifa=5? 

Show that 22+ 32 = 4 is true if x = 1 or if x = — 4, but 
that the equation is not true for other values of z. 

When a root of an equation is substituted for the unknown 
number, the equation is satisfied and becomes an identity. 


Thus, if you substitute 3 for z in 5a = 15, you have 5 X 3 = 15, or 
15 = 15, which is an identity. 
79 
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Select the identities and the equations in ex. 1 to 6: 


eevee 
ds ORs 


LINEAR EQUATIONS 


ORAL EXERCISES 


a5. ifs} 4.4%2+5=327-8 
=at+4 §. 32+22-3 =62-3-2 


3. 5(22 —3)=62—15+ 42 6. 38@—1)=8+32—-I11 


Which of the numbers at the right of the following equations — 


are roots of the equations? 


i 5 —12k=8 2,3, 4 
8. on +o = ee? 0, 5,9 
DO3 i tren 3, 4, 5 
10,2 2on=4 2, 4, 8 
n 
11. 2 —57+6=0 2, 3, 4 
12. 2? =o 0, 3, 5 
Solve the following equations : 
13. ++5=9 19..2%7 =27°--3 
14. n—3=5 20. 3n=2n+8 
UG 21. 5n =3n+4 
16. 7+3= 22. 3% =2--4 
17. 32 = 15 23. 2(x + 3)= 8 
18. ¢-—4= 24. 3(n —1)=2n+4+5 
25. = = Oy ee » 3S 
: ri 3 29 r 9 
2n 5n 
26. ~ =4 98. <" — 4 eo 
3 3 Oa ee 
31. The value of vin | = 5 is found by ——. 


. The value of z in 7 x = 35 is found by ——. 
. A root of an equation is 


An equation may be satisfied by ——. 


- State the axioms used in solving ex. 13; ex. 14; ex. 15; 


. wae 
x 
Prey Peewery re. 


a 
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Transposition. The equation 3(n — 1)=2n+5 (ex. 24, 
page 80) was solved by means of the fundamental axioms under- 
lying the operations performed. Notice the explanation of this 


- work. 
SoLurtion. 3 (n— 1) = 2n+5 (1) 
Perform the indicated Sakon: 3n—3=2n+5 (2) 
Add 3 and subtract 2 7 from each side: 3n—2n=5+3 (3) 
Combine like terms in (3): = (4) 


In the second step + 2 7 is subtracted from both sides of equation (2) 
and appears as — 2 n on the left side of equation (3), while 3 is 
added to both sides of equation (2) and becomes + 3 on the right side of 
equation (3). 


Instead of saying that 2 n in the above solution is subtracted 
from both sides of the equation and that 3 is added to both 
sides, it is sometimes said that such numbers are transposed 
to the other side of the equation with their signs changed. 
Transposition, however, is not an algebraic operation. It is 
simply a short term for expressing the operations of addition 
and subtraction as used in removing terms from one side of an 
equation to the other side. The term transposition is never ap- 
plied to operations involving multiplication or division. 


A term may be transposed from one side of the equation to the other 


_ side, provided the sign of the lerm is changed. 


EXERCISES 


1. Solve the equation .32 + 5 = .5(384 — x) and check the 
roots. 


SOLUTION. 32+5 = .5(34 — 2) 
Perform the indicated multiplication : 82+5=17-— .52 
Transpose — .5 z and 5 with signs changed: 32+ .52 =17—5 
Combine like terms: Se ole 

Divide both sides by .8: x =15 

CHECK. .3(15)+ 5 = .5(34 — 15) 


45+5=.5X 19 
9.5 = 9.5 
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Solve the equations and check the roots: 


2. 522 —-7)=5 9. 5(x — 2)= 3(2 — x) 

3. 5(n — 3)= 15 10. 3(6n+4)=8xn+4+17 
4. 62+9.6 = 3(17 —42) 11. 2(2 —5)=32—-19 

5. 422 —3)=34+ 132 12. 5c -2= 324+2 

6. 8 —(3 x — 2)= 30 13. 1.72 +3 =13— 82 

7. 322 —5)=42+11 14, 3(2a — 6)= 2(52 + 15) 
6 e212 = 6(8'— 22) 15. 212 =(5 + 2)? —(2 — 4)? 


16. 5.7% — 17.2 = 9.32 — 8.2 

17. c(a@ —1)+6 = 224+ 5)— 12 

18. 22+ 11 =(*+ 2)@+1)+3 

19. (22 — 3)\(@# —-7=(e-—1l(#+4+r+1 
OOM ea: 


SoLution. aS = a (1) 
5 3 


Multiply both sides by the L. C. D., which is 5 X 8, or 15: 


5 
3 
F\ -35(2— 6)... 
SS (ion) eee 
(5 ya ; 15X83 (2) 


ee TFT eet UPR OP ee ye 


1 
3(2 z) — 5(z — 6) = 15 X38 (3) 
Perform the indicated multiplication: 62 — 52 + 30 = 45 (4) 
Solve (4): x= 15 . 


Curcx. 2(15)— B=8 = 3; 6 = 9.28cor Rees. 


Note that parentheses are inserted around the numerator in equation (2). 
-This is necessary to avoid mistakes in signs. . 


—1 #e-3 2-3 x—-l,x-2 
cae es = ’ = 7) a 
3 9 n 22, rs + 3 2(2 2 —7) 
0 5 10 
1 


oe +1 22+ 
24, —— 1 — 
3 + 12 r 
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Literal Equations 


In the formula A = bh, you can readily find the value of A 
when you have the value of b and of h. But in case you have 
the value of A and of b and wish to find the value of h, you must 


first change the formula toh = 4; or if you know A and h and 


wish to find 6, you must change the formula to b = o 
An equation in which some of or all the known numbers are 
represented by letters is called a literal equation. 

- In a literal equation like az = b, which contains the first and 
last letters of the alphabet, the first letters usually represent 
known quantities and the last letters, unknown quantities. 

Literal equations are solved by the same methods as numerical 


equations. 


ExaMPLe 1. (a) Solve3xz = 6.|(b) Solve az = b. 
SOLUTION. 32 =6 SoLurIon. axzi—D 
Divide both sides by 3: z = 3, or 2| Divide both sides bya: 2 = b 
a 
EXAMPLE 2. (a) Solve = = 2. |(b) Solve~ = d. 
Cc 
SOLUTION. = = 2 SOLUTION. a 
Multiply both sides by 5: Multiply both sides by c: 
5(F =o) () Eco, 
ore x =10 jor oi ca 
EXAMPLE 3. (a) Solve (b) Solve ax + b = c. 
32+ 7 = 19. 
SoLution. 32+7 = 19 SOLUTION. ax +b=c 
Subtract 7 from each side: Subtract b from each side: 
: 3 2=19 —7,or12 ax =c—b 
mewoe ese side by 33 Divide each side bya: 2 =°—? 
_ 12 a 
z= ce or 4 


Norse. Check each solution by substitution in the original equation. 


A ~ = Stay 
84. LINEAR EQUATIONS 
| EXERCISES 

Solve for x or 7: 
12 i Oe 6° 45a 11. 2an =4ab 
De — fia {Pats aie 2. %=1 
38. r+b=a 8. 2a’x = 6a? a 
4.x2—3b=5b O58 cra— 13. %=6 
5. 24 —a=a 10. zt+c=d n 

14. en = c+ ac i6. a 

15. (c+ d)n =(c+d)? 17. an+b=0 

Solve for x: 


18. 52+3a=92-—12a- 23. ax —a@ = 5al(a—Z2@) 
19. 3ax+5a=ar+a 24. br +50 =3be+0 — 
20. ax = 8 — 3a 25. ete 2) 
21. 22 — 5a)= 3(2 + 2a). 26. 27=2m—-1 

B22 —b)—¢— =< 27. 42+p=r 


Formulas are solved for different letters in the same manner ~ 
as other literal equations. ; 
For example, the formula for the distance a body passes over in a given | 


time at a given rate isd = rt. It is sometimes convenient to express such 
a formula as solved for r or ¢ in terms of the other letters, as, r = or t= 4. E 
EXERCISES © 
Solve the formula A = bh for b; for h. 
Find the value of h when A = 50 and b = 
Find the value of b when A = 22.5 and h = 4.5. 
Solve the formula 7 = prt for p; for r; for t. 
Find ¢ when p = $500, i = $45, and r = 44%. 
Find r when p = $350, t = 3 yr., andi = $52.50. 
Find p when r = 6%, t = 4 yr., andi = $288. 
Solve the formula p = 21 + 2w for I: for w. 
Find | when p = 87 rd. and w = 28.3 a 

10. If c = np, express n in terms of c and p; express p in : 
terms of c and n. } 


lS tll el ll 
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11. Solve the formula C = 2 ar for r. 

12. (a) Find the circumference of a circle if r = 11.2 in. 
(Use x = 33.) 

(6) Find the radius of a circle if the circumference is 100 ft. 
- 13. Solve theformula A = p(1 + rt) for p. 

14. Using the value of p found in ex. 13, find what sum of 
‘money will amount to $784.80 in 2 yr. at 44%. 
15. (a) Find aif l = a +(n — 1)d. 
(6) What is the value of a if 1 = 24.5, n = 9, and d = 2.5? 


16. (a) If S= “(a+ express n in terms of the other 
letters. = 

(b) Find nif S = 510, a = 3, andl = 57. 

17. (a) If a ton of coal occupies 35 cu. ft. of space, write 
a formula to represent the number of tons of coal that can be 
stored in a bin w feet wide, | feet long, and h feet high. 

- (b) Solve the formula for h. 

18. Using the formula of ex. 17, find the height to which 8 tons 
of coal will fill a bin that is 10 ft. long and 7 ft. wide. 

19. Using the formula of ex. 17, find what must be the 
length of a coal bin that is 5 ft. high and 6 ft. wide if it is to hold 
10 tons of coal. 

20. (a) Write a formula that states that the cost, c, of send- 
ing a telegram is 40¢ for the first 10 words and 3¢ for each addi- 
tional word. 

(b) Solve this formula for n, the number of words the mes- 
sage contains, n being greater than 10. 

21. (a) Using the formula of ex. 20, find the cost of sending 
a message of 15 words. 

(b) Find the number of words in a message if the cost of 
sending it is 94¢. 

92. A manufacturer finds that it costs him $1.75 each to 
make a certain kind of chair, in addition to overhead charges 
of $350. Write a formula to show the total cost, c, of n chairs. 


, 


86 LINEAR EQUATIONS 


Equations Used in Solving Problems 


Many solutions of problems made without the apparent use 
of equations really imply equations. For example: 

(1) Ruth and Mary between them have $1.50. If Mary has 
$.80, how much has Ruth? 

The answer is $.70, because $1.50 — $.80 = $.70. 


(2) Robert drove several miles into the country and Fran 
drove 3 times as far. If they drove 20 mi. in all, how far did 
each drive? ae 


~~: 


Since Frank drove 3 times as far as Robert did, the total distance was ~ 
4 times as far as Robert drove. Therefore Robert drove 4 of 20 mi., or 
5 mi., and Frank drove 15 mi. : 

What is the implied equation in this problem? 

More complicated problems may require the actual statement 
of the equation. When the relations between the numbers ; 
are not obvious, you must read the problem carefully to dis-_ 
cover the facts that are given and to decide what is required. — 

As soon as you have decided what is the fundamental unknown _ 
number in a problem, represent it by a convenient letter. Then — 
state the other numbers of the problem in terms of the letter — 
that you have selected. ; 

From the conditions stated in the problem, find two expres- — 
sions that are equal to each other. Equate these expressing 
Solve the equation. 

EXERCISES 

Express the following statements in algebraic language : 

1. Twice n is equal to 15. 

2. 3 times 2 increased by 5 equals 23. 

3. If 12 is 3 more than n, find the value of n; of 3n — 2. 

4. If y decreased by 3 equals 8, what is the value of y? 4 

of 2y + 3? ' 
_ . 6. If @ is diminished by 5, the result is 13. What is the 
yale ofia+7? 


S 
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4 aan odd ates: write the next larger even num- 
the next smaller odd number. Indicate that 3 times the 
er number is 7 more than twice the larger even number. 
7. . If nis any integer, show that 2 n must be an even number 
and that 2 + 1 must be an odd number. 
8. The sum of two numbers is 30. If one of the numbers 
s n, what is the other number? Indicate that one of the 
numbers is twice the other number. 
9. The difference between two numbers is d. If one of the 
numbers is 17, what is the other fumber? (Two answers.) 
Indicate that the sum of the two numbers is 50. 
10. If a boat sails m miles in h hours, how far will it sail in 
1 hour? in ¢ hours? 
11. If radio tubes cost d dollars a dozen last year and 
75¢ less a dozen now, find the per cent of decrease in price. 
12. A man sold a pair of skates for a dollars, gaining thereby 
p per cent of the cost.. What was the cost of the skates? 

13. If the volume of a room is f cubic feet and the area of the 
floor is s square feet, what is the height of the room? 

14. If a apples cost ¢ cents, how much will n apples cost? 

15. Make an equation showing that Edith has d dollars, 
‘Mary has twice as much, and the sum of the two amounts is 
k dollars. 

16. Make an equation showing that the cost of t pounds of 
tea at 50¢ a pound and of (60 — 1) pouade at 75¢ a pound is 

dollars. 


Exampie. If 4 times a certain number diminished by 8 
equals twice the sum of the number and 5, what is the number? 


Hint. Let n = the number 
4n — 8 = four times the number diminished by 8 
2(n + 5) = twice the sum of n and 5 


Then 4n — 8 = 2(n + 5) 
Solve the equation and get n = 9. 
Check the result in the original problem. 


ia 
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Problems 


1. The sum of two numbers is 49. Twice one of the numbers 
is 12 less than 3 times the other number. Find.the numbers. 
Hint. Let n = one number 
Then 49 — n = the other number 
2n = twice the first number 
3(49 — n)= three times the second number 


But 2n = 3(49 — n)— 12 

Solve the equation and check the result in the original problem. ~ 

2. The sum of two numbers is 24. Three times the first 
diminished by twice the second is 27. Find the numbers. 

3. The sum of two numbers is 51. If twice one of the num- — 
bers increased by + of the other number is 53, what are the ~ 
numbers? 

4. Five times a certain number exceeds 15 by twice the 
number increased by 30. What is the number? 

5. Find two consecutive numbers such that 4 of the larger — 
number exceeds 3 4 of the smaller number by 1. 

6. One number exceeds a second number by 17. Twice the 
second number exceeds 4 of the first number by 74. Find the 
two numbers. 

7. Find three consecutive numbers such that 4 of the first — 
plus 4 of the second plus + of the third equals the third number. — 

8. Separate 30 into two parts such that the difference of their — 
squares will be 180. 


hall hell iki tilda ei, 


Hint. Let p = one part 
then 30 — p = the other part 
p? = the square of the first part 
(30 — p)? = the square of the second part 


But p? —(30 — p)? = 180 
. Solve the equation. ; 


9. The sum of two numbers is 25 and the difference between _ 
their squares is 125. What are the numbers? 
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S +10. The difference between the squares of two consecutive 
numbers i is 39. What are the numbers? 
_ 11. John and Arthur together paid $90 for two dio sets. If 
one set cost $26 less than the other, how much did each set cost? 
12. The two boys compared the number of stations they 
could get with their radio sets. The total number of different 
stations they got was 35. John got 7 stations that Arthur did 
not get, while Arthur got 13 stations that John did not get. 
How many stations did each boy get? 
Hiyt. Let x = the number of stations they got in common. 


13. As Mr. Thompson was not satisfied with his radio set, 
he bought another one that enabled him to get 14 more stations 
than he got with the first set. If on the second set he got 
4 stations less than twice the number he got on the first set, 
how many stations did he get with the new set? 

14. The total cost of 3 automobiles bought by three neigh- 
bors was $3040. The first paid $140 more than the second 
and $210 less than the third. How much did each pay? 

15. At the end of the year the first two neighbors had driven 
their cars a total distance of 14,000 mi. How far had each 
gone if the first drove 50% farther than the second? 

Hint. Let » = the number of miles the second drove 


Then n + * n = the number of miles the first drove 


16: Two motor trucks that carry loads of 2 tons and 4 tons 
respectively were used in moving 58 tons of freight. The 
smaller truck made 5 trips more than the other truck. How 
much freight did each truck move? 

Hint. Let » = the number of trips the larger truck made 

4n = the number of tons the larger truck moved 
n + 5 = the number of trips the smaller trutk made 
2(n + 5) = the number of tons the smaller truck moved 


: Then 4 + 2(n + 5) = 58, the total number of tons moved 
Solve for n. Then find the number of tons each truck moved. 
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47. A firm used a 3-ton truck and a 4-ton truck to move 


building material. In moving 82 tons of material, the smaller 
truck made 4 trips more than the other truck. How much 
material did each truck move? 

18. A freight train contained 3 different nae of coal cars. 
Each car of the first type carried 5 tons less than a car of the 


second type, and a car of the third type carried 15 tons more ~ 
than a car of the second type. There were 5 cars of the first b 
type, 7 cars of the second type, and 3 cars of the third type — 


with a total capacity of 845 tons. How much could eae types 
of car carry? (1 ton = 2000 lb.) 

19. In a village election, 10% of the qualified voters failed 
to vote. The winning candidate received 25 votes more than $ 
of the number of votes cast, while the losing candidate received 
74 votes. How many votes were cast? How many que 
voters were there? 

20. Aleck has 29¢ and Robert has 15¢. How much showed 
Aleck give Robert so that they may have equal amounts? 

21. Dora had $39 and Ruth had $12. Dora gave Ruth 
some money and Ruth then had 3 as much as Dora. How 
much did Dora give Ruth? 

22. Divide $51.50 among 5 men and 3 boys so that each man 
shall receive $4.70 more than each boy. 

23. Mr. Chase received annual increases of 20% of his salary. 
If he earned $3640 the first 3 yr., what was his salary each year? 
_ 24. The perimeter of one square is 16 in. greater than that 
of another square and its area is 48 sq. in. greater. Find the 
length of a side of each square. 


7 
2 
3 
3 
$ 
» 
3 
r 
> 
3 
4 
‘ 
2 
“_ 


25. The sum of the areas of two squares is 130 sq. in. and the — 
difference of their areas is 32 sq. in. What is the area of each — 


square? What is the length of the side of each square? 
26. A rectangle has the same area as a square. The length 


of the rectangle is 8 in. greater and the width is 4 in. less than _ 


the side of the square. Find the dimensions of each figure. 
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_ Problems on uniform motion. Actual uniform motion is 
seldom found. The moving body, whether it is a steam loco- 
‘motive, an automobile, a bullet from a rifle, or some other 
moving body, goes at varying speeds; but for practical pur- 
poses in the problems that are given, the average speed is taken 
as being uniform, that is, at the same rate throughout the time 
considered. 

ie Oral Problems 

1. How far will Jane walk in 4 hr. at a rate of 3 mi. an hour? 
at a rate of r miles an hour? 

2. If Fred rides his bicycle at a rate of 8 mi. an hour, how’ 
far will he go in 2 hr.? in 5hr.? in¢ hours? 

3. How long will it take to travel 12 mi. at a rate of 3 mi. 
an hour? at 6 mi. an hour? at r miles an hour? 

4. Give a formula to express the distance, d, that will be 
passed over by a car running at r miles an hour for ¢ hours. 

5. An automobile went m miles at.a rate of 7 miles an hour. 
How long did it take? 

6. John and Richard started at the same time from the 
same place and walked in opposite directions. John walked 
4 mi. an hour and Richard walked 3 mi. an hour. How far 
apart were they at the end of 1 hr.? of 2 hr.? of h hours? 

7. If John and Richard walked in the same direction, how 
far apart were they in 1 hr.? in 2 hr.? in A hours? 

8. If John and Richard were 21 mi. apart and started at the 
same time to walk toward each other, at what rate did they 
approach each other? How far apart were they after 1 hr.? 
How long was it before they met? 

9. A power boat goes 12 mi. an hour in still water. How 
fast can it go up a river if the current of the water is 2 mi. an 
hour? What will be the speed of the boat down the river? 

10. If the rate of the boat in still water is b miles an hour and 
the rate of the stream is r miles an hour, express the rate of the ° 
boat upstream ; downstream. 

ESS. J. H. 8. MATH. 11—7 


¢ 


92 LINEAR EQUATIONS 


Sound travels through the air at about 1100 ft. a second. 


. 4 
“ 


Ty 
‘ 


Light travels at about 186,000 mi. a second. Hence for 


practical distances light is instantaneous. 
11. Jerry saw the steam from a boat’s whistle and 3 sec. 


later heard the whistle. How far away was the boat? 


tt 


12. If thunder was heard 5 sec. after the lightning flash — 


‘was seen, how far away was the electric discharge? 


Problems 


In ex. 1 to 5, two drivers start at the same place and time and 
travel in opposite directions. 


1. The first goes 12 mi. an hour and the second, 16 mi. an 


hour. How long will it take them to be 126 mi. apart? . 
2. The first travels twice as fast as the second. How fast 
does each go if they are 114 mi. apart in 4 hr.? 


3. The first goes 3 mi. an hour faster than the second. In 4 


4 hr. they are 188 mi. apart. . What is the rate of each? 
4. The first goes at a rate of 30 mi. an hour and the second, 


12 mi. an hour faster. How long will it be before they are~ 


108 mi. apart? 180 mi. apart? 

5. The first goes 4 mi. an hour faster than the second. How 
fast does each travel if they are 210 mi. apart in 34 hr.? 

6. Two drivers start from Denver. The first drives north 
toward Greeley. The second starts south toward Colorado 
Springs half an hour later at 5 mi. an hour faster than the first. 
At what rate does each travel if they are 1331 mi. apart 3 hr. 
after the first driver has left? 

7. Mr. Smith leaves on a trip in his automobile at a rate 
of 24 mi. an hour. His son starts 2 hr. later to overtake him. 
At what rate must his son drive to overtake him in 6 hr.? 


8. Henry and David take a trip on their motorcycles. : 


_ Henry has tire trouble and is delayed 20 min., but David 


continues, riding along at 20 mi. an hour. At what rate does 
Henry travel if it takes him 50 min. to overtake David? 
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9. A freight train starts west from Chicago at a rate of 
20 mi. an hour. If an express train running in the same direc- 


tion at a rate of 44 mi. an hour leaves 24 hr. later, how far will 


it go before it overtakes the freight fain? 

10. A train from New York to Buffalo by a route over the 
mountains makes the trip in 10 hr. Another train by a water- 
level route 41 mi. longer makes the trip in 1 hr. less time. Find 


_the rate of each train if the second train runs 9 mi. an hour 


faster than the first train. Find each distance. 

11. Philadelphia and Washington are 143 mi. apart. At 
1 p.m. an automobile leaves Washington for Philadelphia at a 
speed of 24 mi. an hour. After running 1 hr. it is delayed 
40 min. At 2 p.m. another automobile leaves Philadelphia for 
Washington at a speed of 21 mi. an hour. At what time 
will the two cars meet? How far will each have gone? 

12. Ida takes 33 hr. to get to a house by electric cars. She 
returns in 2 hr. 20 min. by automobile at a speed of 9 mi. an 
hour faster than she goes. Find both rates of speed and the 
distance. 

13. A man having 8 hr. at his disposal rides by automobile at 
a rate of 24 mi. an hour to the Zodlogical Park: He spends 
41 hr. at the park and walks back at the rate of 3 mi. an hour. 
How far does he ride? 

14. Louis can row 4 mi. an hour in still water. He finds 
that he can row up a river the same distance in 3 hr. that he 
can row down the river in 14 hr. Find the rate of the current 


‘of the river. 


15. Some boys hire a launch that runs at a rate of 10 mi. 
an hour in still water. How far can they go up a river and’ 
return in 5 hr. if the rate of the current of the river is 3 mi. an 
hour? 

16. Three seconds after the report a marksman hears the 
bullet hit a target that is 2100 ft. distant. If sound travels: 


1100 ft.-a second, what is the average velocity of the bullet? 
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Coin problems, etc. 
1. A collection of 18 nickels and dimes amounted to $1. 15. 
How many coins were there of each? 
~ Hint. Let d = the number of dimes 
Then 18 — d = the number of nickels 


Since each dime is worth 10 cents, d dimes = 10d cents 
and (18 — d) nickels = 5(18 — d) cents 


Therefore 10d + 5(18 — d)= 115 
Solve the equation for d. 


~ 


2. A purse contained $.60 in cents and nickels. How many -— 


~ were there of each if there were 20 coins? 
3. After selling papers, Arthur found that he had 35 coins in 
his pocket, consisting of quarters, dimes, and nickels. How 


much money did he have if there were 4 more dimes than a 


nickels and + as many quarters as other coins? 
4. Paul had 3 times as many nickels as dimes. Fred had as 


many nickels as Paul had dimes and as many dimes as Paul had: 


nickels. Together they had $3. How much did each boy have? - 


5. Edward had $1.47 in quarters, nickels, and cents. He 
had twice as many nickels as quarters and the number of cents 
was | less than the number of nickels. How many did he have 
of each? 

6. Julia spent 50¢ for 1-cent and 2-cent postage stamps. 
How many did she buy of each if the number of 2-cent stamps 
was 7 more than the number of 1-cent stamps? 


7. Mr. Clark sent his son for $1 worth of 1-cent, 2-cent, and — 


5-cent postage stamps. The boy returned with 10 more 1-cent 
stamps than 5-cent stamps, and twice as many 2-cent stamps 
as l-cent stamps. How many stamps of each kind did he buy? 
' 8. The total receipts from the sale of 475 tickets for a school 
entertainment were $168.75. If adults paid $.50 each and 
children $.25, how many adults bought tickets? om many 
children ? 
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_ Mixture problems. The grocer, the druggist, and the 
chemist are constantly making mixtures. Some of the simpler 
problems which they encounter will be considered in this 
section. 


1. A merchant sold a blend of 35-cent and 50-cent coffees 
at 44¢ a pound. How many pounds of each kind of coffee were 
there in a 50-pound mixture? 

‘Hint. Let n = the number of pounds of 35-cent coffee 

and 50.— n = the number of pounds of 50-cent coffee 


Then 35 n = the value in cents of the 35-cent coffee 
and 50(50 — n) = the value in cents of the 50-cent coffee 


Then 35 n + 50(50 — n)= 2200, the value of the whole mixture 
Solve the equation for n. 


2. How many pounds of 40-cent coffee should a grocer mix 
with 20 pounds of 52-cent coffee so that the mixture may be 
sold at 48¢ a pound? 

3. A grocer wished to make a mixture of coffee sold at 42¢ 
a pound with coffee sold at 50¢ a pound. How many pounds 
of each grade of coffee should be put in a 48-pound mixture to 
be sold at 45¢ a pound? 

4, A tea merchant sold a mixed tea at 75¢ a pound. He 
put 24 Ib. of tea at 70¢ a pound with some tea at 90¢ a pound. 
How many pounds of the dearer grade of tea were there in the 
mixture? 


Hint. 70 X 24+ 90 p = 75(24 + p). Explain. 


5. The price of milk was 18¢ a quart and the price of creanr 
was 75¢ a quart. As some customers desired a richer milk, the- 
dealer mixed cream with 15 qt. of milk. He sold the mixture 
at 30¢ a quart. How many quarts of cream did he add? 

6. How many pounds of Brazil nuts selling at 32¢ a pound 
should a dealer add to 25 lb. of walnuts selling at 45¢ a pound soa. 
that the mixture may sell at 40¢ a pound? 
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Age problems. 
1. The sum of the ages of Mary . and John is 32 yr. In 
6 yr. from now Mary will be 5 times as old as John was 8 yr. 
ago. How old is each now? 
Hint. Let y = the number of years in Mary’s age now 
Then 32 — y = the number of years in John’s age 


y + 6 = the number of years in Mary’s age 6 yr. hence 
(32 — y) — 8 = the number of years in John’s,age 8 yr. ago 


Therefore y + 6 = 5(32 — y — 8), or y+ 6 = 5(24 — y) 
Solve the equation for y. 


2. The sum of the ages of Eva and Agnes is 23 yr. In. | 


8 yr. Eva will be twice as old as Agnes. How old is each now? 
3. Ruth is 24 yr. younger than her mother. In 3 yr. her 
mother will be 7 times as old as Ruth was 3 yr. ago. How old 
is each now? 
4. How old is Henry if in 7 yr. he will be twice as old as he 
was 3 yr. ago? 


5. Mr. Bruce is 4 times as old as his son; but 6 yr. ago he 


was 10 times as old as his son. How old is each? 


6. Allen’s teacher is 5 yr. less than 3 times as old as Allen; 
but 7 yr. ago the teacher was twice as old as Allen will be next 
year. How old is each? 


7. Frank is 3 yr. younger than Rob. In 6 yr. he will be 
twice as old as Rob was 6 yr. ago. Find the age of each. 

8. How old is John if 4 of his age 5 yr. ago equals + of his 
age 5 yr. hence? ? 

9. Walter is 2 as old as Henry, but 6 yr. hence Walter will 
be only 3 as old as Henry. How old is each? 

10. Ruth is 1 yr. older than Grace, but 3 yr. ago Grace was 

2 as old as Ruth will be in 2 yr. from now. How old is each? 


11. Frank is 33, as old as his father; but 8 yr. ago he was 
4 as old as his father was then. How old is each? 
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Ratio 


If you work 10 exercises of a set and do 9 of them correctly, 
you may say that you do , of them correctly. In other 
words, the relation of 9 to 10 is 5%. The word ratio means 
relation. Hence you may say that the ratio of the number 
you do correctly to the entire number you try is 9 to 10, 
or 5%. . 

The ratio of one number to another number of the same kind 
is the indicated quotient of the first number divided by the 
second number. 

Ratios are generally expressed as fractions, the first number 
being the numerator of the fraction and the second number, 
the denominator; but they may also be written with a colon 
between the two humbers. 


Thus, the ratio of 3 to 5 may be written 3 or 3:5. The ratio of atob 


may be written ; or a:b. 


The terms of a ratio must be numbers of the same 
kind. 
Since ratios are fractions, any operations that are permissible 
with fractions are permissible also with ratios. Ratios should 
always be reduced to the simplest form. 


_ Thus, the ratio of 38; should be reduced to 4. 
97 
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EXERCISES 
Express each of the following ratios in its simplest form : 


4 24a 3.6 7, 65 ft. 
- 12 st 36 a eg 7.2 39 ft. 

6 21 6. 4:9 g, 22 tons. tons 
t 18 . 35 b 0 72 tons 


9. What is the ratio of 2 ft. to 1 yd.? of 5 in. to 1 ft.? 
10. What is the ratio of 2 lb. 7 oz. to 3 lb. 4 oz.? 
11. What is the ratio of 10 rd. to 1 mi.? 


d 4 + 
a. a 


oe 


12. John earns $24 a week and spends $15 a week for his ~ 


room rent and meals. What is the ratio of this expense to 
his wages? of his wages to his rent and board bill? 

13. Mary does correctly 27 exercises out of 36. What is 
the ratio of her correct exercises to the total? 

14. In a class of 36 boys and girls there are 20 girls. What 


is the ratio of girls to the whole class? of boys to girls? of girls — 


to boys? 

15. In a freight train of 57 cars there are 38 coal cars. 
What is the ratio of coal cars to all the cars? 

16. Divide $100 between two men so that their shares shall 
be as 3 is to 7. 


Hint. The first’ man will receive 3 parts, or 3 p. 
The second man will receive 7 parts, or 7p. Then'’3 p + 7 p = 100. 


17. A business capitalized at $16,000 is owned by two men 
whose shares are as 3 is to 5. If the profits at the end of the 
year are 24% of the capitalization, how much money does each 
partner receive? 

18. In a class of 32 pupils the ratio of boys to girls is 5 to 3. 
How many boys are there? how many girls? 

19. Two boys together weigh 230 Ib. If the ratio of their 
weights is 11 to 12, how much does each boy weigh? 

20. Find each angle of a triangle if they are in the ratio of 
1 to 2 to 3; if they are in the ratio of 1 to 2 to 2. 
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Proportion 
If the two sides of an equation are fractions, as 


= © the equation is called a proportion. 


A proportion is a statement of equality between two equal 
ratios. Proportions may be written thus: 


or a0 — Crd 


Qe 


The proportion = F is read “a is to b asc is to d.” 


__ The first and last terms of a proportion (as a and d above) 
are called the extremes. The two middle terms (as b and c 
above) are called the means. 

If four numbers are given as being in proportion, it is under- 
stood that they are to be taken in the order named. Thus, 
if 6, 9, 8, and 12 are given, the proportion is § = ,8. Similarly, 
if the numbers are a, b, c, and d, the proportion is = - 

The proportion § = 8, may be written as the equality 
of two products if each side is multiplied by 9 X 12. Thus, 


6 X 12 =9 X 8. Similarly, the proportion ao becomes 


ad = bc. These products show an important fundamental law 
of a proportion, namely : 
In any proportion the product of the extremes equals the product 
of the means. 
This property enables one to determine easily whether four 
numbers form a proportion. 


EXAMPLE 1. Do the four numbers 6, 10, 44, and 74 form a 
proportion? . 

Sotution. 6 X 71 = 45; 10X41=45. Hence the proportion 
6:10 = 41 : 71 is a true proportion. 
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EXAMPLE 2. What is the value of 2 in : = o2 
SOLUTION. 2_6 
he ee 
Find the product of the extremes and of the means: 2% = 18 
arr io 
CHECK. A = 
EXERCISES 
Find the value of x and check: 
ee Apo? an te 7. 21:49 = 2853200 
fy ae eS 
P 2 _8 : 24 6 8. 25:22 = 16:40 
ee 28% 9. 21:15 = 72:20 
jaan g, 2% _ 26 , 
i PA 12. 18 10. 12:27 =S8 303 
11. Solve the proportion : a eG x 
SoLurIon. - ee 
: x 
Find the product of the extremes and of-the means: 42 = 24-62 
Solve for z: cee 
SP fe ark ele a oe a 
Cuecx. If z = 2.4, 6 Visa ope = 
Solve for x: 
x+2 10 e+4 .2e2+1 
13, 271% Wiens (Fa eae 
x 35 15 6 
Cs ea ye ig 2 be ob 
© 18 meg B alee: 
pee 18 20>. 2 


— sitios 
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22. Determine whether the following numbers form a propor- ° 
tion: 


(a) 4, 3, 16, 12 OP Toph. 8 (c) 24, 18, 4,3 


23. In 3 X 8 = 4 X 6, show that either pair of factors may 
be the extremes and the other pair the means of a proportion. 


SoLuTion. 3X8=4xX6 

‘Divide both sidesby 4x8: 3X8 4X6 ,.3_6 
a 4X8, 4X8 4 8 

In a similar way, 4X6=3xX8 

Divide both sides by 3 X 6: 4x6 Bac) oe 


wxX6U 3X0 Ss 6 


24. Form two proportions with 4 as the first term from the 
identity 4 x 18 = 6 X 12. 

25. Form two proportions with a as the first term from the 
equation ax = by. 


Find the ratio between zx and y if: 


26. 52 =3y 28. 84 =4y 30. 3% =y 
27. 32=7y 29. 12y=92 31. 15 y = 27% 


32. Two numbers are in the ratio of 3to5. If 4is subtracted 
from the smaller number and 8 is added to the larger number, 
the ratio becomes 5 to 12. Find the numbers. 

’ Sotution. Let the two numbers be 3 n and 5n. 


Shi = eB) 
ae 5n+8 12 
Solve the equation by taking the product of the means and of the 


extremes : 


12(3 n — 4) = 5(5n + 8) 
Solve: n=8 
3” = 24 and 5n = 40 
2 A 24—4 20 _ 5 


CHECK. aE an 4048 48 12 


33. Two numbers are in the ratio of 3to4. If 7 is subtracted 
from each number, the remainders are in the ratio of 2 to 3. 
Find the numbers. 
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34. Two numbers are in the ratio of 4 to 5. If each is in- | 


creased by 5, the resulting numbers are in the ratio of 5 to 6. 
Find the original numbers. 


35. The numerator of a certain fraction is to its + dgnoriemeee ; 


in the ratio 2. If 5 is added to the numerator, the ratio is $. 
What is the fraction? 


36. Separate 45 into two parts having the ratio of 2 to 3. 
Hint. See ex. 16, page 98, or use n :45 — n = 2:3. Explain. 


37. Divide 63 into two parts having the ratio of 3 to 4. 

38. Divide 75 into three parts proportional to 4, 5, and 6. 

39. John is 15 yr. old and Henry is 18 yr. old. Divide $38.50 
between John and Henry in proportion to their ages. 

40. The ratio of boys to girls in an algebra class of 42 is 
4to 3. How many boys must withdraw so that there shall be 
6 girls for every 7 boys? 

41. The perimeter of a certain parallelogram is 56 in. Find 
the sides of the parallelogram if they are in the ratio of 2 to 5. 

42. Itrequires 154 rd. of fencing for a rectangular field. What 
are the dimensions of the field if they are in the ratio 3:8? 

43. One side of a rectangular playground is 25 yd. longer 
than the other side. If the sides are as 12 is to 17, find 
the dimensions of the playground. 

44. The distance around a triangular grass plot is 144 ft. 
Find the sides if they are in the ratio 4: 5: 7. 


45. Find the angles of a triangle if they are in the ratio 


berks 2. 


46. Find the angles of a triangle if they are in the ratio - 


1:3:5. 


47. The numerator of a certain fate is to the denomina- 
tor as 9 to 16. Find the fraction if the denominator is 32 less 
than twice the numerator. 
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Functions 


The mark that you receive on an algebra test depends on the 
number of the given exercises that you do correctly. If you 
take a trip on a train, the distance you go depends on the rate 
of the train and on the length of time you travel. 

When one quantity y depends on another quantity zx for its 
value, y is said to be a function of x. This is written y = f(z). 

In the equation y = 22 — 3; y =f(x) or f(x)= 22 — 3. 
In this case, if x increases, f(x) increases, while if x decreases, 
f(x) decreases. 

ORAL EXERCISES 


Complete the statements containing blanks: 


1. When you go home from school, on what does the time 
you take depend? The time is a function of ——. 

2. If money is deposited in a savings bank the amount of 
interest depends on ——, , and.——. 

3. If you buy potatoes, on what does the amount of money 
you pay depend? The cost is a function of —— 

4. On what does the circumference of a aici depend ? 
The circumference of a circle is a function of ——. 

5. The area of a rectangle whose altitude is 6 in. is a func- 
tion of 

6. The perimeter of a parallelogram is a function of 

7. If n = 22, at what rate does n increase as x increases? 


8. If n =~ does n increase if x increases? if y increases? 


9. If f(x)= 32+ * does f(x) increase if x increases? 
a 


10. If n= “al po 3 does n increase if x increases? Does n 


increase if y increases? 
11. In ex. 10, what change occurs in n if x deeeanens if y 


decreases? 


4 
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EXERCISES 


1. If an automobile goes 60 mi. in 2 hr., how far will it go at 
the same rate in 4 hr.? in 3 hr.? inZhr.? 


2. If 2 pairs of shoes cost $15, at the same rate how much ~ 


will 4 pairs cost? 5 pairs? 8 pairs? 

3. The circumference of a circle is 60 in. What is the 
circumference of a circle whose diameter is twice as great? 
5 times as great? 4 as great? 


ries as its base. Show that this 


{ 


4. The area of a rectangle h h . 
having a constant altitude va- mn 
b b 


is true from the formula for the 
area. Measure the bases of the two rectangles at the right. 
How do they compare? How do the areas compare? 

Nore. 6’ isread‘‘b prime.” It is different from the 6 first used: 

5. The area of a triangle having a constant base is a function 
of its height. Show that this is true from the formula for the 
area of a triangle. Measure 


the heights of the two tri- 
angles in the figure at the 
right. Compare the areas of 
the triangles. He 
6. If the area of a triangle ; b 
is 16 sq. ft., what will be the ” 
area of a triangle having the same base but a height 3 times as 
large? a height 4 as large? if 

7. Compare the area of a parallelogram with the area of 
another parallelogram having the same height but a base 3 
times as large. 

8. Map drawing is done to a scale. If 1 in. on a map repre- 
sents 10 mi. on the earth’s surface, what is the actual distance 


between two places that are 34 in. apart on the map? If two 


towns are 18 mi. apart, what should be the distance between 
them on such a map? ' 
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Variation ' 


If a man drives his automobile at a rate of 25 mi. an hour, 
the distance he goes depends on the number‘of hours he drives ; 
that is, d = 25h. Such dependence is called variation. We 
say that the distance varies directly as the time. If the time is 
increased, the distance is increased. 

Thus, in 2 hr. the distance will be 50 mi. In twice 2hr., or 4hr., the 
distance will be twice 50 mi., or 100 mi. 

If another man drives at the same rate for a different num- 
ber of hours, the distance he goes is d’ = 25h’. In comparing 
the two distances it is stated that d _ 25h ; or dehy 
GF 25 hee ad She 
That is, the distance a man travels at a given rate is directly 
proportional to the time he travels. 

A variable number or quantity is one whose value continues 
to change throughout a discussion. 

A constant is a number that has the same value throughout 
a discussion. That is, it does not change. 


Thus, in the expression d = 25 h, d and h are variables, since they change 
in value; but 25 is a constant. 

When one number varies directly as another number, the 
ratio between any two corresponding values of the numbers is 
a constant number; that is, the ratio is fixed. 


Thus, if d = 25h, g = 25. Similarly, C = 7d, or c = 7} that is, the 


circumference of a circle varies as the diameter. 
_ In general, if one number a varies directly as another num- 
ber n and if k represents some constant, a = kn. 
Complete the following statements : 
1. The area of a triangle with a constant base varies as. 
2. The area of a parallelogram with a constant altitude 
varies as ; 


—. Big: SS ek }. 
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Inverse variation. The area of a rectangle is equal to the 
product of its base by its height. The equation bh = b/h’ 
indicates that two rectangles with dimensions b, h and 6’, h’, 
respectively, are equal. Dividing beth sides of the equation by 

h’ 


b’h, we get the proportion ., ae That is, the bases are in- 


versely proportional to the heights. 


Thus, the area of a rectangle with height 6 and base 8 is 48. If the 
height of this rectangle is doubled and becomes 12, while the area remains 


the same, 48, the new base is 3 of the old base, or 4. Inthe same way, 


if the height is decreased to 4, the base is increased to 12. 


If one quantity decreases as a second quantity increases, the two 
quantities are said to vary inversely. 


EXERCISES 


1. If 4 men can build a barn in 12 days, how long will it take | 


6 men to build the same barn? 


Hint. Thisisan illustration of inverse variation. If thenumber of men 
is increased, the number of days required to do the work will be decreased. 
The problem may be explained as follows: The work of 4 men for 12 days 
is equivalent to 48 work days, which is equivalent to the work of 6 men 
for n days. Hence we have the equation 4 X 12 = 67 or the proportion 
4:6=7:12. ; 


2. Four boys dug a trench in 6 hr. How long would it have 
taken 5 boys? / 


3. If there is on hand enough oats to feed 6 horses 6 days, 


how long will the oats last 4 horses? 

4. If the oats will feed h horses d days, how long will they 
feed n horses? 

5. The dimensions of a parallelogram are base 9 in. and 
height 6 in. What is the height of an equivalent parallelogram 
whose base is 18 in.? 

6. The time that it takes to go a fixed distance varies in- 


versely as the rate of travel. Express this fact by a propor- 
tion. 


6 i ee iit 
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The lever is a bar balanced at some point, as F, that is called 
the fulcrum. If the fulcrum is in the middle of the bar, equal 
weights at the ends will 
balance the lever; but ] 
if the fulcrum is not in 
the middle, a larger 
weight on the shorter 
arm is necessary to bal- 
ance a weight at the other end. The common teeter or seesaw 
is a good illustration of the lever (see page 14). Wrecking 
bars and claws used for prying out nails, etc. are levers. 

If a lever is balanced, the weights w and p are inversely propor- 
tional to the lengths of their arms, / and a. 


| 


w a 
p I 
EXERCISES 


1. A lever is 20 ft. long and the fulcrum is 8 ft. from the 
weight. If the weight is 160 lb., what power is needed at the 
other end to just balance the bar? 

2. Two boys are playing seesaw on a board that is 18 ft. 
long. How far from the heavier boy should the point of support 
be placed if he weighs 90 lb. and the other boy weighs 75 lb.? 

3. An 8-ounce weight is attached to one end of scales 2 in. 
from the support. How great is a weight that just balances 
the scales when placed 4 in. from the fulcrum? 6 in. from the 
fulcrum? 12 in.? 

4. A man wishes to move a rock weighing 200 lb. with a 
lever that is 12 ft. long. If the fulcrum is placed 1 ft. from the 
rock, how great a pressure must the man exert if he is 6 ft. from 
the fulcrum? 8 ft. from the fulcrum? at the other end of the 
lever? What would be the effect if the fulcrum were placed 
6 in. from the rock? 2 ft. from the rock? 

ESS. J. H. 8. MATH. 11— 8 
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EXERCISES 
1. The taxes on property assessed for $6800 are $136. At 
the same rate, what would be the taxes on property assessed 
for $7200? 


2. The interest on $4800 for 14 yr. is $324. What will be ~ 


the interest on $6000 for the same time at the same rate? 

3. The area of a circle is proportional to the square of its 
radius. (a) State this relation in the form of a proportion. 

(b) If the area of a circle is 100 sq. in., what is the area of a 

circle that has a radius twice as large? 3 times as large? 

4, If the temperature remains constant, the volume of a 
body of gas varies inversely as the pressure. (a) State this as 
a proportion. 

(b) The volume ofa body of gas under a ‘pressure of 15 lb. 
per square inch is 18 cu. ft. What will be the volume if the 
pressure is 24 lb. per square inch? 12 lb. per square inch? 

5. Three quarts of alcohol are mixed with 5 qt. of water. 
How many quarts of alcohol must be added so that the mixture 
will be 2 alcohol? 


Sotution. The mixture already contains $ alcohol. (Why?) 
Let » = the number of quarts of alcohol to be added 
Then a et ee) 
8+n 4 
Solve: n = 12 
Curcx. Thenew mixture will contain 20 qt., of which 15 qt. are alcohol. 
15:20 = 3:4. 


6. A salt-water solution contains 1 oz. of salt and 23 oz. of 
water. How much salt must be added to make it a 10% solution? 

7. How much water must be added to a gallon of alcohol 
80% pure to make it 60% pure? 

8. A certain baseball team wins 34 games more than it 
loses. At the close of the season its standing is .625; that is, 
the ratio of the number of games it has won to the Aer bee it 
has played is 624%. How many games has it played? 


re 
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Geometric Exercises in Proportion 


1. Ifa line DE is drawn parallel to the base BC of a triangle, 
the sides are divided proportionally. Thatis, 4D: DB = AE: 
EC, or m:n = p:q. Find q if 
m= 5, n = 3, and.p = 74. 

2. In the same figure, find m 
in = 5, p = 16, and q= 5. 

3. In the same figure, find 
AC if AD = 12, DB = 15, and 
AE =9. : 

4. In the triangle below, if B L 
ED is drawn parallel toCB, AD:ED = AB:CB. If AD=5 
ED = 4, AB = 15, find CB. C 

Hat AD = 3. AB = 18, CB =<28, ind ED. 

6. The principle illustrated in the fig- 


ure for ex. 4 may be used to find the E 

heights of trees or other high objects. At 

point A on the ground EF and C are sighted A B 
in a straight line. Find the height, CB, of D 


a building if AB = 112.5 ft., AD = 15 ft., 

and ED = 10 ft. 

’ 7 Make use of the aries in ex. 4 to 

find the height of. an object CB if its 

shadow AB is 80 ft. long 

at the same time that a 

post ED 4 ft. high casts 

a shadow 5 ft. long. 

8. Findtheheightofa A 

tree that casts a shadow 

100 ft. long when a fence post 6 ft. tall casts a shadow 44 ft. long. 
9. A pole for the antenna of a radio set casts a shadow 

25 ft. long when a man 5 ft. 10 in. tall casts a shadow 7 ft. long. 

What is the height of the pole? 


D B 


Fun with Figures 


1. Write a number of two digits that is twice the sum of its - 3 
digits. he 

2. If eggs are 60¢ a dozen, what is the difference in price ~ 
of 6 dozen dozen eggs and half a dozen dozen eggs? 

3. Matilda had 30 apples in one basket that she sold for 3 
for 5¢, and 30 apples in another basket that she sold for 2 for 
' 5¢. When all the apples were sold she had $1.25. The next 
day her brother Fred took 60 apples to market and sold them. _ 
at the rate of 5 for 10¢, but he took in only $1.20. Explain the 
difference. 

4. How may 51 qt. of cranberries be divided into three equal 
portions by. using only a 4-quart and a 7-quart measure? 


5. In how many ways can 5 people be seated around a table? . 


6. A man bought a radio set for $17.50 and gave a $20 bill 
in payment. As the dealer could not change the bill, he had it 
changed next door and gave the purchaser his change. Later - 
it was discovered that the bill was counterfeit and the dealer 
replaced it. How much did the dealer lose? 

7. Write any number of three digits, as 852; then write 
the number formed by reversing the digits, as 258. The dif- 
ference between the two numbers (in this case, 594) is always 
divisible by 9, by 11, and by the difference between the first 
and the last digits. Explain. 

8. Divide $17 among 3 girls so that one may have 4 of the 
money, another 4 of the money, and the third 4} of the money. 

9. The first of two bottles of the same size is half full of 
water and the second is half full of ginger ale. From the first 
bottle a quarter of a cup of water is taken and poured into the 
second bottle. From the second bottle a quarter of a cup of 
the mixture is taken and put into the first bottle. Is the quan- 
tity of water removed from the first bottle greater or less than 
the amount of ginger ale taken from the second bottle? 
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GRAPHIC REPRESENTATION 
STATISTICS 
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In the last chapter you studied the relation between numbers 
expressed in the form of ratio and proportion. In this chapter 
you will study the graphic method of indicating number rela- 
tions, which gives a more vivid impression of the relations 
between numbers. 


Bar Graphs 


Suppose, for example, that you wish to show that the pupils 
in a Junior High School were distributed as follows: seventh 
year, 112; eighth year, 88; ninth year, 70. The relations of 
these three classes to each other may be seen at a glance if they 
are pictured by three bars, as shown below. Such a compari- 
son of numbers in pictured form is called a graph. 


0 10 20 30 40 50 60 70 80 90 100 110 120 
Number of pupils 


DistTRIBUTION OF THE PUPILS IN A JUNIOR HiGH ScHOOL 


The bars pictured above are constructed on squared paper 
called cross-section paper, or codrdinate paper. Their length 
is determined by the scale of the graph. In this graph the-scale 
is 5 pupils for each square. Squared paper is not necessary 


for the construction of a bar graph; but it is a convenient aid. 
111 
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You may have learned before how to draw and interpret 
various kinds of graphs; but since your textbooks, as well as 
current trade journals, newspapers, 
and other periodicals, frequently pre- 
sent numerical facts in the form of 
graphs, it is important that you 
should review and extend your knowl- 
edge of them. 

The numerical facts that are given 
constitute the statistical data upon 
which the graphs are based. 

From the vertical bar graph at the 
right, read the mark of each pupil. 


The following directions for mak- T#® Mars iv ALeepra 
: ReEcEIVED BY Four PUPILS 
ing a bar graph should be observed. 


1. Before making the graph, the scale to be used should be de- 
termined. 


In the graph on page 111, each horizontal space represents 5 pupils. 
In the graph above, each vertical space represents an average of 10%. If 


the data to be graphed run into large numbers, each space may represent 
100, 1000, or even more. 


= 


2. The zero of the scale must be given. 


Otherwise the bars would not accurately compare the data given. For 
example, in the graph above, if the base line were given at 50, the bars for 
Frank and John would indicate that John’s mark was nearly twice as 
great as Frank’s mark. 


3. The bars should be of uniform width throughout and the spaces 
between the bars should be of the same width. 


4. Each bar should be carefully labeled. 
5. The title of the entire graph should be clearly stated beneath it. 


6. All the lines and the lettering should be neatly and accurately 
drawn. 
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Fa EXERCISES 
Construct bar graphs to represent, the following facts : 


1. The number of boys at a school who reported for certain 
athletic teams was as follows: football, 50; baseball, 45; 
track, 70; basket ball, 30. 

2. The average marks obtained by the girls and a of a 
school were: seventh year — girls, 80; boys, 75; eighth year — 
girls, 82; boys, 78; ninth year — canis 77; boys, 88. 

3. The growth of Chicago from 1870 to 1920 is shown by 
the following census figures, given to the nearest 100,000: 
1870 — 300,000 1890 —1,100,000 1910 — 2,200,000 
1880 — 500,000 1900 — 1,700,000 1920 — 2,700,000 


4. The average prices per bushel of grains one year were: 


Wheat, $1.62 Oats,  $.54 Rye, $1.26 
Corn, $1.12 Barley, $.82 Buckwheat, $1.07 
5. The football records of four colleges one season were : 
CoLLEGE Gamers PLAYED Games Won Per Cent Won 
A 7h 5 71 
B 8 5 63 
C 8 4 50 
D 9 a 78 


. Make a graph of the percentage of games won. Why would 
it not be fair to make a graph of the number of games won? 


6. The number of passenger automobiles made in the United 
States from 1921 to 1926, to the nearest 100,000, were: 
1921 — 1,400,000 1923 — 3,500,000 1925 — 3,700,000 
1922 — 2,400,000 1924 — 3,200,000 1926 — 3,900,000 
7. The retail price of a certain size hard coal in the city of 
New York for several years was: 
1913 —$6.50 1917—$7.75  1921—$13.25 1925 — $14.00 
1915 — $5.50 1919 — $10.50 1923 — $13.50 1927 — $13.75 
8. Obtain a record of the number of pupils present in your 
class each of the days of a recent week and make a graph of it. 
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Circle Graphs . 


Bar graphs and proportional line graphs are generally used 
to illustrate any number of separate related facts. When, on 


the other hand, a completed whole is given as separated into 


several parts, the circle may be used to greater advantage. 


Exampue. A teacher rated the 36 students in the algebra 
class as follows: 9 excellent, 15 good, 8 fair, and 4 poor. Draw 
a circle graph to show these facts. 


EXPLANATION. , or 4, of the class were rated excellent; 348, or 3, < 


of the class were rated good; , or 2, of the class were rated fair; and 
#;, or 4, of the class were rated poor. 

Draw a circle of a convenient size and a B 
radius, as OA, for a base line. Since there 
are 360° about a point, find + of 360°, or 90°. 
This will represent. the number of pupils 
that were excellent. With the aid of a pro- 
tractor, draw a radius OB making an angle 
of 90° with the base line OA. The sector 
OBA represents the 9 students who were 
rated excellent. 

In the same way lay off successive angles 
of 150°, 80°, and 40°, and draw the corre- 
sponding radii to form the circular sectors G 
that represent the number of students who RernativE RaTINGS OF THE 
were good, fair, and poor. If the work is STUDENTS IN AN ALGEBRA 
done correctly, the last radius will coincide Crass 
with OA. 


The facts represented in a circle graph must all belong to a single 
topic of discussion and all the facts must be known. 
EXERCISES 
Represent the following relations by circle graphs. 


1. Frank earned $24 a week and spent it as follows: $12 for 
board and lodging, $6 saved for future needs, $1 for insurance, 
and $5 for incidentals. 
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2. The 2400 students registered in a certain school were dis- 
_ tributed as follows: 
First year, 660 Third year, 590 
Second year, 630 Fourth year, 520 

3. Mr. Raynor saved $20,000 and invested it in the follow- 
ing ways: $1500 in a savings bank, $8500 in his home, $4000 in 
real estate mortgages, $3500 in bonds, and $2500 in stocks. 

4. James had a library of 80 books, classified as follows: 
25 school textbooks, 5 books on history, 8 books on biography, 
12 books on travel, and 30 books of fiction. 

5. Louise attended school 180 days during the year. She 
was sick 10 days, worked 60 days, and spent the remainder of 
the year in rest and recreation. 

6. One year the city of New York divided the money it 
received from taxes in the following proportions: education, 
21%; protection of life and property, 16%; health and recrea- 
tion, 11%; charitable purposes, 5%; public debt, 26%; and 
all other ways, 21%. 

7. One year the population of the United States was divided 
into the following age groups: 

Under 5 yr. of age, 10.9% 25 yr. to 44 yr. of age, 29.6% 


5 yr. to 14 yr. of age, 20.8% 45 yr. to 64 yr. of age, 16.1% 
15 yr. to 24 yr. of age, 17.8% All others, 4.8% 


8. One year a telephone company reported that it divided 
each dollar of expense as follows: 
Salaries and wages, 51% Taxes, 8% 
Supplies, rents, etc., 23% Interest and dividends, 18% 
9. The Seventh Street Savings Bank had its funds invested 
in the following securities: U. 8. Government bonds, 14%; 
state and municipal bonds, 12%; railroad mortgage bonds, 
14%; first mortgages, 58%; and miscellaneous securities, 2%. 
10. One year 74% of the passenger automobiles manufactured 
were closed cars, 17.4% were phaetons, and 8.6% were roadsters. 
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Broken-line and Curved-line Graphs 


The changes recorded in numerical facts during different 
seasons of the year or during different years may be shown by 
broken-line graphs. 


‘ Examptye. Represent by a broken-line graph the growth of ~ 


the population of Louisville, to the nearest 10,000, as follows : 


1870 — 100,000 - 1890 — 160,000 1910 — 220,000 
1880 — 120,000 1900 — 200,000 1920 — 230,000 


_ ExpnLaNnaTion. Two line scales are drawn at right angles to each other. 


The first year mentioned is 1870; hence the first space on the horizontal -. 


scale represents 1870. 4 spaces are used to represent each 10 yr. 


Population 


1870 1880 1890 1900 1910 1920 


Year 
POPULATION OF THE City or LOUISVILLE FROM 1870 To 1920 


The lowest population given is 100,000, hence this number is used for the 
first space on the vertical scale. Each vertical space is taken as 10,000. 

The point A represents the year 1870 and the population 100,000. It 
is located on the intersection of the two perpendicular lines drawn through 
the scale points representing these numbers. The other points are deter- 
mined in a similar way. In constructing a graph, the points A;\B;.G, ete: 
should not be labeled, but should simply be indicated by small dots. The 
graph is completed by drawing lines to connect the successive points. 
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Directions to be observed in drawing broken-line graphs. 

Draw two line scales perpendicular to each other. These 
perpendicular scales are called axes. If one of the facts to be 
shown by the graph is a time element, it is customary to let the 
horizontal axis show this. 

Choose a convenient scale to represent each of the two 
elements given in the table of facts. It is not necessary to 
represent the zero of either scale unless 0 is included in the data 
given in the table. Read the data carefully to determine the 

best starting point for the graph. 

Locate the successive points of the graph and connect them 
by straight lines. 

A poorly constructed graph is of very little value. Be 
accurate and neat. Indicate the scale used. State the title 
of the graph. 

EXERCISES 
Construct broken-line graphs to represent the following: , 
1. The number of students enrolled in a country school was: 
1i9ie—- 15 «1920 — 20 1972-21 -—«:1924- 18 1926 —17 
1919 — 18 1921 — 24 1923 — 19 1925 — 21 1927 —15 

2. The average retail price of automobiles for several years is 
given by the following table: 

Year . . 1918 1919 1920 1921 1922 1923 1924 1925 1926 
Prick . . $1150 $1175 $1275 $975 $875 $825 $825 $875 $885 

8. The prices a farmer received for a bushel of wheat during 

certain years were: 


1916 — $1.08 1919 — $2.06 1922 —$ .95 1925 — $1.16 
1917 — $1.57 1920 — $2.33 1923 — $1.04 1926 — $1.58 
1918 — $2.01 1921 — $1.49 1924 —$ .96 


4. The consumption of coffee per capita in the United States 
was : ; 

Year... . . 1912 1914 1916 1918 1920 1922 1924 1926 
Pounps per Capira 9.3 10.0 11.0 103 13.0 116 124 12.8 
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5. The growth of the density of population per square mile 
in the United States is given as follows: 


Year... ... 1860 1870 1880 1890 1900 1910 1920 
Densiry . . - . 106° °13:0 16.9 © 21.2) © 25:6" = 30.9" “emo 


=~ 


From the graph read the approximate density in 1905. Ex- _ 


tend the graph and determine the probable density in 1930. 


6. The number of open and closed passenger automobiles 
made during certain years, to the nearest 100,000, is given as: 


YEAR . .« .« « » 1920 (1922 1922) 1923-5 W924 1925551926 
Oren Cars ... 16 12 i 24 18 15 10 
CLosep Cars. . 3 3 a 13 14 Za 29 
30: 
BIE |_| i 
im Hy is nae 
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Closed cars rc 


1920 1921 1922 1923 1924 1925 1926 
Year 


Numser or PassEncrer AUTOMOBILES Maver Dourine tar YEARS 
1920 Tro 1926 
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In curved-line graphs, succeeding points are connected by 
lines that form a smooth curve passing through all the points. 
Curved lines may be used to represent a succession of facts when 
the change from one fact to the next is gradual or continuous. 

Thus, a change in temperature from one hour to the next or a change in 
weight of a boy from 90 lb. to 98 lb. may be represented by a curved line. 

Positive and negative numbers may be represented on a graph, 
as illustrated in the following example. 

ExampLe. Show by a graph the changes in temperature 
for a day in January, as recorded in the following table: 


A.M. M. P.M. 

TIME . 6 as SOLO! 12 Nga ae Se ey 
Temp. pa ee af te) 2°” TAS 5° 6° fe GE GE ee bee 
Temperature 

+ 92 —- 
i 
THs oe 
| | a ail iil 
(Gin em 
Pace wanal 
at 
e 1 7 9 | 10 | i ae ee ae: 
x Al 
+ | 4° T 
A.M. P.M. 


CHANGES IN TEMPERATURE ONE Day IN JANUARY 


ExpLaNATiIon. Two axes are drawn at right angles to each other. 
Since the degrees are positive and negative quantities and the a.m. time 
may be considered as negative and the p.m. time as positive, the axes are 
extended below and to the left of the point of intersection. 


The point where the axes intersect is called the origin. 

1. What was the approximate temperature at 10.30 a.m.? 
at 2.30 p.m.? At what time was the temperature 1°? 3°? 

2. If the graph were extended to the right, what temperature 
would be indicated for 7 p.m.? 
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EXERCISES 
Draw graphs to represent the following statements: 
1. The average temperatures recorded for a week in January 
at Jamesville were as follows: 
Sunday, 18° | Tuesday, 15° Thursday, =o Saturday, — 2° 
Monday, 20° Wednesday, 5° - Friday, —10° 


2. The monthly mean temperatures recorded at Chicago 
and Denver one year were as follows: 


JAN. Frs. Mar. APR. May JUNE 
Chicago 25° Die 36° 48° 58° 68° 
Denver 30° 335 39° 47° 56° 66° 
JULY Ave. S=pr, Oct. Noy. Dec. 
Chicago 74° 73° 66° 55° 41° 30° 
Denver 72° (Ae 63° mili 40° 32° 


On the same set of axes construct two curved-line graphs to 
represent these temperatures. Represent Chicago by a solid 
line and Denver by a dash line. 

During what months did Chicago have the higher tempera- 


tures? During what months did the cities have the same 
temperatures? 


3. The depth of a river was measured at several points in 
crossing from one side of the river to the other and the follow- 
ing record was made: 


Feet from starting point . 0 20 40 60 80 100 120 
Depth of riverinfeet . . 0 8 15 25 23 10 0 


Hint. Represent the depths as negative numbers below the horizontal 
axis. 


From the graph estimate the depth of the river 25 ft. from 


each bank. Where was the river approximately 20 ft. in 
depth? 


ae » ee oe 
2 , 
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4. The average weight of normal girls and boys at different 
ages is given in the table below. Construct two curved-line 
graphs on the same set of axes to represent both sets of weight. 


mecemm Years... .| 6| 7}°8} 9) 10111442) 13) 14/15) 16 
Weight of Girls in Te) f 
Pounds . . . | 43 | 47 | 52 | 57 | 62 | 69 | 78 | 89 | 98 | 106 | 112 } 
Weight of Boys in 
Pounds . . . .| 45] 49} 54 | 59 | 65 | 70 | 77 | 85 | 95 | 107 | 121 


From the graph determine the ages during which a girl 
should weigh more than a boy of the same age. At what 
ages do they weigh the same? Determine the age of a girl 
who weighs 92 lb. How much should a boy 124 yr. old weigh? 


5. Construct two graphs on the same set of axes to show the 
comparative number of sailing vessels and steamships built in 
the United States from 1913 to 1924. 


YEAR 1913 | 1914 | 1915 | 1916 | 1917 | 1918 | 1919 
Sailing vessels ... . 72 51 51 34 64 | 115 84 
Steamships ..:.. 1004 | 778 140 129 192 | 309] 891 
Yuar 1920 | 1921 | 1922 | 1923 | 1924 | 1925 | 1926 
Sailing vessels... ./ 115 70 45 34 16 28 | 20 
Steamships ..... 965 451 | 131 127 94 74 | 25 


What effect did the World War have upon the number of 
vessels built from 1913 to 1917? from 1918 to 1921? Explain. 


6. The relative retail prices for food in the United States, 
based upon the price for 1913 as 100, were as follows: 


1911— 92 
CHA} Ayes 
1913 — 100 


1914 — 102 


1915 — 101 
1916 — 114 
1917 — 146 
1918 — 168 


1919 — 186 
1920 — 203 
1921 — 153 
1922 — 142 


1923 — 146 
1924 — 146 
1925 — 157 
1926 — 154 
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Statistics 


The groups of number facts that you have been representing 
graphically are called statistics. The numbers in any one 
group are the data that have been gathered for consideration. 

Thus, the annual report of a certain railroad showed that its 


revenues from freight business and passenger business for cer- 


tain years were, to the nearest million dollars, as follows: 


YEAR 1917 | 1918 | 1919 | 1920 | 1921 | 1922 | 1923 | 1924 | 1925 | 1926 


Passenger.| 36| 43] 53] 63] 53] 49] 53} 48; 44] 45 
Freight . .| 117 | 131 | 145 | 168 | 160 | 158 | 166 | 168 | 175 | 180 


Statistical data may be represented either by a table of 
numbers, as shown above, by a graph based on the given data, 
or by a formula showing the relations between the numbers. 
The graph shows at a glance facts not readily seen from the 
table; but a study of tables of statistics is useful at times. 

Consider the following record made by the 27 students’ of 
Miss Simpson’s class in an exercise of 20 linear equations: 


NAMES Scores NAMES Scores 

Harry Austin) 2) > 205 15 Agnes Johnson . . .j} 20 
Gora ‘Best 39> -. Hanya 13) ji} Manyaiconb yen oie ona ANG, 
Frank Bode ... . 16 Bred arson, . 4 5 = 12 
Erwin Brown... . 17 Roy McNally. .. . ile 
nde burt isa 14 Alice Merritt . . . . 16 
John Doherty. . . . 19 John O’Rourke .. . 17 
Wall unlove ae) see 15 Will.Peakey.2 seco. a: 16 
Walltimeke: 9 cule 18 SarahiSnuth) <9 7 eG) 
Jonneblaniy, |\ce, Woe 16 Fred: Steen. 5 =; a « 18 
Stella Harrison . . . 18 Howard Watson... 15 
nicyalblantee, <9) 5 ae 12 || Anna Williams . . . 14 
Robert Hebard .. . 15 Jessie Wilson . . . . 17 
Rose-Humire « . «) < 19 Chester Worth . . . 16 
Walter Janson. . . . 11 
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The table arranged alphabetically, as on page 122, gives us 
information concerning the individual members of the class, 
but does not give us much information concerning the class as 
awhole. The standing of the class may be seen better if the 
names are arranged in order of rank: 


NAMES Scores NaMEs Scorzs 

Agnes Johnson 20 Will Peake . 16 
John Doherty .» 19 Sarah Smith 16 
Rose Hunt . 19 Chester Worth 16 
Will Fricke . 18 Harry Austin . 15 
Stella Harrison 18 Will Dunloy . 15 
Fred Steen . 18 Robert Hebard 15 
Erwin Brown . 17 Howard Watson . 15 
Mary Kirby . 17 Enid Burt . 14 
Roy McNally . 17 Anna Williams 14 
John O’Rourke 17 Cora Best 13 
Jessie Wilson . 17 Fred Larson 12 
Frank Bode 16 Lucy Hart . 12 
John Hanly aa 16 Walter Janson ll 
Alice Merritt ... . . 16 


A giance at the table above shows the ranking order of each 
pupil. It shows also the number of students that received 
equal scores. 

For the sake of comparison with the class, the average number 
of problems worked by the pupils may be found by dividing 
the total of the scores by the number of pupils in the class. 
For Miss Simpson’s class the average is found to be 15.9, or, 
in round numbers, 16. 

The average of a class represents the centraltendency. That 
is, it is a number about which the others may be grouped for 
comparison. ‘The average, however, does not always present 
a fair number for comparison, especially if the extreme data 
differ much from the rest of the data. This may be seen in 
the following case. 

ESS. J. H. S. MATH. 11I—9 
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An Easter collection was taken to pay a deficit in the running 


expenses of a church, with the result shown below : 


oa .s A i 
Number oF Persons |, ia Numper or Persons ee 
50 $ .50 5 $ 5.00 
75 | 2 10.00 
10 | 
af suas 1 150.00 


| 


The average contribution was slightly less than $3.05; but 
this does not correctly represent what most of the people gave, 
as the result is unduly influenced by the one who gave a much ~ 
larger sum of money than the rest. In this instance $.50 is 
a more representative sum of money, since 50 persons con- 
tributed that amount and only 28 persons gave more. 

Consider the table on page 123 that gives the order of rank — 
of each pupil in Miss Simpson’s class. The pupil who is in 
the middle of the class, when arranged according to rank, 
is called the median of the class. As there are 27 pupils in 
the class, the 14th pupil, or Alice Merritt, represents the median. 
She worked 16 equations correctly. 

The middle number in a series of numbers arranged according 
to rank is called the median number. If there is no middle 
member in the series, then a number halfway between the two 
middle numbers is called the median. The median may be 
used also to represent the central tendency. 


EXERCISES 


1. In ex. 1, page 117, determine the average number of 
students that attended the school during the years mentioned. 
What was the median number? 


2. In ex. 4, page 117, find the average number of pounds of 


coffee consumed per person during the years mentioned. What 
was the median number? 
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The central tendency might be indicated also by finding 
the number that occurs the most frequently in a series. To 
find the number of pupils who. received the same score, the 
data given on page 123 may be tabulated as below: 


NuMBER oF PuPIts Score NUMBER oF PUPILS | ScorE 
if 20 4 15 
2 19 2 14 
3 18 1 13 
5 17 Pe 12 
6 16 1 | 11 


Such a table is called a frequency table as it indicates the 
frequency with which a certain number occurs in a series. 

The number 16 occurs the greatest number of times in the 
table above. Such a number is called the mode or modal num- 
ber, as it is according to the mode or fashion. 

The mode may be represented by a bar graph, as shown below: 


oo) 


Number of Pupils 


So % 


il f2misue 4 156 16) 17> 18. -19 20 
Number of Problems Solved 
ACHIEVEMENT or Miss Simpson’s ALGEBRA CLASS 


You have seen that the central tendency of a group of num- 
bers may be represented in three ways: by the average of the 
group, by the median, or by the mode. In the case of the 
algebra class that you have considered, the same number repre- 
sents each central tendency. 


\ 
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EXERCISES 


1. Tell what is meant by the terms: (a) ranking order 
table; (b) frequency table; (c),central tendency. 

2. What is the median amount that each person contributed 
to the Easter collection mentioned on page 124? What is the 
moda] amount? 


3. Inex. 1, page 113, what was the average number of boys - 


that reported for each sport? the median number? the modal 
number? 


4. In ex. 6, page 121, during which year was the price for 


food nearest the average price for the years mentioned? Which 
year represents the median price? the modal price? Which 
of these prices best represents the central tendency? 


5. Make a frequency table of the marks that your algebra 
class received for the last written lesson. 

6. From the table of ex. 5, determine the average score of 
the class; the median score; the modal score. 

7. Construct bar graphs to represent the achievement of 
your algebra class. 

8. Obtain a record of the weight, to the nearest pound, of 
each boy and of each'girl in your algebra class. From the 


data make two frequency tables of the weights of the pupils in 
your class. 


9. Construct bar graphs to show the facts of the two fre- 
quency tables of ex. 8. 

10. From the tables in ex. 8, determine whether the median 
weight or the average weight best represents the weight of a 
boy or of a girl in your class. In what way do the bar graphs 
show this? 

11. State the advantages and the disadvantages of each of 


the three methods of determining the central tendency of a 
group. of numbers. 


GRAPHS OF FORMULAS ye 127 


Graphs of Formulas 


The formula d = 20¢ shows the distance an automobile 
moving at the rate of 20 mi. an hour will travel in ¢ hours. If 
you substitute the values 1, 2, 3, etc. for t, you obtain a cor- 
responding series of values for d, thus: 


6 


120 


5 


100 


+ 


80 


1 Zoe ve: 


20 | 40 | 60 


140 


Miles 


5 
Hours 
GRAPH OF THE ForRMULA d = 20¢ 


The method for constructing the graph above is similar to 
that for broken-line graphs, explained on page 116. 

Direct variation is shown by graphs constructed in this way. 
A study of the graph above indicates that the distance 
varies directly as the time. That is, if the number of hours is 
doubled, the distance passed over is doubled. (See page 105.) 

Graphs of formulas of the first degree are straight lines. 
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EXERCISES 


Construct graphs to represent the relations shown by the 
following formulas : 


1. The formula c = 25 indicates the cost of n yards of 


ribbon at 25¢ a yard. Plot the graph of cfrom n = 0 ton = 15. 


2. (a) The interest formula 7 = 100 X 735 Xt, or 7 = 5f, 
indicates the interest received on $100 at 5% for t years. Plot 
the graph of 7 from t = 0 to ¢t = 15. 

(b) From the graph determine the interest on $100 at 5% for 
3 yr.; for 74 yr. 


3. The formula C = 2ar shows the relation between the 


circumference of a circle and the radius. Use r = 34. Plot 
the graph of C from r = 0 tor = 10. 


4. (a) The formula for the area of a parallelogram having 
an altitude of 6 in. and a base of b inches is A = 6b. Plot 
the graph of A from b = 0 to b = 15. 

(b) From the graph determine the area when b = 2; when 
b = 63; when b = 11}. 

5. Water weighs about 62.5 lb. per cubic foot. The formula 
W = 62.5 V states this relation if the volume V is given in 
cubic feet. Plot the graph of W from V = Oto V = 10. 


6. (a) The formula c = 45 + 3(n — 10) indicates the cost | 


of sending a telegram of n words if the cost is 45¢ for the first 
10 words and 3¢ for each additional word. Plot the graph for 
efrom 7 = 10 to.n = 35. 

(b) From the graph determine the cost of sending a message 
of 25 words; of 18 words. How many words may be sent 
for 87¢? Explain the cost of sending 7 words. 


7. The formula C = §(F — 32) expresses the relation ex- 
isting between temperature readings on a Fahrenheit ther- 
mometer and the corresponding readings on a centigrade 
thermometer. Plot the graph of C from F = 0° to F = 100°. 
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8. (a) The formula S =C + 39, S states that the selling price, 
S, is equal to the cost, C, plus a profit of 30% of the selling price. 
Plot the graph of S 
irom C = 0'to-C = 10. 

(6) From the graph 
determine the cost of 
an article that sells for 
$2.50. 

9. The graph of 
the area formula, 
A = bh, is given at the 
right for A = 24 square 
units. From the graph 
determine the value of 


Values of h 


6 when h=1; when ‘fi a a 
a 2. when fh = a: Values of b 
Behera = 6. GrapH OF THE FormuLa bh = 24 


As the value of h increases, the value of b decreases. If h 
is made 3 times as large, b becomes only + as large. 

This graph and others similar to it represent inverse variation. 

10. Construct the graph of the formula for uniform motion, 
d = Vt, when d = 48 ft. and ¢ changes from 1 min. to 48 min. 

11. Show that the graph constructed in ex. 10 may be used 
to represent the cost formula c = np for c = $48. 

12. (a) The formula d = 16? gives the distance in feet a 
body will fallin ¢ seconds. Construct the graph of this formula 
for values of ¢t from 0 to 4. 

(6) From the graph determine the value of d when ¢ = 13; 
when ¢ = 3. 

This graph shows that d changes as the square of t; that is, if 
the value of ¢ is doubled, the value of d is made 4 times as great. 

13. Construct a graph of the formula A = m7’? for values of 
r from 0 to 4, using r = 3.1. 
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Graphs of Equations 


The formulas that you studied on the two preceding 
pages are special forms of equations. Such formulas, in gen- 
eral, are concerned with positive numbers only ; but equations 


involve negative numbers also, as is shown in the discussion ~ 


below. 

You have studied equations of the first degree that involve 
one unknown number. Many equations involve two or more 
unknown numbers. For example, the equationz + 2y = 4 has 


two unknown numbers and the hac rt2y+ 32 = 8x8 


has three unknown numbers. 

The quantities x and y of the eqvation x + Q2y = 4 are 
variables. The known term 4 is a constant, called the constant 
term or the absolute term. 

If values for x are substituted in the equation x a 2y <4, 
corresponding values of y can be obtained and the following 
table may be constructed. 

This table can be extended indefinitely in 

x y either direction, for there is no limit to the 
number of pairs of values of x and y that will 


Sa enOt possible to substitute any value for x and 
4 0 any other value taken at random for y. For 
2 example, x = 5 and y = 7 would not satisfy the 
; equation; for if « = 5, then y must equal — 
—— and if y = 7, then x must equal — 10. The 
. values of x and y must satisfy the equation 
r-+2y = 45 
In the equation x = 4 — 2 y, « is said to be a function of y. 
Similarly, in the equation y = 14(4 — 2), y is a function of z. 
In the equation x + 2 y = 4, either variable is a function of the 
other, since if a value is substituted for one variable, the value 
of the other variable is determined. (See page 103.) 


iw satisfy the equation. On the other hand, it is . 


a 


a" » ; Z + 
Va. - 4 : yo 
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Exampue. Draw the graph of the equation x + 2y = 4. 


Sotution. Solve the equation for x and make a table of values for 
az and y like the table on page 130. 

Each of the pairs of values in the table represents a point (2, y) of the 
graph, designated as the points (12, — 4), (8, — 2), ete. It is customary 
always to state first the value of x, then the value of y. 

Draw two perpendicular axes on squared paper. The vertical 
axis is the y-axis and the horizontal axis is the x-axis. The 
point where the two axes cross is the origin. 

All positive values of x are plotted to the right of the y-axis, 
a zero value of x is on the y-axis, and negative values of x are 
plotted to the left of the y-axis. Similarly, positive values of y 
are plotted above the x-axis, a zero value of y is on the z-axis, 
and negative values of y are below the z-axis. 

Locate point A = (12, — 4) by finding the point on the z-axis corre- 
sponding to x = 12 and then locating point A four spaces below the z-axis, 
since y =— 4. Ina similar way locate points B, C, D, E, and F. Con- 


nect the points by a line. 
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Since the equation x + 2y = 4 is of the first degree in two 
variables, the points will all lie on the same straight line. For 
this reason equations of the first degree in two variables are 
called linear equations. 

The two numbers that locate a point are called the coordinates 
of the point. The x distance is sometimes called the abscissa 
of the point and the y distance, the ordinate of the point. 
Similarly, the axes are sometimes referred to as the codrdinate 
axes, the z-axis being the axis of abscissas and the y-axis, the 
axis of ordinates. 

EXERCISES 


1. Locate each of the following points: 


(a) e=2,y=3 (dq) c=—2,y=-7 
(b+) x =—3,y=5 (ce) 2=0,y = 5 
(c) t=5,y=—8 (f) tz=4,4¥ =0 


2. Locate cach of the following points: 


3. Notice that each value of y in ex. 2 is 1 more than the 


corresponding value of x. State this relation in the form of an 
equation. 


4. Construct the graphofy =x-+1. Note that the y-value 
of each point of the graph is 1 more than its corresponding 


x-value. 
Locus of a point. 
Exampue. Graph the equation x = y — 2. 


The equation x = y — 2 is the algebraic statement that the value of 
x is always 2 less than that of y. This equation is the algebraic equivalent 
of the indefinite table of values: 


to —2 
i 0 


=o 
a 


0 


2 


ete. 


etc. 


eet 


(ip eee ae *. 
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The graph of the equation x = y — 2 is the straight line that contains 
every point z that is 2 less than the corresponding value of y. The graph 
is the place where all these points lie; it is their location and is called the 
locus of all such points. 


The locus of a point is the line or group of lines that contains 
all the points that answer a certain condition and no points 
_ that do not answer this condition. In the above instance, the 
condition is that all the x-points — be 2 less than the cor- 
responding y-points. 

EXERCISES 


Construct the graphs for the following equations: 


y= or — 2 4.y=227+3 1. 2D Gye 
Be ti SY § x=2y—5 8 52+y= 
3. c=3y+1 6. 82=y+3 9. 34 = 2y—12 


10. Write the equation that states that the z distance of a 
point is always equal to the y distance. Construct the locus 
of these points. 


11. State ex. 1 to 5 as locus problems. 


12. What is the value of x at the point where the graph of 
y = 32x — 6 crosses the x-axis? What is the value of y at the 
point where the graph crosses the y-axis? 
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Graphic Solution of Systems of Equations 


As you have seen, an equation having two variables is satisfied 
by an unlimited number of sets of values of the two variables 
involved. Such an equation is called indeterminate. 

The equation x + 2y = 8 is satisfied by the sets of values: 


2 0 
3 4 


10 etc. 


— i 


x= 


0 1 2 ete. 


5 


y 


The equation 3 x — y = 3 is satisfied by the sets of ‘values: 


ll 


— 1 0 
a 


|x —2 
—9 


1 2 3 | ete. 


| 
| 
3| 0 


y 3 6 | ete. | 


Each of the equations x +2y=8 and 3x—y=83 is 
satisfied by an unlimited number of other sets of values.. An 
examination of the two tables of values shows that each equa- 
tion is satisfied by the same pair of values (w = 2, y = 3). 

Two equations containing two variables that are satisfied 
by the same values of the variables involved form a system of 
simultaneous equations or simply a system, or set, of equations. 
_ The pairs of values that satisfy each of the equations in une 
system is called the solution of the system. 

It is often tedious to make tables of values to find pairs of 
values that satisfy each of the equations of a system of equa= 
tions. ‘The work may be shortened by finding the codrdinates 
of the points of intersection of the graphs of the two equations. 

Since two points determine a straight line, it is necessary to 
plot only two points of a linear equation in order that the equa- 
tion may be located. These two points should be several 


spaces apart. Frequently it is convenient to find the two 


points corresponding to the values = 0 andy=0. Itisa 
good check of the work, however, to locate a third point to see 
that it lies on the line determined by the first two points. 


: 
4 


Bs 
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. Exampue. Solve graphically the system of equations: 


r+2y=8 
of aA Yoo 
Sotution. To graph the equa- 7 
tion « +2y =8, plot the points 5 
(0, 4) and (8, 0). Check the graph SA A 
by plotting the point (4, 2). ~ zy 
To graph the equation 3 r—y=3, [p E 
plot the points (0, — 3) and (1, 0). ae 
Check the graph by plotting the 
_ point (3, 6). He x 
The graphs of the two equations £ Bisa 
cross only at the point (2, 3). That |- sal 
is, the locus of each equation passes URS impr 
through this point. Hence the point 
(x = 2, y = 8) is the graphic solu- etl 
tion of the system of equations. —y 
Check the result by substituting 
the values of x and y in each of the original equations: 
2 + 2(3) = 8, or 8 = 8 
3(2)— 3 =6— 3, or3 =3 
EXERCISES 
Solve by graphic methods each of the following systems of 
equations : 
1 fet2=y 7. ae—-2y=7 
loty=6 CT aa Mines” 
2, oh ee ca ieee eel 
r+2y=4 r+2y=6 
rs [f424—y=0 10. 2a4+4y=19 
r—y=3 4xa—2y=3 
Ne a Be ie hi, ep a 
x+12=2y 34 —2y = 20 
6. 2x—5y=0 12. ia 
ey = 12 4= Fy 
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Special sets of equations. 
EXAMPLE 1. Construct 
the graph of the equations: 


fet2y=8: 
Weis eee 


The graph of the two equations 
is shown at the right. The two 
lines are parallel and will not 
intersect; that is, they have no 
points in common. This is what 
might be expected from a study 


of the two equations, since it is not possible for the sum of one number, 
x, and twice another number, y, to be 8 and also 4 at the same time. 


Such equations as 7+ 2y =8 andz-+ 2 y = 4 are called 
inconsistent equations. They have no solution in common. 


EXAMPLE 2. Construct the 


graph of the equations: 


[820 —2y-=6 
ee eee 


The graph of the two equations at the 
right consists of oneline. A study of the . 
equations shows that the second equa- 
tion is. obtained by multiplying each of 
the terms of the first equation by 2. 
Hence every set of values that satisfies 
3x2 —2y =6 also satisfies 64 —4y = 12. 


EXERCISES 


Construct the graphs of the following equations. If the 
equations are simultaneous, determine their solution: 


eee = Oia. ‘ee y=3 ¢ [8et+y =2 


Qn 10 Sy 
Qx~+4-=6y ~~ 


6y+ 42 


lI 


rt y=5 - geo 


6 (a2—38y=9 
i 6. | 


6y +18 =27. 


= 
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REVIEW EXERCISES 


Construct appropriate graphs to represent each of the follow-» 
ing sets of facts: 


= 


1. Miss Halstead earned $1800 a year and divided it as. 
follows: board and lodging, $900; clothes, $350; invest- 
ments, $150; vacation and recreation, $350; incidentals, $50. 


2. The average price of eggs per dozen that the farmer re- 
ceived for certain years is given as: 


Year . . 1917 | 1918 | 1919 | 1920 | 1921’| 1922 | 1923 | 1924 | 1925 | 1926 
Price. . 37¢| 48¢] 53¢| 61¢| 55¢| 38¢|] 39¢| 35¢| 49¢| 36¢ 


3. Mary spends her day approximately as follows: 12 hr. 
at meals, 6 hr. at school, 24 hr. studying, 5 hr. in recreation, 
and 9 hr. in sleep. 


4. The following table shows the earnings and expenditures 
of a boy from April to October : : 
Month .... Apriz May JUNE JuLy Ava. Sepr. Ocr. 


Earnings . . $10 $12.50 $8 $35 $20 $8.50 $12 
Expenditures $12.50 $8 $5.50 $15.20 $25 $9.75 $6.75 


On the same diagram make two graphs, one of the earnings 
and the other of the expenditures. (Use a differently Buses 
line or a dotted line to Peper ny the expenditures. ) 


5. The lengths of some & the principal canals in the United 
States are: 


Bnie@eme. . . . . 840mi. ITllinoisand Michigan . . 95 mi. 
Cayuga and Saneta eee noz mis @hicaco Drainage y+ . >) 39m: 
Chesapeake and Ohio . . 185mi. Schuylkill . . . . . . 50mi, 


6. State three ways of presenting statistics. Give illustra- 
tions of each. 


7. When speaking of statistics, what is meant by central 
tendency? Illustrate this term by means of ex. 2 above. 


Fun with Figures 


1. You were half as old as I am when I was as old as you 
‘are now. When you are as old as I am now, the sum of our 
ages will be 54 yr. How old are we? 

2. If a fourth of 20 were 3, what would a third of 50 be? 

3. What figure placed anywhere in, before, or after the 
number 315,025 will make the new number divisible by 9? 

4. What similarity do you notice in the products of 142,857 


by each of the numbers 2, 3, 4, 5, and 6. Find the sum of : 


all the products. Multiply thie sum by 7. 
5. A man borrowed as much money as he had and then 


spent $10. He again borrowed as much as he then had and ~ 


then spent $10. He repeated this a third time and had nothing 
left. How much money did he have at first? 

6. A man has $20,000. If he spends 4 of this to-day and 
4 of the remainder each day after to-day, how many days will 
his money last? 

7. Three girls went to market with apples for sale. Ruth 
sold 50 apples, Clara sold 30 apples, and Alice sold 10 apples. 
They sold the apples at the same rate and each received the 
same amount of money. At what rate did they sell their apples? 


Hint. They sold multiples of 7 apples at one rate and the remainder 
at so much for each apple. Each girl received 30¢. 


8. John Corfield deposited $100 in a bank. He later with- 


drew: 
First $ 35, leaving a balance of $ 65 
Second $ 30, leaving a balance of $ 35 
Third §$ 25, leaving a balance of $ 10 
Fourth $ 10, leaving a balance of 0 
Total $100 $110 


Explain the extra $10. 
138 
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CHAPTER VIII 


2 
eS 


You have studied the algebraic solution of linear equations 
in one unknown number and the graphic solution of linear 
equations involving two unknown numbers. 

The graphic solution of systems of equations is often tedious; 
hence it is well to be familiar with the algebraic method of solv- 
ing such equations. 

Two equations involving two unknown numbers that are 
satisfied by the same set of values of the unknown numbers form 
a system of simultaneous:equations. (See page 134.) Thus, 
2x+y=8 
32—-—y=7 
equations. If you draw the graph of this set of equations, 
you will find that the two lines cross at the point (8, 2). 
Hence the equations are satisfied. simultaneously by the same 
set of values. 

A single equation involving two unknown numbers is satis- 

- fied by an unlimited number of sets of values of the letters 
- involved. Thus, the equation 2 x + y = 8 is satisfied by an in- 
finite number of sets of values of x and y, among which are the 


following : 
—1/-2 
10 + 12 


Such an equation is called indeterminate because any of the 
sets of values will satisfy the equation, but no one set of values 


is determined. 
ESS. J. H. S. MATH. uI—10 1389 
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_ the equations | form a system of simultaneous 
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Again, the equation 32 — y = 7 is satisfied by the values: 


0 | 1 2 
ee 


The set (c = 3, y = 2) is found in the table above as well as 
in the table on page 139; hence it satisfies both equations at 
the same time (simultaneously) and is called the solutzon of the 
' pair of equations. The graph of such a system of equations 
shows that it has only one pair of values that will satisfy both 
equations. (See page 135.) 


3 


2 


4 ete. 


5 etc. 


72 al 


x 


— 16; — 13) — 10 


= 


y 


Algebraic Solution of Systems of Linear Equations 

Exampie. Solve by algebraic methods the system of 
equations : 2Qa+y=8 

Ps a2—y=T7 

This system might be solved by selecting a common pair-of 
values from a table of values for z and y. This, however, may 
be a slow and difficult process. The easiest method of solution 
is given below. 


So.ution. Find from the two equations one equation having only one 
unknown number. This may be done by adding the two equations. 


[2rty=8 (Dag 
\Ba-y=7 (2) 
(1) + (2): 52x = 113 (3) 
= 8) (4) 
Substitute 3 for x in (1): 2(3)+y=8 (5) 
Solve (5): y=2 (6) 
Hence the solution is 3 : 


Curecx. Check the result by substituting the values for z and y in (1) 
and (2). 

Substitute z = 3, y = 2 in (1): 2(83) +2=6+42, or 8 =*8 

Substitute z = 3, y = 2 in (2): 3(8) -2=9 —2, or 7=7 

Note that y disappears in equation (3) above. That is, adding (1) and 
(2) eliminates y from the equations. 
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Elimination by addition or subtraction. The process by which 
one equation with one unknown quantity is derived from two 
equations with two unknown quantities is called elimination. 
a0 = 2 = 7 
22> ey = 30 

SoututTion. Since the coefficients of x and y are different in the two 
equations, neither x nor y will be eliminated if the equations are added or 
if one equation is subtracted from the other. It is necessary first to make 
the coefficients of one of the variables the same in both equations. If the 
first equation is multiplied by 2 and the second equation is multiplied by 3, 
the coefficients of x will each be 6, which is the lowest common multiple 


ExampueE. Solve the system: 


of 3 and 2. 

: 32—2y= (1) 
ere ae (2) 
2X): 6x2—4y=14 (3) 
3 X(2): 62 +15y = 90 (4) 
(3) —(4): 2194 =— 76 (5) 
y= (6) 
Substitute 4 for y in (1): 32 —2(4)=7 (7) 
Simplify (7) : Bae = 115 (8) 
= (9) 

Hence the solution is ie ae 

G=s 


Cureck. (1) 3(5)—2(4)=15— 8, or 7= 7 
(2) 2(5) +5 (4)= 10+ 20, or 30 = 30 
Nots. In equations (3) and (4), the coefficients of x are each 6. Equa- 
tion (5) contains only the one unknown number y and the known term — 76. 
It is obtained by subtracting (4) from (8). 
In a similar way, y may be eliminated from (1) and (2) by multiplying 
(1) by 5 and (2) by 2 and then adding the resulting equations. 


ORAL EXERCISES 

1. When may one of the unknown quantities be eliminated 
by addition? by subtraction? ae 

2. In the example on page 140 how could you eliminate 


the 2’s? a AS a 
3. Mention the various steps used in elimination by addition 


or subtraction. 


142 


Solve the following systems of equations and check the roots. 
Ex. 1 to 12 are the same as those solved by graphic methods on 
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EXERCISES 


page 135. 
fe+2=y 
let y=6 
r—y=t1 
eet 
ra aa 
r+2y= 
eae 
5 fety=— 
"le t12=2y 
6 (2e—5y=0 
, 2e+y=12 
easy ed, 
ae ee 
Hint. —x2+y=-—2 
4z—-—y= 
8. ae 
x=2y 
e r+2y= 
2e-+4y= 19 
20: 42—2y=3 
[f ©+2y=0 
in 32 —2y = 20 
[227 —5y=3 
aa 4n=7y 
osx+5y=7 
se joecass 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


23 


24. 


22. 


a 
——. 


ie See 
r—3y=5 
(Q2+3y = 29 
} 52=2y+6 
| 4z+y=4 
2%+3y=-—11 
[5a4+7y=—1 
2% —-3y =— 12 
f44r+3y=-9 
22 —5y = 28 
[2e+7y=—15 
32 —2y:=—10 
[ 3r=2-—y 
5x2 —2y = 29 
(i9x+3y=4 
| 1w=— 2 y =e 
f 8x=11+2y 
\4e 65 S30 
rere: 
3t—2w = 12 
(8t+3u = 27 
ia1houe7 
(8r+2s=1 


Py pati an 


penis 
5r—48 = 25.3 


eanetitition. One of the unknown numbers 

of equations may be eliminated by the method of _ 

tion and subtraction or it may be eliminated by another 
method called substitution. 

The following examples illustrate the method: of substitution. 


. 29 — y= 11 (1) 
EXAMPLE 1. Solve the system: z 
y 3a +2y = 27 (2) - 
Soxution. Solve (1) for y: y = 20 — 11 (3) 
Substitute 22 — 11 for yin (2): 32 + 202 —11)= 27. (4) 
Simplify (4) and solve: ag = Gr 
Substitute 7 for x in (3): ' y=8 
Hence the solution is { tas 
y =3 


Curcx. Check the result by substituting the values x = 7 and y = 3 
in each of the original equations: 

2(7)— 3 = 14-83, or ll = 
3(7) + 2(8) = 21 +6, or 27 = 27 


* 


. = eee (1) 
EXAMPLE 2. Solve the system : eae (Se (2) 
Sotution. Solve (2) for z: Qer=1+5y (3) 
gp. ei kOe OS aay 
7 : ; 2 
Substitute Lae for z in (1): a) —3y=18 (5) 
| Simplify (5) by removing the parenthesis and mul- 
tiplying both sides by 2: 7+35y —6y = 36 
: 29 y = 29 
y=1 = 
Substitute 1 for y in (4): = ‘= 


z=3 
Hence the solution is { ; é ; 
Curcx. Check the solution by substituting the values z =3 and 
y = 1 in each of the original equations: 
: mi) oi—alS,- vor, 1S 
PAC) — 5) eS ie ose 


18 
1 


iol 


\ 
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EXERCISES 


Solve the following systems of equations by the method of 


substitution. Check the results: 
: ay pe 
S(2e¢— 77 
9 (eee eae 
? zt+t4y=-5 
3 [92 2 — yi =-8 
Sere Ao eae 
(34—y= 14 
= celine iO 
[f44—y=3 
B: ee, ary, 
6. | tt+u= 10 
* (6¢-—7u = 34 
q ar es 
: t—8u = 22 
8. | zr+10y= 
* (102+ 3y=—-7 
9 re 
* ly+ 162 = 148 
(Sa4+5y = 23 
0. igen eet 
f82+2y=17 
aT nee 52—-y=37 
22—17y =28 
12. | c= by = 7 


13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 


24. 


cams 
z=y+3 
[ m+1=3n 
taal +9=3m 
2 mina 
m=3n-—T7 
peta a 
rt+ty=8 
Pa eed 
3z2+2y = 18 
[44 = 26+ 5y 
} z=2y4+5 
(83a+7b= 16 
Waa -o8 pae 
cata 
p—3q=18 
he Sie gS 


4m+5n+33 =0 


n—-3=4m 


5r+3s=10 


15r—7s = 59 


Pte a rae 
Tr+s=19 
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EXERCISES 


Solve the following equations either by the addition and 
subtraction method or by the substitution method. Check. 


1 fsx+y=11 4 f4e+ 5y =—2 
nil oz=y+138 . (srt 4y m2 
zt=3-y 32—2y = 10 
¢ | ee iene ot esa at 
aly 6 [8x+2y+31=0 
r+3y =6 Soe Peeper 


4 ne + y)+ 3(y — x)= 30 

j 9x + 2x + y)= 126 
(232+ 1)— 3(4y+ 1)=—-3_ 
3(24+1)—-2(4y—-—1)=8 
(5(e + 2)— 3(y + 1) = 23 

3(z — 2)+ 5(y — 1)= 19 
5(3 2 + 2)— 4(6y — 1)= 20 
252 —3)+79y+1)= 84 


faa 
10. 
[22+ 9) + 3y +9) = a 


= 


= 3(2 x — 3)+ 30 = 5(y + 4) 


12, [4@ + y)— 3@ — y)= 182 
3(z + y)— 2(@ — y) = 48 
13 ee 2y.=-9.5 
\ (224+ 3y = 10.5 
Hint. Multiply each side of each equation by 10. 


ve 2a -+- 7 y = 37 18 ea eo ame 
ae tat ua " 13.424 5.6y = 90 
5x =y + 2.8 19 [162 — 2.05 y = .39 
Wy eee Tapio ore 7 
on — 2y=.7 f 8rt+y=6 
Ae ae 20° i ae 
3824+8=4y+2 (y43e—2y ae = 25 
17. PEAY 3 21. \° 
3 9 ee ee 


i 
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Systems of Literal Equations 


, ax — by =c (1) 
Exampuz. Solve the system : } 4 an — Sy = a} 3 Oe 
Soxurion. 3 X (1): sax — 3by = 3c (3) 

(2) — (38): the = iW (4) 
(4)+ a: ee 
4ax—3by =a+3c (2) 

4X (1): 4axr—4by =4c (5) 
(2) —(5) : by =a-—c (6) 
6) + b: sae 
(6) y , 

z=1 

Therefore the roots are _a-ce 
or seg 3 
EXERCISES 


Solve the following systems of equations: 


fe+ty=5a 

a 

aay oer, i 

Be ae 9 
zr—-y=b ; 
2x¢+3y=a 

ca Aes ae 

Becca Cees 11 
x—-2y=a-—1 ; 
rt+2y=a 

6. ata 12. 

6. { ay 
letl=b42y i: 
(3a = 

7 anr+2y=4a 14. 


: Cot Seer as 


(82—2y=4a 
{ r=2y 


[f2Qe+3y=5at+bd 


Fee e de. 

asec 
2x=y+t+b 

fara +y =m 

eee 

ax +3 by =8 


(83at+y=5a—2b 
lat a tame 


‘a th ; we , bs yr, 
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| . Problems 


1. There are 31 pupils in an algebra class. If 3 times the 
number of girls exceeds twice the number of boys by 3, how 
many girls are there in the class? how many boys? 

Hint. g +6 = 31; 3g —26 =38. Explain. 


2. How much are bananas and pineapples if 8 bananas and 
2 pineapples cost 60¢, while 3 bananas and 1 pineapple cost 
Baie? 

Hint. 86+2p=60; 36+ p= 27. Explain. 


3. Find two numbers such that their sum is 34 and twice the 
smaller number exceeds the larger number by 11. 

Hint. S+2= 34; 2S —L=11. Explain. 

4. Separate 88 into two parts such that 5 times one of the 
parts exceeds 4 times the other part by 8. 

5. If 3 times one number increased by twice a second number 
is 37, but twice the first number exceeds 3 times the second 
‘number by 3, find the numbers. 

6. The sum of two numbers is 4 more than twice the smaller 
number and + of the smaller number plus 4 of the larger number 
is 8. Find the numbers. 

7. One half of the sum of two numbers is equal to 14 times, 
their difference. Twice the larger number exceeds 3 times 
the smaller number by 12. What are the numbers ? 

8. A fruit dealer sold 3 boxes of strawberries and 2 pine- 
apples to a customer for $1.11, and 4 boxes of strawberries and 
3 pineapples to a second customer for $1.54. Find the price of 
a box of strawberries and of a pineapple. 

9. A grocer paid $55.50 for 60 doz. eggs and 70 Ib. of butter. 
At another time he bought 75 doz. eggs and 45 lb. of butter for 
$50.25. If the prices were the same each time, how much 
did he pay for a dozen eggs? for a pound of butter? 
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10. The admission tickets to an entertainment were $.50 
for adults and $.25 for children. The receipts from the sale 
of 1570 tickets amounted to $680. How many children’s tickets 
were sold? how many tickets for adults? ; 

11. The receipts from the sale of 500 tickets for a school en- _ 
tertainment were $325. Admission tickets were $.50 each and 
reserved seats were $.25 additional. How many admission 
tickets were sold? how many reserved seat tickets? 

12. James had 80¢ with which to buy oranges and apples. 
He had 4¢ too little to buy 8 oranges and 12 apples and 4¢ more _ 
than enough to buy 12 oranges and 8 apples. What was the 
price of the oranges? of the apples? 

13. Mrs. Stevens bought 1 lb. of coffee and 5 lb. of sugar for 
$.65. Later, after the coffee had increased 20% in price and the 
sugar had decreased 162% in price, she bought 2 lb. of coffee and 
4 lb. of sugar for $1.04. What was the first price of the coffee 
and of the sugar? 

14. How many pounds each of 40-cent coffee and 60-cent 
coffee must be bought to make a mixture of 48 lb. to sell at. 
$.45 a pound? 

15. A merchant has some tea worth $.50 a pound and some 
worth $.65 a pound. How many pounds of each must he use 
to make a mixture of 12 lb. worth $.60 a pound? 

16. Milk is sold at $.16 a quart and cream at $.72 a quart. 
How many quarts of each will be needed to make 18 quarts of 
a mixture to sell for $6.24? 

17. Mr. Drew engaged a man to work for him at $6 a day for 
every day he worked, but the man was to pay $2 a day for his 
board for every day he was idle. At the end of 60 days the 
man received $264. How many days did the man work? 

18. In sending a telegram, there is a fixed rate for the first 
10 words and a fixed rate for each additional word. If a mes- 
sage of 31 words costs $.98 and a message of 45 words costs 
$1.40, what are the two fixed rates? 
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19. A’ man receives $564 annually from an investment of 
$10,000. If part of the investment yields 54% and the rest, 
6%, how much has he invested at each rate? 

20. Miss Willard invests some money at 6% and $2000 more 
at 5%. If the interest on the second amount exceeds the inter- 
est on the first investment by $55, how much has she invested 
at each rate? 

21. A man has $800 invested at one rate and $1200 at a dif- 
ferent rate. The total income is $102 annually. If the rates of 
interest were interchanged, the income would be $98. Find 
the rates of interest. 

22. A sum at simple interest amounts to $496 in 8 mo., 
and to $510 in 15 mo. Find the sum and the rate of interest. 

Hint. P+ 2Pr = 496; P+8Pr=510. Eliminate the Pr term first. 

23. A sum of money at simple interest amounts to $2100 in 
10 mo. and to $2180 in 18 mo. Find the sum and the rate of 
interest. 

24. A purse contains 18 coins — dimes and nickels. If the 
amount in the purse is $1.20, how many dimes are there? how 
many nickels? 

25. John buys 65 postage stamps for $1. If he has 1-cent 
stamps and 2-cent stamps, how many has he of each? . 

26. If Ann gives Mary $4, Ann will have as much money as 
Mary has; but if Mary gives Ann $3, Mary will have $ as much 
as Ann then has. How much has each? 

27. If Arthur gives Kenneth $6, Kenneth will have twice as 
much as Arthur; but if Kenneth gives Arthur $9, Arthur will 
have 3 times as much as Kenneth. How much has each? 

28. The length of a rectangle exceeds its width by 3 ft. 
Find the dimensions if the perimeter is 26 ft. 

29. The perimeter of a rectangle is 40 ft.. If the length were 
5 ft. less and the width 5 ft. more, the area would be 25 sq. ft. 
more. Find the dimensions of the rectangle. 

Hint. 1+ w = 20; (l—5)(w+5)=lw+25. Explain. 
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30. If a certain rectangle were 3 ft. narrower and 6 ft: longer, 
its area would be increased by 18 sq. ft.; but if it were 6 ft. 
shorter and 4 ft. wider, its area would be decreased by 36 sq. ft. 
What are the dimensions of the rectangle? 

31. The length of a room is 8 ft. greater than its width» If 
each dimension is increased by 2 ft., the area will be increased 
by 60 sq. ft. Find the area of the oar 

32. Find two complementary angles if one of the angles is 
50° larger than the other angle. 

33. Find two complementary angles if 4 times one of the .. 
angles exceeds twice the other angle by 25°. 

34. The difference between two supplementary angles is 40°. 
What is the size of each angle? 

35. What. is the number of degrees in each of two supple- 
mentary angles if 3 times one of the angles en 5 times the 
other angle? ; 

36. The sum of the ages of Kate and Julia is 42 yr. If 6 yr. 
ago Kate was 2 as old as Julia, how old is each now? 

37. Mr. Calhoun is 5 times as old as his son George. If 
3 yr. ago he was 9 times as old, how old is each now? 

38. Harry can row 7 mi. an hour down a river, but only 2 mi. 
an hour up the river. How fast can he row in still water? 

Hint. Let c = the number of miles per hour of the current and H = 


the number of miles per hour Harry rowsin still water. ThenH +c =the 
rate downstream and H —c = the rate upstream. Explain. 


39. A steamboat can run 9 mi. an hour upstream and 15 mi. 
an hour downstream. Find the rate of the boat in still water 
and the rate of the current. . :. 

40. A launch takes 1 hr. 36 min. to go 16 mi. down a stream, 
but 2 hr. 40 min. to return the same distance. What is the 
rate of the current? the rate of the boat in still water? 

41. A picnic party went 24 mi. up a river in 4 hr. The re- 
turn trip took 3 hr. What was the rate of the current and of 
the boat in still water? 


; 
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; Digit problems. The integral number 85 is an abbreviated 
form for 80+ 5. Similarly, 853 is the abbreviated form of 
800 + 50+ 3. The numerals 0, 1, 2, --- 9 are called digits. 


In 853, 8 is the hundreds’ digit, 5 is s the tens’ digit, and 3 is” 


the units’ digit. 

A general number of two digits may be expressed as 10 ¢ + u, 
in which expression ¢ represents the tens’ digit and u, the units’ 
digit. If the digits are maieeeBeeved or reversed, the number 
is 10 u + t. 


Exampie. Find a number of two digits if the sum of the 
digits is 8 and the number formed by reversing the order is 
36 less than the original number. 


Sotution. The required equations are: ttu=8. (1) 
(10¢+ u)—(0u + #) = 36 (2) 
Simplify ‘(2) : 9¢-—9u = 36 (8) 
Divide (3) by 9: t—u=4 (4) 
t+tu=8 (1) 
Solve (1) and (4): t=6 
u=2 


The required number is 62. 
Cureck. 6+ 2 = 8 and 62 — 26 = 36. 


EXERCISES 

Check each solution : 

1. A number is expressed by two digits whose sum is 8. If 
the digits are interchanged, the resulting number is 18 less than 
the original number. Find the number. 

2. A number of two digits is reversed if the sum of the digits 


is added to the number. The sum of the digits is 9. What is 


the number? | 
8. A number is 4 greater than 8 times the sum of its two 


digits. The tens’ digit is 1 greater than 4 times the units’ digit. 
Find the number. 

4. A certain number is equal to 8 times the sum of its digits. 
The first digit exceeds the second by 5. Find the number. 


152 SYSTEMS OF LINEAR EQUATIONS = = 


5. The units’ digit of a number exceeds the tens’ digit by 6. 
If 15 is added to twice the number, the digits are inveraneeg : 
What is the original number? 

6. A number is equal to 7 times the sum of its digits. If 
the digits are reversed, the resulting number is 36 less than the 
original number. What is the number? : 

7. A number of two digits is equal to 4 times the sum of its 
digits. If the digits are reversed, the new number equals 12 
more than 6 times the sum of its digits. Find the number. 


Number problems.. 2 

1. Two numbers are in the ratio of 3 to 5. If 3 is subtracted ~ 
from the smaller number and 4 is added to the larger number, 
the ratio becomes 3 to 8. Find the numbers. 

2. Two numbers are in the ratio of 2 to 3. If 3 is subtracted 
from the smaller number and 6 from the larger number, the — 
resulting numbers are as 3 to 4. Find the original numbers. 

3. A fraction in its lowest terms equals2. If 5 is added to 
the numerator, the fraction equals 3. What is the fraction? 

4. The numerator and the denominator of a fraction are in 
the ratio of 2 to 3. If 2 is added to the numerator and 6 is 
subtracted from the denominator, the value of the resulting 
fraction is 4. Find the original fraction. 

5. If 4 is added to the numerator and also to the denomi- 
nator of a certain fraction, the resulting fraction equals +; but 
if 6 is subtracted from both the numerator and the denominator 
of the fraction, it reduces to 3. What is the original fraction? 

6. The sum of two numbers is 42. If the greater number is 
divided by the smaller number, the quotient is 2 and the re- 
mainder is 3. What are the numbers? 


Hint. g +s = 42; gic = 2. Explain. 
s 


7. Divide 79 into two parts such that the quotient of the larger 
part divided by the other part shall be 2 with a remainder of 7. 


* 3 es 
| Hour tdi Ke Qarow. Af Strimee Ltr pricint 092 AY Ue ti 
2th 


Puzzling Problems 


1. In how many ways may a bill of $23 be paid by using 
only $2 and $5 bills? 
Hint. Only one equation can be written from the given conditions: 
2d -+- 5n = 23 


Solve for d: d= ao en 


From the conditions given in the problem, the values of d and n must 
be positive and integral. By trial find the values of n that will give 
satisfactory values for d. Check each pair of values. 

2. In how many ways may 59 be divided into two parts, one 
of which is divisible by 7 and the other, by 3? The quotients 
are to be positive integers. 

3. Mrs. Martin bought coffee at $.36 a pound and tea at 
$.48 a pound, paying $12 for the total. How many whole 
pounds of each did she buy? 

4. Find pairs of fractions whose denominators are 16 and 
24 and whose sum is 332. 

5. A miller had only 6-pound and 9-pound weights. In 
how many different ways could he weigh 99 lb. of grain? 

6. A farmer took 100 fowl to market (turkeys, chickens, 
and ducks) and sold them for $100. If he received $3.50. for 
each turkey, $1.50 for each chicken, and $.50 for each duck, 
how many of each did he sell ? 

Hint. t+c-+d= 100 (1) 

3.50 ¢ + 1.50 c + .50d = 100 (2) 

Eliminate one of the variables from (1) and (2), then proceed as in ex. 1. 

7. Mr. Hunt bought 40 animals (cows, calves, and lambs) 
for $480. How many of each did he buy if he paid $40 per cow, 
$16 per calf, and $8 per lamb? 

8. Mrs. Clark bought 50 yd. of dress goods for $86. Some of 
it was $1 a yard, some $2 a yard, and the rest $3 a yard. How 


many whole yards at each price did she buy? 
153 
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. 
9. A man bought 100 apples for a dollar, some at 5¢ each, 7 


some at 1¢ each, and some at i¢ each. How many of each grade 
did he buy? 7 


10. A farmer took a drove of sheep and ducks to market. 
When asked how many of each there were, he replied that — 


there were 100 heads and feet. How many of each were there? 


11. Mr. Hambel and Mr. Kelley were engaged to dig 100 rd. 
of a ditch for $100. As the part that Mr. Kelley had to dig was 
harder work, he was paid $1.40 a rod, while Mr. Hambel re- 
ceived $.76 arod. How much did each man dig? . 


12. A man left an estate of $39,000 to his wife, daughter, and 
son on the condition that if his daughter died before coming 
of age, his widow was to receive + of the fortune; but if the son 


t 


died, the widow was to receive 2 of the fortune. If the wife, a 


daughter, and son all lived, how much did each receive, pro- 
viding the ratio of their shares remained unchanged ? 


13. George agreed to carry 6 doz. eggs to market for i¢ 
for each egg he delivered unbroken; but he was to pay at the 
rate of 36¢ a dozen for each egg he broke. If he: received 29¢, 
how many eggs did he break? 


14. A boy leaving an orchard met three other boys who asked 
for a share of his apples. He gave i to the first, who then re- 
turned 12 apples to him. He gave 4 of the remainder to the 
second, who returned 7 apples. Finally he gave 4 of what he 
then had to the third, who returned 4 apples. He then had 
20 apples. How many apples did he have at first? How many 
apples did each of the other boys keep? 


15. Louise and Julia went for a walk and took their lunch © 


with them. Louise took 6 sandwiches and Julia took 4 sand- 
wiches. Later Ruth joined them and they divided the lunch 
equally among the three. If Ruth paid $.20 for her share of the 
lunch, how should Louise and Julia divide the $.20? 


oem te ; Mane Malis aay 
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CHAPTER IX _ sa 


i SPECIAL PRODUCTS AND FACTORING - oe 


Review of Multiplication 


In Chapter IV you learned how to find the product of two 
algebraic expressions. In this chapter you will review the 
work of multiplication and will learn short methods of multi- 
plying certafn forms, as well as methods of separating an ex- 
pression into its factors. 

You will recall that the product of a polynomial by a mo- 
nomial is equal to the sum of the products of each term of the 
polynomial-by the monomial. 

Thus, a(6 + c — d)= ab + ac — ad. 

The square of a literal term is the product of the same literal . 
factors with their exponents multiplied by 2. 

Thus, (abc)? = a?b?c? and (azy’)? = a’xrtys. 

The square of a monomial is the product of the square of the 
numerical coefficient by the square of the literal factor. The 
square of a monomial is always positive. 

Thus, (3 a°b’c)? = 9 atb®c?; (— 5 ab?)? = 25 a’b4. 

ORAL EXERCISES 


Perform the indicated operations : 


1. 5(a+ bd) 6. (2 zy)? ft 38 a2)" 

2. 3(2a — b) Tale ey) OARS GWG gene ny 

‘3. Tia? — db). 8. 3(ay’)? 13. — 3(— 5 aay)? 
4, 2(2a — b) 9. (—2x%y)?- 14. (— 2 ax")? 


5. —3a(Qa—b) 10. — 2(x%y)? © 16. (2.5 aay)? 
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The square root of a number is one of the two equal factors 
of the number. If the square root of a number is multiplied by 
itself, the product is the number. 


The cube root of a number is one of the three equal factors 


of the number. Similarly, the nth root of a number is one of © 


the n equal factors of the number. 

A root of a number is indicated by the radical sign +/, with a 
small number, called the index of the root, in the opening to 
indicate the intended root. In the case of the square root, 
the index is omitted. 


Thus, V4=2, sincee 2X2=4, and V16 ab! = 4 ab, since > 


‘(4 ab?) (4 ab?) = 16 ab‘. Also, V27 = 3, since 3 X 3 X 3 = 27. 


Frequently the square root of a number or an expression 
cannot be exactly expressed without the aid of the radical sign. 


Such expressions are called irrational expressions or radical 


expressions and will be studied in Chapter XIII. 


Thus, V5 cannot be more exactly expressed, but it has the approximate 
value of 2.236 - - -. ; 


In this chapter, the term square will refer to an expression whose square 
root can be exactly expressed without the aid of the radical sign. 

A term that is a square is positive and the exponents of its 
literal factors are even numbers. © 

The square root of a number may be either a positive number 
or a negative number, since the square of a number with a 
negative sign is the same as the square of the same number with 
a positive sign. Thus, the square root of a? is + a or — a. 

The positive square root is called the principal square root 
and is the one required in this chapter. Accordingly, Va? = a 
and —Va? =— a. 

The process of finding the square root of a number is the re- 
verse of squaring a number. 


The square root of a term is the square root of the numerical coefficient 
multiplied by the literal factors with exponents half as large. 
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Factoring 
ORAL EXERCISES 


Determine which of the following ao are squares and give 
their principal square roots: 


ee Oy x 4. 36 ax 1 Si Mes! 10. 72 247° 
11. 196 pq! 

eer yee 6.87258 : yi 

: eyez vs 77s? 8. 121 atx jo, 222 X 126 

3. 16 M2x* 6. 225 atx? 9. 169 M*p° “169 y 

Any numbers which when multiplied together give the prod- 
uct are called factors of the product. 

The process of factoring is the reverse of multiplication, 
since it separates a product into parts which when anultiplied 
together will give the product. 

Thus, the factors of 3 xy are 3, x, «, and y, also 3 x and xy or 3 y and 2’. 


If a factor cannot be separated into other factors, it is called a 
_ prime factor. 

When the factors of an algebraic expression are required in 
this book, give the prime factors. It is not necessary, however, 
to give the prime factors of arithmetic numbers. 

Since 5 X 7 = 35, the factors of 35 are 5 and 7. Similarly, since 
a(3a?+ 2a+1) =3a3+ 2a’+ 4, you see that a is contained in each 
term of 3 a + 2a? + a and the factors are a and 3a? +2a+1. 

Polynomials that have a common term of the form ab + ac + ad 
can be factored by removing the common term. 


Common monomial factor. 
ExampLe 1. Factor 12a+60)0+4+3¢c. 


Sonturion. The numerical factor 3 is the only factor that is common 
to each term of the polynomial. Remove this factor by dividing the ex- 
pression by 3. 

Wag sob + 3c Wa, 6b y 3c _ 
+S = 4 Oh asa t+ 2dte. 
There is no factor common to the terms of 4a°+ 2b +. 
Hence 12a +6)+ 3c = 34a+2b+ 0). 
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Exampie 2. Factor 18 a°b? + 24 ab’ + 12 ab‘. 


Sotution. First read the expression carefully to see if there is a com- 
mon numerical factor. If there is, find the largest numerical factor con- 
tained in each of the terms. In this example, 6 is contained in 18, 24, and 


12 and it is the largest number contained in each of the terms. If 6 is — 
removed, you have left the arithmetic coefficients 3, 4, and 2. These — 


numbers have no common factor. 
Next look for all the literal factors that are common to each of the terms. 


It is evident that both a and b are found in each term. In 18 a*b?, a occurs — 


three times and b twice; in + 24 a’b?, a occurs twice and b three times; 
and in 12 ab‘, a is found once and b, four times. Hence ab? is the largest 
factor that is common to each term. 

Hence 18 a*b? + 24 a2b? + 12 abt = 6 ab?(38. a? + 4 ab + 262). 


Summary of steps. 


1. Find the highest common factor of each term. 
2. Divide each term by the highest common factor of the terms. 


3. Write the indicated product of the highest common factor and the — 


quotient obtained in (2) as the factors of the expression. 


4, Check the work. The product of all the factors should equal the 


original expression. 
The factors should be prime. The quotient obtained in (2) should 
contain no factor common to each of its terms. 


EXERCISES 

Factor, and check the results; 

1. 8a+9b 11. 15 ac — 25 bex 

2. 4ab+4a 12. 36 xy — 63 ay 

3. 52+ ax 13. 152° + 1022? —52 

4. 122? — 162° 14. 160? — 2002y4+ 127? 
5. 9 az? — 18 ae 15. — 52?+ 15 2y — 207? 
6. 362° — 452 16. 9a? —12a+4+ 15 

7. r’—5Br 17. — 152?4+ 102-5 

8. 4a7r? — 2ar 18. 32? — ax + bz 

9. 2rr — 2xb : 19. —22+22—27 
10. 4ax — 12 bx 20. 20 2° + 25 a?y + 45 ay? 
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21. Find the value of 15 X 5 — 15 X 2. 

Hint. First factor and get 15 X 5 — 15 X 2 = 15(5 — 2)or15 X3. 
Use factoring as a short cut to find the value of: 

eae x & 20 3 9 — 20 * 7 

23. 17 X 15-17 X¥ 154+ 17 x 10 

24. 23 x 9 — 23 X 3 — 23 

25. 14«x8-9x144+14x3 

‘26. 63 X8 +4 X 63 — 2 x 63 

27. Factor a(n + n)+ b(m +n)’ 

Hint. The terms are grouped to show the common factor m +n. 
_ The factors are (m + n)(a + 6). Explain. 


Factor : 
28. 5a + y)t+ a(x + y) 31. m(x — y)— n(x — y) 
29. x(a + b)+ y(a+ BD) 32. 5a(a? — y)+(2? — y) 
30. a(x + y)— d(x + y) 33. p(r + s)—(r +s) 


34. ax + bx + ay + by 

Sotution. There is no factor common to each term of the polynomial, 
but x is common to az and bx. and y is common to ay and by. Hence we 
may write ax + bx + ay + by = x(a+ b)+ y(a +6). This is similar to 
ex. 29. 

Hence ax + bx + ay + by =(a+ b)(a+ y). 


35. ax — bx + ay — by 40. ax + ay — bx — by 
86. 5a+ar+5b+ bz 41. ax — bx — ay + by 
87. a? — ax + ab — bx 42. a@& —ab—a+t+b 
38..b —ab+1l-—a 43. P+r—5r—5 
39. am — an + mz — nx 44. ax+4a—42—-—16 

45. Solve the equation az = ab + ac. 

SOLUTION. ax = ab + ac 

Factor the right side: az = a(b +c) 

Divide by a: zt=b+e 


Cuecx. a(b + c)=ab+ac 

Solve the following equations. Check the roots: 

464. 52=100+5b 48. 2mz+ pr =4m?+2mp 
47. 3x =3p—39q 49. ax = a*? — ab+ ac 
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The product of two binomials of the form (x + a)(x + 6). 
Let us review the method of finding the product of two — 


binomials having a common term, as (% + Ne +06). (See 
page 62.) 


Note that the product consists of three terms: 


a+a the square of the x term, an x term having for 

za+ob a coefficient the sum of the two numbers a and 

a+ ax b, and a term consisting of the product of the 
+ be + ab numbers a and b. 


a? +(a + b)x + ab 


The product of (x + a)(x + b) may be represented geometri- 2 


Xe cally by the area of the rectangle at 
| the left. The area of the rectangle is 
equal to the product of its length and 


also to the sum of the areas of the four 
smaller rectangles inclosed within the 
larger rectangle. 

That is, (c+ a)(e+b) = 2? + axt+ oe + ab, or 


(2 + a)(x + b) = 2? +(a + b)x+ ab. 
ExampteE 1. Find the product of (# + 38)(x + 8). 
Sotution. The first term of the result isz-a, orz®. «x + 3 
The second term of the result is8z +82 =(3+8)z, x + 8 
Onl la: at et 82 
The third term is 8 X 8, or 24. + 82+ 24 
The accuracy of the result may be checked by division <2? + 11 2 + 24 


or by substituting some value for 2. 


ExamMpLeE 2. Find the product of (x + 2)(a — 5). 
Souution. (2 + 2)(x — 5)= 2? + ee gir + 2(— 5) 


= 72 


The product of two binomials having a common term is the sum of the 
square of the common term, the product of the sum of the two unlike terms and 
the common term, and the product of the unlike terms. 


width, or (c + a)(x+b). It is equal ~* 


FACTORING 


By inspection, find the indicated products. 


(x + 5)(z + 38) 
(x + 8)(x + 2) 
co 1) 1) 

(a + 3)(a + 9) 

(m + 7)(m — 2) 
(m — 13)(m + 12) 
(x — 3)(x — 9) 
(a1 + 2a)(x + 3a) 
. (c+ 5b)(@ — 8D) 
(a — 2b)\(a+ 5b) 
. (n+ 3)(n — 9) 

. (ty — 5)(zy + 7) 
(zy — 17)(ty — 2) 
(a? — 5a)(x? + 3.4) 
. (a+ 72)(a — 92) 
. (c+ 5a)\(e+ 5a) 
. (« —7a)(x — 7a) 


CHOARBAPwWdP ” 


EXERCISES 


161 — 


Check ex. 1 to 


. (c+ 3y)\(x+3y) 
. (zy — 19)(ry + 3) 

- (a? 3 y)(27'- 15g) 
. ({(— 7s)(t — 20s) 

- (x + 8)(@ + 5) 


eet 8 (eb) 
(x — 8)(x + 5) 
(x — 8)(« — 5) 
(x + a)(x — 6) 


(x + 2n)(x + 3 n) 
(ab — 5c)(ab + 2c) 


(ab +--15€)(ab.— 3.¢) 


(ab — 8 x)(ab + 25 x) 


. (€+ 2.4)(¢ — .6) 
5G. LON AP 1A) 

- (x +.5)(@ — 1.8) 

2 (Qini—3)(2 wet 1,5) 


By inspection, find the indicated quotients : 


35. (22 — 52+ 6)+(ax — 2) 


Ans. x — 3. Explain. 


36. (2? — 6” + 8)+(a — 4) 
37. (2? — x — 6)+(a — 3) 
eek 2ay +4) (oe + y) 

. (2 + 15 — 54)+(n — 8) 
(2 + 5st — 14s7)+(¢ — 28) 
. (2 —t — 2)+(t — 2) 

. (@& +3ab4+20?)+(a+ bd) 
. (a2 — 3a — 28)+(a+ 4) 

. (ab? — ab — 30)+(ab — 6) 
pete 2 uch af) (2,4) 


38. 


(a? + « — 20)+(a + 5) 


39. (n? — 3n — 40)+(n — 8) 


40. (n? — 15n + 56)+(n — 8) 


41. (n? + 15n + 54)+(n + 6) 
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Factors of trinomials of the form x? + bx +c. You have 
had considerable practice in finding products similar to 


(29 + 3)(2 + 5)= 2? +82-+15. Now you will factor such © 


products. 
EXAMPLE 1. Find the factors of x? + 82+ 15. 


Souution. In factoring x? + 82+ 15, you know at once that 2? is — 


the product of x by x. Next try to find two factors of 15 that added 


together give 8. In this case, the factors of 15 whose sum is 8 are 5 and 3. . 


Hence the factors of #2 + 82 +15 are (x + 5)(x + 8). 

Notes. The trinomial must first be arranged according to the descending 
or the ascending powers of some letter. 

EXAMPLE 2. Factor 2? + 72 + 12. 


So.tution. First examine 12 for possible pairs of factors whose sum is 7. 
Consider the following pairs: 12 and 1, 6 and 2,3 and 4. Of these three 


pairs of factors, the last is the only one whose sum is 7, Since 12 is posi-. 


tive, both factors of 12 are of the same sign, and since 7 is positive, both 
factors of 12 must be positive. 

By trial it is shown that 2? + 72 -+ 12 =(«@ + 3)(z 4+ 4). 

EXAMPLE 3. Factor x? — 2 — 12. 


Sotution. In this case 12 is negative, hence the factors of 12 are of 


unlike sign. Since the coefficient of x is negative, the sum of the factors 
of 12 is negative, hence the larger factor is negative. - 

By trial it is shown that x? — x — 12 =(x — 4)(x + 8). 

Exampie 4. Show that the factors of 2? + 2 — 12 are 
(a + 4)(@ — 3). 

Examp.e 5. Show that the factors of x? — 132+ 12 are 
(x — 12)(x — 1). 
’ Exampte 6. Show that the factors of 22 -+112— 12 are 
(tee 12)(@— 1). 

EXAMPLE 7. Show that the factors of 22 +4a — 12 are 
apts G) ==" 2). 

EXxamPue 8. Show that the factors of 2? —42—12 are 
(x — 6)(x + 2). 

To factor x? + bx + c, find two numbers, n and m, whose product is the 
known term and whose algebraic sum is the coefficient of x. The factors 
are (x + n)(x + m). 


PRIME FACTORS 


EXERCISES 


‘Find the prime factors of : 


BA 
.- ’@+727+6 


ee ee 
=) 


SoLuTIOoN. 


39. 
40. 
41. 
42. 
43. 
44. 


OHARA AP wp 


--o2 +6 


t= 5 os 6 
v—x—6 
2 — 52 — 6 
v’+5b2—6 


pei 02 --.8 


2’+62e2+8 


w—2x¢4-—8 


. @+2e"—8 
. @—-9r+8 
~e2+72—8 
. @+ 1224+ 27 
. 2 —9xr+ 18 
. 2@+32— 18 
. 2+ 7x — 18 
. 2@+192%+ 18 
. 2 —172 — 18 
. 2 — 132+ 36 


38. 


20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
. &+5ab4+ 407 

. @&—7ab+ 100? 
q a + 15 ax — 542° 
. 2 — 3ax — 88 a? 
. @& + ab — 300? 

. @+2ab — 350 
2 and ele sy - 104? 
Hint. 50? + 3ay +2y?)=? 


35. 


x? — 2002 + 36 
v’=~ Wary +72y¥ 
x? + 5ax — 36a? 
x? + bx — 56 B? 
x— Tax — 30a? 
w+ 14ar + 48 a? 
aa? + 5ax — 24 
@—2ar—327 


Be Ga 45 
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36. 2a? + 16 az — 18 2? 


Bye 
—27+82—-—15 


—v+82—15 =— (2? —82+ 15)=—(e — 5)(x — 38). 
The result may also be written 


4a — 36a + 56 


(5 — %)(e— 8) or (x& — 5)(3 — 2). 


—2v+ 142+ 382 
ge Te — 12 
26 — llx«— 2 
56 + 62” — 2 2 
77-42-27 
77+ 702-72 


45. 
46. 
. da — 277+ 42 
. a—20—15e 
. 2a? — 28a — 30 
. e+ 12a — 63 


36 — 1427 —22? 
e+9Oa? — 222 
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The product of two binomials of the form (ax + b)(cx +d). — 
Exampue 1. Find the product of (82 + 4)(2@ + 3). 


SOLUTION. eS 
82 +4 Notice that: (a) 62? is the product of the first 
2x2 +3 two terms (2 x)(3 2). a 
62+ 82 (b) 17x is the sum of the products of 2 x(4) and ~ 


TE eS. BIG 

627 +172+4+ 12 (c) 12is the product of the last terms (12 = 3 X 4). 
Since the products 8x and 92 are obtained by cross mul- 
Zyn aes tiplying they are called .cross — 
products. a 

The rectangle at the left is 
(3 x +4) units long and (2 x + 3) 
units wide. Its area is the prod- 
uct of its length by its width. 


3x + 4 


whether the area agrees with the 
product found above, 6 2? + 17 a + 12. 


EXAMPLE 2. Find the product of (562 — 3)(4a + 8). 


SOLUTION. 
5z — 8 In this example, note that: 
42 + 38 20 2? =(5 x) (4 2) 
2022 — 122 3802 =42(—3)4+ 38627)=— 1224+ 152 
+152 —-—9 — 9 = 3(— 3) 


2027+ 32-9 : 
Cusecx. The work may be checked by division or by numerical 
substitution. 
Ifz =2,then (10 —3)(8+3)=7 X11 =77 
Also, ae a hee Cah: ea vera eH! 
Summary of steps. 
1, Find the product of the first terms of the binomials: (az) (cx) = aca?. 
2. Find the sum of the cross products of the first terms by the second 
. : a a 
terms of the binomial: (ax + 6)(ca +d) = adx + ber =(ad + be)z. 


7 
3. Find the product of the second terms of the binomials: (b)(d) = bd. 
Thus, (az + b)(cx + d) = aca? +(ad + bc)x + bd. 


Examine the figure and, see — 
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EXERCISES 


Complete the following indicated products. Check the re- 


sults: 


(2a+1)(a+3)=2@+7a+( ) 

(3 a4 = 2)(a —.1)= 3,.e—5a+( ) 
(6a—1)\(a+1)=50+4a-( ) 
(6a+ 3)\@+2)=6@+15a+( ) 
(2a—1)(a—5)=2@-( )4+5 

. Ba+2)(a+3)=3a + )+6 

(a —7)(2a+3)=2a@—-( )-21 

Ga 2a. 2 1h. =(0.)— 6 

- @e+iyar—2y)=( )+ Vay — 147? 


SON eee 


i 


(82—y)5e+2y)=( )tay—2y 
Find the indicated products: 


- (a+3)8a+ 1) 30. (42 —3y)(22 — 3 y) 
. (x + 5)(8 2 — 1) 31. (32 —7y)(8r2+2y) 
. (62+ 1)(x — 2) 32. (5ax — y)(8 ax — 2 y) 

. @2+1(22+3) 33. (5 ac +8b)(2 ax — b) 

. (52 — 2)(x — 3) 34. (7 ax + 3 b)(4 ax — 25) 

. (Ta+1)(22 — 3) , 85: (2a+b)(8a — bd) 

. (2a — l1)(a — 2) 36. (2a+ b)(8a — 2b) 
(a + 5)(3 a — 11) 37. (2a+b6)(3a+ 55) 
(2a+ 3)(a+ 1) 38. (3a — 2b)(2a — b) 
(a+ 7)(2a+1) 39. (5a+ b)(8a+ 2b) 

. (a — 3)8a — 1) 40. (7a — b)(2a+ 3b) 
(2a —1)(8a+1) 41. (4a+36)(2a —75) 

. (2a+1)8a+ 2) 42. (5r+3s)(2r —7s) 
(2a — 3)(a+ 4) 43. (3r—2s)(4r+s) 

. (6a — 2)(2a+4+3) 44. (2r+7s)(5r — 2s) 

. 562+ 1)22+ 4) 45. (2r+3)(.57r — 38) 
(2”% — 5)(52 — 2) 46. (4a — 7)(.3a-+ 2) 
(42+ 3)(82 — 1) 47. (la+ 4)(.2a — 3) 

. (72 —y)\(224 —5y) 48. (2a+ .3)(8a — .2) 
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Factors of trinomials of the form ax? + ox-+c. Many 


algebraic expressions are prime, just as the numbers 19, 23, 71, 
etc. are prime. Other expressions similar to those you have 
studied can be factored. 


Exampue 1. Factor 62? + 192+ 15. 


Sotution. First find pairs of factors of 6 x? and 15 and arrange them 


in the form of binomials. Since the factors of 6 x? are 6 x and z or 3.x and 
2 x, and the factors of 15 are 15 and 1 or 5 and 3, you may have the following 
possible binomials : 


6xt+ 1 6x+15 S34 
ih eel ee 


3x StS StS 
eetis pete ets 


The sums of the cross products of the first terms and the last terms differ. 
These sums are 91a, 212, 332, 47x, 212, and 19x. The last one 
is the middle term of the expression to be factored. Accordingly, you 
know that the factors of 622 + 192+ 15 are3x2+5and22+3. 

State two other possible pairs of binomials factors of 6 z?+ 19 a + 15. 


At first you will find that it takes several trials before you 
get the correct factors; but after you have factored a number 
of expressions, you will find it easier. Be sure to check each 
set of factors by actual multiplication. 


EXAMPLE 2. Factor 30 2? + 52 — 60. 


Sotution. First look for a common monomial factor and, if you find 
one, remove it. In this expression, each term contains the factor 5. Re- 
moving the factor 5, you have 30 «2? + 52 — 60 = 5(6 2? + x — 12). 

The negative sign before 12 indicates that the factors of 12 are of opposite 
sign. Since z is positive, the larger cross product is positive. By trial 
you will find that 62? ++ 2 — 12 = (27+ 3)(82 — 4). 

Hence 30 2? + 52 — 60 = 5(22 + 3)(32 — 4). 

. Note that 302? + 5x — 60 is also equal to (102 + 15)(3 x — 4) or 
(22 + 3)(15 x — 20); but in the first case 10 x + 15 contains the factor 5: 
10z + 15 = 5(22%+ 8). In the second case, 152 — 20 = 5(32 — 4.) 


‘ 


Summary of steps. 


1. Look for a monomial factor common to each of the terms.’ If there 
is one, express the product of the monomial factor and the quotient of the 


FACTORING 


trinomial divided by the monomial. 


2. Separate the first and last terms of the trinomial into two factors 
such that the algebraic sum of their cross products shall equal the middle 


term. 


Note the sign of the last term, c. 


c has the same sign, as bz. 
opposite signs. 


EXERCISES 


Find the indicated factors: 


eel de 


Find the prime factors of : 


6. 227 -—52+2 
7 22+52+2 
8 324+774+2 
9. 27? +524+3 
10. 322-—2x2%-—5 
11. 322? -—10x2+3 
12. 3227-82-83 
13. 327-—2-—2 
14. 52°+82+4+3 
15. 522°+92-2 
16. 277+ 52-3 
17. 6¢04+17a4+5 


18. 8a@ —10a+3 


19. 2a +a-—15 
20. 3p? — llp+6 


21. 
22. 
23. 
— 24. 
25. 
26. 
27. 
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If it is +, each of the two factors of 
If the sign of cis —, the two factors of c have 


32+52+2=(84+ )(x+ ) 
8e2—524+2=(82 — 
5a — 14¢7—-3=(5r+ )@—_) 
62+2—-2=(8244+ /)(2x- ) 
822-22 -—-3=(42—- 


Me sek") 


\2a+ ) 


382? + ax — 10a? 
62? — 19 ax + 10a? 
62? — ax — 15a? 
627+ ax — 5a? 
82+ 26 ry + 1lby’ 
15 27 + 19 zy + 6 7? 
10 x? — 12 4? + 26 zy 


Hint. Rearrange the terms. 


. 2127 — 367 — 51 zy 
» 302° — 15.4? — 69 ay 
» 420 — 157° +9 zy 
227 —21y + zy 

. 1027 — 7 4 —-9 ry 
~ 18a + Oa —l4 go 


21 a? + 22 ab — 8B? 


\ 
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The square of a binomial may be found in the same way as 


“tn ial 


the product of two binomials; but since the two binomials — 


are identical, the work may be made easier by observing the 
following examples. 


Examp_e 1. Find the square of a + b. 
Soturion. This may be written (a + 6)?, or (a + 6)(a + OD). 


The product of the first terms is ae 
The sum of the cross products is 2 ab 
The product of the last terms is b? 


Hence (a + b) (a + b) = a +2ab + 0B? 


5 ed The square at the left is constructed 


on a line (a + b) units long. Notice 
that the larger square is composed of 


+ Q 


of two rectangles each of which is 
equal to ab square units. The complete 
square is equal to the square of the 
gh how first term, a’, increased by twice the 
product. of he first term and the sec- 

ond term, 2 ab, plus the square of the second term, 6?. 


Loa 


EXAMPLE 2. Find the square of 2a + 30. 


SoLurion. . 
se 4 a The square of 2a is YS aes 
Aaa Ga} Twice the product of 2a and3bis 12ab 
4a + 6ab Th he: ue 
6 ab af 9b e€ square 0 1S 


47+ 12ab+90? 


EXAMPLE 3. Find the square of 3a — 5b. 


Sotution. The square of 3 a is 9 a? 
Twice the product of 3a and — 5 bis — 30 ab 
The square of — 5bis 25 b? 


Hence (3 a4 — 5 b)? = 9a? — 30 ab + 25 b?. 


the two smaller squares, a? and b?, and _ 
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The square of the sum of two terms is equal to the square of the 
__ first term plus twice the product of the two terms plus the square of 
_ the second term. 
(a+b?=@+2ab+ 0? 
The square of the difference between two terms 7s equal to the 
square of the first term minus twice the product of the two terms 
plus the square of the last term. 


(a— bP? =a —2abd+8? 


EXERCISES | 


Find the squares of the following binomials by inspection : 


lz+y to 13. 3a 5 - 19..@b-+ c 

2 m+n 8 a+2 14. 7a—2 20. 7a+3bc 

3. p+q 9 @a+8 15. 3a+76 21. 8a—50? 

Beem ty 10. 24+3y-> 16.441 aa - 4 

& xr2+2y 11. a—2Qy 17. @+b5 23. a +2 

6 #27+3 12. m—3n 18°-227-—7 24. b—ia 

25. Find the square of a+ 4; of a+ 5. 

Soturion. (@+4)? =@+a+h (a+ 5)? =a?+ 10a 4+ 25 
=aa+1)+4 = a(a + 10)+ 25 


These two results are important and may be used as formulas 
to square numbers ending in $ or 5, thus: 
(64)? = 66 +1)+4=6X7+4= 424 
(65)? = 60(60 + 10)+ 25 = 60 X 70 + 25 = 4225 
Find by inspection the squares of the following numbers : 
26. 42 28. 124 30. 75 32. 134 
27. 34 29, 55 31. 85 33. 135 
The formula A = p(1 + 7) gives the amount of p dollars at 
compound interest for ¢ years at r per cent. 
34. Find (1 + 7)! when ¢ = 2; when t = 3. 
85. Find (1 +r)? when r = .04, when r = .05. 
36. Find A if p = $530, r = 44%, andt = 
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Factors of trinomials that are squares. 
You have seen that: (a + 6)? = a +2ab+ 0? 
and (a — b)? = a — 2ab + 
Accordingly you know that: 
a + 2ab + 0? =(a+ b)? and a? — 2ab + b? =(a — b)? 
If a trinomial square is arranged according to the ascending or 
the descending powers of some common letter, the first and last terms 


are squares and the middle term of the trinomial is twice the product — 
of the square roots of the first term and the last term. 


ORAL EXERCISES 


Complete the following trinomials so that they will be squares 4 


1. ow? +( )+Y¥ 6. a? + 62y+( ) 

2. 2—-( )+y 7. 977+ 122y4+( ) 

3. 90 —-C )+ 0 8. 1622—82+( ) 
4,.4¢07+4+( )+90 9. 36a*+ 84a2+4+( ) 
5. 9a2? —( )+ 250? 10. 49 ab? — 21 abe +( ) 


When factoring a trinomial square, find the square roots of the first 
and last terms and connect them with the sign of the middle term of 
the trinomial. There will be two binomial factors that are identical. 


a + 2ab--2 & = (a4 6b)? 
In factoring trinomials, inspect the expression carefully to 
see if it is a square. 
ORAL EXERCISES 


Determine which of the following trinomials are squares and 
factor as many as possible: 


1.@?+4ab+40 . §& a&+17ab+ 1602. 
2, a2+50b+408 9. a — 15ab — 168? 
a2 3 ab — 20 10. 9a2+120b+42B 
4. a2 +3ab—40 11. 9a? — 120b +480 
5. a + 8ab+ 1682 12. 9a — 150d +428 
6. a? + 10 ab + 168 | 13. 9a2 + 37ab 4B - 
7. a —100b +168 14. 4a? — 20 ab? + 25 bt - 


ga 


j 
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Exampe. Find the factors of 36 2? + 84 xy + 49 y?. 


SoLuTion. 36 2? and 49 y? are squares and 84 zy is twice the product 
of (V36 22)(VW/49 y’), Since 84 zy = 2(6 x)(7 y). 
Hence 36 2? + 842y + 49y? =(62+7y)*, or (624+7y)(6x+7y). 


EXERCISES 


Find the factors of the following trinomials. 


are not squares: 


le 


> 42+ 4¢ry+y 
oot Aoy +4y 
9v+6ay+y 
92*+ 1l2ay+4yY 
(a= 8-1 
25.27 + 10741 

—2or + 40'2;-++ 16 
252? — 30z72+4+9 

- 49 xy? — 142y4+1 
. Slat — 1262+ 497 
. 16a? + 72 ab’? + 81 b+ 
ee D2 Sa + 

- 9% —2ab+240? 
ane 2 Mn 4 

» 92? —32-+ .25 


Solve the following equations: 


31. 


Several! of them 


. 252* — 70 ry? + 49 y® 
. 4@+4+ 16ab+ 160? 

. 81 p? + 108 pg + 36 ¢? 
- 16m? — 96 mp + 144 p*? 
. O27 — HOrzy + 127 

. 45a? — 120 ab + 80 Bb? 
. 36a — 100a 4+ 25 

. 36 a? + 109 ab + 25 B? 
. 36 a + 60 ab + 25 b? 

. 36 a + 61 ab + 250? 

. 64427 —48ay4+ 97 

. 642° —S2 ay +977 

. 6422+ 0ay 4+ 97? 

. 64a? — 160 ab + 100 0? 
. 14426 — 216 xy + 81 y? 


(a—2)r =a —4a+4 


Ans.x =a—2. Explain. 


. d2+axr = 254+ 100+? 
36 = 9 6p p ~ pr 
.ar—-C=a+cr — 2ac 
 ~azrta=@+42+4 

. 4ab—be = 40-—2axr+P? 
. &+32=b+60¢24+ 6 
.ax—-a=a—32-6 
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a s 
> 7 
t 
; 
‘ 


The product of the sum of two numbers by their difference. 
Exampue. Find the product of (a + b)(a — 6). 


SoLuTION. 
a+ b The product of the first terms is a 
a— bd The sum of the cross products is 0 
a? + ab The product of the last terms is — 
. — ab —.b Hence (a + b)(a — b) = a? — Bb. ~ 


a 


OE Oe SS? Uae Poa 


[i 


The product of the sum of two numbers by their difference is equal — 
to the square of the first number minus the square of the second — 
number. 


(a+ b(a—b\=a@ —B? 


EXERCISES 


Find the indicated products : 


(a + 5)(a.— 5) 
(x + 3)(% = 3) 
(a + 2)(a — x) 
(a + 9)(a — 9) 
(a + 6)(a — 6) 


(2a+ b)(2a — bd) 

(r+ 3s)(r — 3s) 
(2a+ 5b)(2a— 5b) 
(a? + b)(a? — b) 

(7 ab — c)(7 ab + c) 

(2 wy + 1)(2 xy — 1) 

. (10a — 6)(10 a+. b) 

. (82y — 22)(3 cy + 22) 


14. (8m+ 3 p)\(8m — 3p) 


15. (15 abe — 5)(15 abe + 5) 31 
. (6a4+22x)(5a— 22) 32 
33. 19 X 21 36. 22 < 38 
34. 91 X 89 ‘37. 73 X 67 
35. 22 < 18 38. 35 X 45 


(ae ba 0) 

(x? + y*)(x* — >) 
(2.52 — 3)(2.52 + 3). 
(3.5 m + n)(3.5 m — n) 


. (4.52 —2y)(4.5 2+ 2y) 
.(7rs + 8 p)(7rs — 8 p) 


(52 —3 y)(.5 2-4 Sa 


. (552% + 3 y?)(55 2 —3 y?) 
i(k — 2) (ey 

. (2R+7r)\(2R — 7) 

» 2r(K — 2.r)(K +27 
- (22-3 y)2e 3p 
of 20 238 y) (2 5 = aa 
- T2e¢+3y)(2r+3 y) 
- (20 + 2)(20 — 2) 
(30. 3380S) 


39. 85 X 75 
40. 25 X 35 
41. 46 X 54 
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Factors of binomials that are the difference of two squares. 
Since (a + b)(a — b)= a@ — Bb’, you know that: 

a — b? =(a + b)(a — b) 
The factors of a binomial that is the difference between two squares 


are the sum of the square roots of the terms and the difference of the 
square roots of the terms. 


— b' = (a+ b)(a — b) 


EXERCISES ~ 
Factor the following binomials. Do ex. 1 to 15 orally: 
1. @-1 6. 9p? — 16¢ 11. 48 a* — 75 
2. a —4 7. 9p? — 144 ¢ 12. 100 a§ — 324 2? 
3. a@ —9 8. 16m? — 25 p? 13. 108a*— 147 ab? 
4. a® — 16 9. 16m? — 64n? 14. 1692? — 225 y? 
5. = 10> 25.0794" 15. 1.69 2? — 2.257? 


a the value of : 
16. 112 — 92 Soturion. (11 + 9)(11 — 9)= 20 x 2 = 40 


17. 18? — 3? 19. 25? — 15? 21. 35? — 15? 

18. 15? — 12? 20. 28? — 8? 22. 75? — 25 
Factor : 

93. at — b* Soxvurion. (a? + 8*)(a? — 0’) =(2 + B)(a +b) (a — b) 

94. 1624-1 26. 1624 — 81 y* 28. a® — b8 

25. 8lat—1 27. 625 — a‘ 29. 256 «8 — J 


30. The area of the flat ring at the 
right is given by the formula 7k? — 77’. 
Explain how this formula is obtained. 
Show how the formula may be put into a 
more convenient form for work by factoring. 

31. Find the area of the ring if r = 34, 
R = 10, andr = 8. 


on * 
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: at 4 
The product of two trinomials of the form (a+ 6)+c¢ and ~ 
(a+ b)— Cc. ; ‘ 
Exampie. Find the product of [(@ + y)— z][(a@ + y)+ 2]. 


Sotution. This comes under the type form (a2 +6)(a—b). The — 
result is (c + y)?— 2, orz?+2ay+y? — 2. 


EXERCISES 

Find the products: 
1. [a + b)+ e][(a + b)— c] 

2. [((2a — b)+ cl[(2a — b)— c] 

3. [(m + n)— pll(m + n)+ pI 

4. (a -—yta2w-—y-2) . 

5. [x — y + alle +(y + 2)] 

6. [8a —(b + 2c)][3a +(b + 20c)] 

7. (2a—b+c)\2a+b-—c) 

8. (x —y—2z)\(*+ty+22) 

9. Qetyta2a(2Qe+y-— 2) 

10. (2e—y—z)Qr+y— 2) 

11. (m+ 3n — 2)(m+3n 4 2) 

12. (m—22+7y)(m+22—Ty) 

13S ogi 

14. (83r—2s+1)(r+2s-—1) 


Factors of expressions of the form (a + b)? — c?. 


ExampP.eE 1. Find the factors of (2 + y)? — 2*: 
Sotvution. This is of the form a? — b?, in which (x + y) is a and z is b. 
a+ b a — b 
The factors are [(« + y)+ 2][(e + y)— 2], or (@ +y +2)(x +y—2). 
EXAMPLE 2. Find the factors of 2? —(y + z)?. 
F a+ bo. a= 6b 
Sotution. The factors are [zy +(y + 2)][x —(y + 2)], or 
(ebb 2) (2 —y = 2). 

Keep the parenthesis around the second terms in the first step to avoid 
making mistakes in signs. When you remove the parenthesis, be careful 
to change the signs if the parenthesis is preceded by a minus sign. 


: 


P. ’ . 
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EXERCISES 
Find the factors of the following expressions: 


1. @+y)-4 9. 25a? — 64(a — 2y)? 

2. (x — y)? —9 10. 9a? —(26+ 3c)? 

3. (24% + y)? — 25 11. (a+ 6)? —(c + d)? 

4. 4a+y)— 1212 12. (m+ 3)? —(p — 2)? 

5. 9132 —y)? — 162 13. (2a — c)? —(b — d)? 

6. 16 —(22 + y)? _ 14. 9a 4+ 5c —(2 2 + y) 
7. 922 —4(32-—y)? © 15. 16(a—36)?— 9(34—a)? | 
8. 25 —(x — 2y)? 16. (m + p)* — 25(5 + 2)? 


17. 9x2? —62ry+y? + 252 


Hint. 92? —6ay+y? — 262 =(92?— 62y + y?)— 252 
=(32.—'y)* — (5 2)? 
Proceed as in example 1, page 174. 


18. @ —2ab+0?-—¢ 21. 92? —6ay+ y? — 25 
19. a? + 14a+ 49 — 90? 22. a?+ 10ab+ 256?— 49¢? 
20. ?+42y4+4y—-1 2a.) 2 ab 4 b> — 16 6 


24. 25 a? + 10 ab: b? — 81° 
25. 16 p? — 40 pq + 25 — 36m? 
26. 252? — 49 y* 4+ 1l4yz2-— 2 
Hint. 252° — 4977 + 14y2 — 2 = 252° —(49y* — 14 yz + #) 
=(5 2)? —(7y — z)*. 
Proceed as in example 2, page 174. 
27. 25-422? —42y-y 32. 9 x? — a? — b? — 2ab 
28.92 47+ i2y2—92 938...be.— 9 ab:-,b* = Gab> 
29. 16277— 49a?— 14ab—0? 34. a —2ar4+ 27 — 160? 
30. a — b& — 25+ 106 35. 25c? — 9a? — y+ 6 ay 
31. Bb — 2 —- y+ 22 36. xy? — 423— 12 222-9 x2? 
37. 3a3 + 3 ab? — 3.ac? — 6 a*b. 
38. 100 c? — 36 b? + 24 ab — 4a? 
39. (832 + 2 y)? —(a + 2)? 
40. (2a + b)? —(2c — d)? 
-. 41, 2? + y? — m? — 25 — 22y+10m 


Lg 
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Summary of Factoring 


No general rule can be given that will enable you to know how i 


to factor all expressions, but the following suggestions will be 
helpful. 

Read the expression carefully fe determine its type form. 
Always make sure that you have found the prime factors. 


Look first for a monomial factor that is commion to each | 


term of the expression. If there is such a factor, remove it. 


Summary of type forms. 
1. Monomial factors common to each of the terms. 
ab + ac + ad 
2. Trinoméals of the general type. 
ax? + bx +c 
Two special cases may be grouped with this type: 
(a) ‘Trinomials having the coefficient of x? unity. 
x + bx+c 
(b) Trinomials that are squares. 
@+2ab4+ 0? 
3. Binomials that are the difference of two squares. 
a — 
(a) Polynomials that may be grouped to show the 
difference between two squares. 
@?+2ab+bv—c 


e 


REVIEW EXERCISES 
Find the prime factors of : 


Loa — 30) 9. 10a? + 132-3 
2. 1 — 1624 10. 4a? -—a— 14 

3. a —a 11. m2? —11m+ 18 
te ci ci a ae 12. at—@ 

5. 18 — 50 b4 13. 622 —x-2 

6. 622 — 2027+ 6 14. 972-9 

To Die Sas 3D 15. 2?" + 2 ary” + y% 
8. 16 — x4 16. 162 — 2 p? 


SUMMARY OF FACTORING | 


2 a*b — 6 ab — 206 


. vy? — ll ryz — 422 
mia = 100 — 2 a? 


. 622 —9x —6 
- 6a — 2a —9l1 
. 4a°b — 4 ab > 

. 16a — 25 ab? 

. @+2ax 

. 18a+ 3a — 36 
-m+i—8m 

. 8 — 182 

- 60+ 7a+2 
. 5a% — 5a — 60 
. 2a? — ab — BP 
. vy? — ry? — 67? 


. 207+ 5ab-30 
. 16a? + 25 b? + 40 ab 


3a0@—a-—2 


. 202b—6ab+ 186 
. 4a? —120ab4+ 906? 
. @b? — 12 abr + 35 2? 


49 a? — 42ab +90? 


. 19X3—8X19+138X19 


2a* — 10 a* — 28 a? 


op Mas!) 
Solve the following equations : 


42. 
43. 
. 2x(a—2b)—3 y(a—2 d) 
. &2—2)+(2—x)ab * 
. @& — 490? — 10a+ 25 
- (a — 2b)? —(c — 3d)? 
wipe g)? Tp — Gla 
- (a—2)? — 3(a—2)+2 
. 12 ab? — 12 ab 
.-@+0+4+2ab—-—¢ 

- 97% —6a-—490+4+1 
- O27" = 52" + 60 

. 3e@7+13a"+4 

yp rte 2 0 47m 
. 66 — 380 2” — 37 2” 

2 16.27* —-12°e2* — 70 

- a — 25 arb* + 136 Bb? 
. (a — 6) — 6(a — b)+ 9 


Lid, 


m?—6 mn—16 2y?+9 n? 
(2a — b)x — y(2a — b) 


. 828+ 62+ —9 
. @+ 2a— .15 
. 2-292 — 3 
. 227+ 32 — .02 
. 2 — 1322+ 36 
. o— 22? — 152 
. 2 —10074+9 


67. px —4qr = 5p? — 23 pq+12¢ 

68. 3ar +5 be = 21 a? — 10b? + 29 ab 

69. 2av+5=12a!:+17¢4+2 

70. mz +13 mn = 8m?+5n? + nz 

71. 3mz +18 mn =9m?+4nt+8n? 
72. 5ax+49b? = 25a? — 7 bx 

73. 3.5ax —4 ba = 12.25 a? — 28ab+ 168? 
74. 5px —3qr =5p?+ 17 pq —12¢ 


Pazzline Problems 


ue ey 32 ounces = 2 pounds ~ (1) 
and 8 ounces = 4 pound (2)= 
Then, (1) X (2), 256 ounces = 1 pound 

since if equals are multiplied by equals the results are equal. 
Can you find the error in this reasoning? 

2. An egg man sold half of his eggs and half an egg to 
Mrs. Smith, half of the remaining eggs and half an egg to._ 
Mrs. Bell, and half of the eggs then left and half an egg to 
Mrs. Brown. Mrs. Potter took all the rest of the eggs and 
had 36 eggs. How many eggs were there at first? 


3. Let al 
Then r=nN Why? 
and 7 = i na Whe 
n+tl=1 Why? 

But . ee 


Then, by substitution, 2 = 1 Explain the error. 
4. Explain this fallacy : 
8 —8 = 2 — 2, as each = 0 


and 2-—-2=2-2 

Then 4=1 

For 8 — 8 = 4(2 — 2), which equals 2 — 2 
Divide by 2 — 2: 4=1 


Or, all numbers are equal to each other. 
5. Explain this fallacy : 
Let ar==_b 
Then ab =? and @ = 06? 
ab —- BP =a — Bb 
b(a — b) = (a+ b)(a — b) 
b=a+b=b+56 
Or b=2b 
Hence 1=2 
178 
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CHAPTER X 


FRACTIONS 


You have worked a number of exercises that contained frac- 
tions with numerical denominators, but you will need to know 
how to handle fractions that have algebraic expressions in ee 

denominator as well as in the numerator. 

A fraction is an indicated division. (See page 6.) The divi- 
dend is the numerator of the fraction and the divisor is the 
denominator. 


Thus, ; is a fraction. a and 6 represent any algebraic expressions. 


The rules that apply to fractions in arithmetic apply also to 
fractions in algebra. 


Reducing Fractions to Lowest Terms 


Fractions are in their lowest terms when their numerators 
and denominators are prime to each other, that is, when they 
contain no common factors except 1. 

Thus, 12 is reduced to 3 by dividing the numerator and the denominator 
of the fraction by the eee 4 that is common to both terms. 


4 a®b 


EXAMPLE. Reduce FG , to lowest terms. 


Soutution. Factor both terms of the fraction. Then divide both terms 
of the fraction by all factors that are common to both. 
1 hak 
4a’ . 2X 2X dap _ 2a 


6ab 3K ZX Adhp 3b 
ae all 


Note that == : =]. If a factor in the denominator is 


divided into a like factor of the numerator, the quotient Toad 


If the numerators and denominators cancel, the result is 1 
179 
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The reduction of fractions to lowest terms depends on the 
principle that: el 


Both terms of a fraction may be divided by the same factors with- 
out changing the value of the fraction. 


EXERCISES (1 to 12 Oral) 


Reduce to lowest terms : 


ae yee DA ee 
15 12a — 42 ab?2? 
oe 12, 9 PY 99, 28 xyrz! 
27 12p 64 x yz 
12, 6 ab 32 
He iota se i RE. 
? 32 15 ab? 36 p? 
4a 8 ab? 21 ax 
= 1457222: 24. y 
55 18 ab 18 ay 
42 15 xy? 15 2 
5. -— = 15. 95.2 YY 
56 18 xy? : 15 xy? 
— 18 14 abe 9 a’b 
ee ae 16. ees 
: 24 35 atc * 18 ab © 
9 — 21 xy? 25 x32 
ees 17 ees ‘ y 
ee 15: 42 xry3 a. 52 ay? 
16 16 a2bc 18 p29? 
$..— = 18.7 ee SSE Lan 5 
24 24 abc ae 30 pqgz 
== 42 — 32 a°b nh? 
ae 19.) ee a 
45 24 abs Oca 
27 48 xy4 12 qiny3n 
10g 20. ¥ es 
— 18 40 yz3 at 8 arain 


a2 — x2 
v+2ay+ y¥ 

Souution, Factor both terms of the fraction. Then divide both terms 
of the fraction by the factors that are common to each term, 


EXAMPLE 1. Reduce to lowest terms. 


1 
wae eG Fate 
e+ ley +y? ere +y) «a+y 
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mar, 


Then pee te ee 
Y+22y+ 7 4+12+9 25 5 
Also <geze =2-3--] 
; a a i 2 5 


3a — 3ab — 188 
12 a — 18 ab — 54 0b? 


Sotution. Factor both terms of the fraction and divide by the common 
factors. 


to lowest terms. 


EXAMPLE 2. Reduce 


1 f 1 
3@—3ab—188 _— Z(a+-2b)4—3t7 _~ a+2b 


12 a? — 18 ab — 548? g2a + 3b)la—3t} 2(2a+ 36) 
1 
Check by substitution. 


Finding the highest common factor. 


In arithmetic, as you will remember, the product of all the 
prime factors common to two or more numbers is called their 
greatest common divisor (G.C.D:). 


Thus, since 27 = 3X 3 X 3 and 36 = 3 X 3 X 4, the G.C. D. of 27 and 
36 is 3 X 3, or 9. 


In algebra the product of all the prime factors that are com- 
mon to two or more numbers is called their highest common 
factor (H. C. F.). 


Thus, 3(a — 35) isthe H. C. F. of 3a? — 3 ab — 18 b’ and 12 a? — 18 ab 
— 546%. Fractions can be reduced to their lowest terms by dividing the 
numerator and the denominator by their H. C. F. 


2a—b 


Norse. The fraction 3 cannot be reduced to lower terms, as there 
a 


is no factor common to its numerator and denominator. You can see 
that it would be wrong to cancel numbers that look alike. 


ie 
Thus, ae rea J does not equal 2 3 fo oa) or ‘ 
4 


If you substitute Rec as 10 for a and 5 for 5, 


2a-—b_2X10—-—5_15 _3,,43 3 does not equal 3. 
8a+b 3xK10+5 35 7 


20. 6a? +7ab — 3b 
3a — 7ab+ 20? 


31. 
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EXERCISES 
Reduce to lowest terms. Check ex. 1 to 9: 
ee es rig SO ane 7 Ut ty 
ab + ac 3a + 3ab Seer 
9 ab abc 8 a? + ab 
* ab + be * a@+ ab "ab + BP 
be 3 ab + 6B? z—y 
if ees . z 
=o 40 : Eames 
re Rea q1, 32 +9 sy 
| CS Aira ‘ + oy — 6y? 
11. Ge 22 38a? —1la+10 
_ @&—~3ab + 26% " 64+9a—-6@ 
2 
12. See 2ax — ay 
w+ 2 xy + xy? 23. i624 
13. se SPS 36 a? 
v’—6ay+9y 24. Oe us 
4. Vt2ab+P aS yore 
“a aBab + 2b 95, 47? — 94 
. 15 y+ Tay + 12 y? 27k? + 37k 
‘ a — 164%? 26. we—627+82 
16 47+ 42y+y 67° 24 a 
22+ Say +.2y¥ OT. 227 — 52 +2 
7. 77 32? — 122+ 12 
fs Gas og, a — 18.07 + 36 
Hwr, 2—¥.%2¥ : a — a= 6 
Ur Ane (ey) 
13, 22-4 g9, “U— 8a + 16 
y—42 w+4a+4 
19 2a—3b 30. v+2a+h—¢ 
Ob = 49? a — b+ 2be — 2 


MP ah — ee ees 
m — ry — xz 


ryyeet, ape 


‘ 
i 
: 
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Multiplying Fractions 
Fractions are multiplied in algebra in the same way as in 
arithmetic. 
Thus, 2y4_2X4-_ 8 
FA RS ea See 
yf _4aXe_u 
Dieeint wa0 ids =. bd 
2 
Exampte 1. Multiply 2% py 22%. 
PY I4b ” 908, 
3a. 350 _ 3x ae 
a Ae ke 
SOLUTION. 145 ».4 9a? 144 x oe = 6a? 
2 3 a? 
@urcre. . Let a = 2,b = 3 
Then  3@ ¢ 368* _ 3(2) , 35(3)* _ 315 _ 5 
146 9 a 14(3) 9(2)3 sie VOD: 
iio 56 _5(8) _15 _5 


6a? 6(2)2? 24 8 
The factor 3 a divides into the first numerator with a quotient of 1, and 


into the second denominator with a quotient of 3a?. The factor 7b 


divides into the first denominator with a quotient of 2, and into the second 


“numerator with a quotient of 56. The resulting fraction is found by 
taking the product of the remaining factors of the numerators for the 
“numerator, and the product of the remaining factors of the denominators 


for the denominator. 


: Th Hf Piet 2 
ie 2. Multiply o=ab+ 28 y ara 
a — b x —4ab +40 e+ tet ye a—20)(a — 26) 
—3ab +20 a? + ab o—2ie— Oy Bee rns A 

ea = 2b 
Cueck. Leta = 2,6 =3 e 
ek ee Te ate 
=-=?x--2 
lacy a2) 2-0 =-2 
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G73 ab — 4 b? 
a@—5ab+40? 
SoLution. Write the integral expression, a? — 16 0, as a fraction with 
denominator 1. E 
Then @ = 8 eva +3ab — 40 


ANG = 6ab 248 


ExampteE 3. Multiply a? — 16 6? by 


1 1 
_ @—4tj(a +45) y (@+40)@—= _(g 4 4p 
1 He 
Cureck. Leta = 2,b6=3 
a? — 1602 a? +3ab—4B? 4-144. 44 18 — 36 
Re a te Ce ae ee [or ha ae 
= 140-4 
a INS 2 eee 
; x a ( y 
Also (a + 4b)? =(2 + 12)? =(14)? = 196 


Summary of steps. 
1. Find the prime factors of each numerator and denominator of the 
fractions. 


2. By division, remove all the factors that are common to any nu- 
merator and denominator. 

3. Find the product of the remaining factors of the numerators for the 
numerator of the result, and the product of the remaining factors of the 
denominators for the denominator of the result. 

Step (2) is frequently referred to as canceling like factors. 


EXERCISES 


Find the indicated products : 


o> 
(er) 
or 
io 


1. $3 xX i$ 8. 33 X 74 12, % y, bd 

2. ab X 48 age oe 

3. 48x H een 43) ) 58 ee 

9ax? ~ 70b 

4. 25 X 52x 9 

ieee 10: 2 Sqr 18 att. 85% 
at x: 5 3 Yy Loe 14 xy? 27 abs 

6. 35 X 44 1, ey 5a 45 28ar . 40 

7. 33 X 5 ry a * 32 max3 “~ 125 a3 


MULTIPLYING FRACTIONS 


Find the products :. 


"16. 
17. 
18. 
49, 
20. 
21. 
22. 
23. 


9A. 


185, 


a+b. 10 2axr+2. Bb — @e 

— 25. 

5 ag c+ be (Sap sig Gan 
x2—9 7 @C+a—-6_a+a—12 

—— DG ee NG eee 
14 zr+3 iG eal 
85 x—A4 v’?—y,ala+b) 
DAE 

aa 51 Ono & ey 

oa (7+ 8y) 28 v—9 ve—8a+1h 
v— 64y? 3224+ 24ay ~’ (4 —3)2?  P—22 — 15 
a—3b 422 — 1 99 at — 64 a—b 
22+1° a&—98 * @—2ab+? ~~ a+ ab 
2D SP oo 30. @—oa-6yat2 
p+5a 16 a? — a—4 a—3 
Gs & 3 axy 31 607 —154+6 )b.a—38 

9 xy a® + 3@ " 6@+a-2 5a -—10 
a+b bb? —e 32 at — 16 xv? + 25 
b—c @&+tad . 625 — 2° 44+ 
a++3 5a — 25 33 2a—13a—-—7 5a + 15 
a—5 6+ 2a eae 7a en a®—Ta 
34 a? — 16 2x27+2x— 12 

* 34? — 27 a+ x — 20 

35 2a + ab —- 6B y a — b? 

~98@—5ab+30 8 +4004+480 

36 2 tt OD oe od = 9D 

* @—6ab+90? 2 a — ab 

37 6a? — 17 ab — 140 25 a? 
ee 10 a? — 35.ab. 3a —4ab— 48 

38 5a? + 15 ab — 500 6a — 6B? 

* 3+ 18ab+ 150? 10a? — 30ab+ 208? 

2) a 2 ae 750 6 2 
39. 2 b?+2be—c a 


3a —3ab+3ac 


-c — be — ac 
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Dividing Fractions 


You will remember that to divide 3% by % you invert the _ 


divisor and proceed as in multiplication. 
ai 4 
DN ware oe ; 

Thus, ig ba 16” 3 a a 


When a fraction is inverted, as when 2 becomes 4, the re- 
sult is called the reciprocal of the original fraction. 4 is the ~ 
reciprocal of 2 and 1 is the reciprocal of 5. 


Examp._e 1. Divide a by Y%. 


bx 
e 1 
2 a 
SoLurion. sucess 
b 1 
rie ae 3 
EXXAMPLE 2. Divid a : 
Wide (SS SSR LOB Ba 108 
SOLUTION. 
1 
e-¥ , 3: _ @—veid, Sa 2) JOR 


@—3ab+2" 5a—100 G—y ae 
2 1 1 
Invert the fraction that is the divisor and proceed as in the 
multiplication of fractions. Check by substitution. 


EXERCISES 
Find the quotients: 
le is 7, 26 . bd io, 18a. 4a 
2. 25 + 35 cd de “4525 ° 5a 
3. $$+ % 
4. 53, + 33 a? | ax abe . a’b 
So. - hl. == 
5. 22% bee by bex cay 
Gay . : 
coe 9, 208 7 Oe oe eae 
bea = 4 bax? 5 by 5atz 27 36 
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aq 6 > abt eE 9 —P . 3ab — 2? 
1 ee 16 + 
ae a 15 ab b 
ve +2ry . 22 16 fe ee ay 
ry t2y xy “@+ab° &— 


14. 


17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 


30. 


25az . 5a+5a 

49 by 7T7ab— 14b 

75 abc . 5 akb’c? + 5 a2b*? 
36ry2 sD ax*y? — 9 xy? 
6a?—1lab—100? . 
tod Lope ee 


a’ —8a?+ 16a 
+(a—4 
e+2a c ) 
fe et oh ery OY 
x? + ay re — 2y xz? + 22xy 


227+ 52y — 127? 1222+ 262y — 107? . 

en Le Sar eae past 2 
@—llat30,@—3a, a-—9y 
a—6a?+9a_ a? — 25 av+2a— 15 
erder3y P-2e—- 35, P+ 845 
YP—-8e+7. wv -—Tx#-—8 v—-92r+8 
Cre = 27 Fae, a—4 

afw+2a-—3 5@0+25a 4ab+ 206 
2a*—ab—b w a? — 2ab+ B? i, a? — 2ab+ 2 
@+3ab+20? 6@+4+70a04+20 3a—ab—2P 
Cab ec) 3a = be 
b—(a+c)? a—b+e 

G@yoP- 4, atb—2 
20g)" > 0 = hee 

2a —axr—4ab+2bc , 2a? +a —4ab— 2b 
2¢04+ 5ar — 32? ~ 2a —a+6ar — 32 
ob+3a+2b+6 ,. a+ 6a — 16 
ab—2b+3a-—-6 @t+a-6 
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Reducing Fractions to Integral Form or to Mixed 
Expressions :; 


In arithmetic, as you know, a fraction is changed to a mixed 
number by dividing the numerator by the denominator and — 
expressing the quotient with the remainder. 

Thus, 48 = 15+4=3+43= 
Reduction of fractions in algebra is done in the same way. 


EXxaAmPuLe. Reduce the fraction 24+? to a mixed expression. 
a 
Souturion. Divide each term of 2a + b by a. 
Zat+b_2a,b_946 
a a a a 


Check by substitution. 
Note that the sign + must be written between 2 and b since 2 g means 
a a 


“8 which is not the same as 2 =p P 
a 
Geechee the fraction to lowest terms and then divide the numerator 
by the denominator. 
EXERCISES 


Express in integral form or as mixed expressions : 


1 15 ab 6 a+ 2ab 11 a@+2ab+ b? 
a, ’ Geel Oe ae 
9. 20 ab? 7 a® — 2ab 12 we+2e24+32 
eo 4iab : ab : Me 
3. ax +b 8. x 3 ry 13. ey? + 38a2y +2 
ax i ee xy 
4. a + 2ab 9. et+t2e+]1 14. 102727+ 52-15. 
a x Bear 
5. 8e@ — 4h 10. eV+3e+4 15. a+ 2ab+ b? 
4a x+3 a+2b 
16. 30+ 9 ab — 120? 18. a’ + 3a’b — 10 ab? 
3a + 12 ab @ +3 abo 
17. a — ab — 6B? 19 e+ arta 


a? + 2 ab "  @ + ax 
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Finding the lowest common multiple. 


Before fractions can be added, they must have the same de- 
nominators. You can add } and % and get 4; but before 
you can add 4 and 4 you must reduce them to fractions having 
the same denominator. 

Thus, 4 = $, andi = 3; thn?+i=S+3=% 


A multiple of a number is any number that exactly contains 
the given number. 


Thus, 10, 15, 20, ete. are multiples of 5; also 7 a, ax, a(x + y), ete. are 
multiples of a. 


A common multiple of two or more numbers is a number that 
exactly contains each of the given numbers. 


Thus, 30 is a common multiple of 2, 3, and 5; also abc is a common 
multiple of a, b, and c. 


The lowest common multiple (L. C. M.) of two or more num- 
bers is their common multiple that contains the fewest factors. 


Thus, while 24 is a common multiple of 2, 3, and 4, their lowest 
common multiple is 12. The L.C. M. of a+ banda — bisa? — b. 


Exampte 1. Find the L. C. M. of 15, 18, and 20. 
SoLution. Find the prime factors of each number. 
15=5X3, 18 =2 X 3, and 20=5 X 2 
The L. C. M. must contain 15, or 5 X 3. It must also contain 18 and 20, 


hence it must be a multiple of 2 X 3? and of 5 X 27. 
Hence the L. C. M. of 15, 18, and 20 = 5 X 3? X 2?, or 180. 


Cueck. 180 + 15= 12; 180 +18. = 10; 180 + 20 = 9. 

The L. C. M. of two or more numbers is the product of each different factor 
of the numbers taken the greatest number of times it occurs in any one of the 
numbers. 

Examp.e 2. Find the L. C. M. of 6 ab, 8 b%c’, and 9 ax. 

So.tution. The L. C. M. of 6, 8, and 9is 72. The product of each of 
the literal factors taken the greatest number of times it is contained in any 


expression is a?b3c?z. 
Hence the L. C. M. of 6 ab, 8 b3c?, and 9 a2x is 72 ab%c*z. 
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EXAMpup 3. Find the L. C. M. of 4a2+8ab+ 40? and 4 
3 a — 3b. 

SoLtution. 402+ 8ab+ 40? = 4(a + Db)? 


3a? — 36? = 3(a + b)(a — BD) 


Hence the L. C. M. of the expressions is 12(a + b)?(a — b). 
Check by dividing 12(a + b)?(a — b) by each of the expressions. 


Summary of steps. 


1. Find the prime factors of each expression. 


2. Find the product of each of the different factors of the expressions, 
giving each factor the largest exponent it has in any of the expressions. 


EXERCISES 
Find the L. C. M. of: Z 

1. 15 and 12 9. 12 az, 8ay3, and 1522 
2. 8 and 20 10. a+ banda — b | 
3. 12, 18, and 20 11. r— 2yandz2+ 3y 
4. 15, 20, and 24 12. ab + ac and b2 + be 
5. 15 az and 6 bx 13. a? + ab and ab + Bb 
6. 12 a’x and 8 bz 14. 32% — 3y and 2 — ¥? 
1. Dox and 8 ab*s* 15. 2? + y? and (x + y)? 
8. 18 7?s, 6 rs?, and 4 rz 16. a? — 6? and (a — b)? 

17. a+ b,a-—b, and 3a? — 30? 

18. 4a? — 9a, 6a? — 9a, and 4a? — 12a?+ 9a 

19. 2a*t —2a?, 20° — 402+ 2a, and4a? — 4a 

20. 2 +527+6,7+427+4, and2?+6274+9 

21. x? — 162, 22 —2 — 12, and2#? +7224 122 


22. 


x? — y’, 2 + ay, and vy + xy* 


Find the L. C. M. of the denominators of the fractions: 


23. 
24. 


1s 
% %, $, and 2 


One = 


EQUIVALENT FRACTIONS 191 


Reducing Fractions to Equivalent Fractions 


_ Equivalent fractions are fractions that have the.same value 
when reduced to lowest terms. They differ only in form. 
Thus, §, 3§, and 24 are equivalent fractions since each equals 3; also 
a+b. ae as ab. 
a—b ab 
Fractions that are =n, be combined by addition or subtraction 
should first be reduced to equivalent fractions that have for 
their common denominator the L. C. M. of their denominators. 
This denominator is called the lowest’ common denominator 
(L. C.D.) of the fractions. (See page 74.) 


ExampLe 1. Reduce $ and 3 to equivalent fractions having 
their L. C. D. 

Sotution. Their L.C. D. is the L.C.M. of 6 and 8, which is 24. 
24 = 6 X 4; hence to make the denominator of & equal 24 it is necessary 
to multiply it by 4. Since the new fraction is to be equivalent to 8, both 
terms must be multiplied by 4 


is equivalent oF 


6 4X6 24 ane pre ater! 
PrincipLtE. Both terms of a fraction may be multiplied by the 
same factors without changing the value of the fraction. 
es are 
a + ax a — 
tions having their L. C. D. 


Sotution. The L. C. D. isa(a + 2)(a — 2). Divide a(a + z)(a — 2) 
by each denominator; then multiply each term of the fraction by the corre- 
sponding quotients. 


EXAMPLE 2. Reduce 7 to equivalent frac- 


x _ (a — x)x ax — x 
aa+e2) aa—xz)(a+ egy a(a — z)(a + 2) 
a = a-a i a 


(a—x)(a+z) ,aa—z)(a+xz) afa—z)(a+z) 
Summary of steps. 
1. Find the L. C. D. of the denominators of the fractions. 
2. Multiply the numerator and the denominator of each fraction by 
the factor that will make the denominator of the fraction equal to the 
L. C. D. of the fractions. 
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Reduce to equivalent fractions having their lowest common 


denominator : 


i: 


2. 


3. 


12. 


13. 


06 | 
— 


a 


ao 


QgQ 
8 
~) 
8 


| 


~ 


wie WIS 


~~ 


AIS NIE 
iS) 
8 |e 
a|e *! 


gS 
ao 


~ 


tein (=) Se 


Q 
Py 


27. 2 ax 
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2 


EXERCISES 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


a+ba-— 
3 5s 
a—3 a+3 
5 3 : ;) 
a+b @&—-P 4 
2 = 3 a 
ee 7 
[i .. a 
a+ab ab+b? 
5 2 
r+3) 2-2 
5a 76 
e+32 2a+6 
x oy 
e+2a sy+2y 
a 8 
a+ 3ab’ a — 90 
a+ba-—pb 
a—b a+b 
5 8 
z—-7 2£+3 
3 ‘4 
3x2+9 
nee 
r+8y 2-64y 


=~ | 


e+3aa-—7 @& =—40 = 31 


5) 


— 4 


1 


8. oes 
2+3a— 10 22-25’ 2—T72+ 10 


aaa 
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_ Adding and Subtracting Fractions 


Exampne 1. Add 2+ ang @— 2% 
12) 15 

Sotution. Proceed‘as in arithmetic. Change the fractions to equiva- 
lent fractions having their L.C. D. Then find the sum of the numerators 
for the numerator of the result. The L. C. D. is the denominator of the 
result. . 

The L. C. D. of 12 and 15 is 60. 

a+b,a—2b_ 5(a+b) , 4@—2b) _5a4+5b+4a-8b 

12 15 5 X 12 4X15 60 
8 OD 3 Oe BY 
60 20 


Check by substitution. 
Nore. Reduce the result to lowest terms. 


Exampie 2, Add 2+ _ 4 —). 
2b 3a 
SoLurion. The L. C. D. of 26 and 3a is 6 ab. 
ation a+b _a—b_3ala+b)_ 2d —B) (1) 
26 3a SoG Pais 26X34 
— sala + 2 b(a — b) (2) 
_ 8@+3ab—2ab4+20 (3) 
it 6 ab 
4 2 
_ 3¢ 2s (4) 
Cueck. Let a = 2,b =3. 
men @tb_o-b_24+3 2-8_5_-1_5+1_, 
aay 3a 6 rd My Wee 6 
Also 307 tab +20 _12+6+418 _ 36 _, 
6 ab 36. 36 


‘Note. In (1) the fractions are written as equivalent fractions having 
their L. C. D. 

In (2) the numerators of the fractions in (1) are written as one numerator 
over one denominator. The minus sign before the second fraction is 
retained before the second numerator. To avoid mistakes in signs, the 
parentheses in the numerator of (2) are retained. 

In (3) the parentheses are removed. 

In (4) the numerator is simplified. 
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; 


Summary of steps. ; } 

1. Change the fractions, if necessary, to equivalent fractions having : ’ 
their lowest common denominator. oh 

2. For the numerator of the result write the numerators of the resulting 
fractions, preceded by the sign of the fraction. For the denominator of 
the result write the L. C. D. 

3. Simplify the numerator. B 

4. Reduce the fraction to its lowest terms. 


EXERCISES ‘i 
Combine the fractions as indicated : 


1 34+345 ee 

2 F442 ioe es 

3. 64 oS aes: oo 

4. 7a 450 _ 4 14. To eu_ 22-4 

6 +38 fe i622 s) 

7. 3242248 iy, 3020 | 2a 

8. 22-28 5 18. oy _2y te 

o 4 0e_ 7 19, 22 U4 32 Oy 3 

10. oP 4 2b 38 20. oes 2etiy 
a1, 245 93, %46 95, Moni m+n 

Uy a b oc va. - 
22, 2 ¢ a, 8 ye 
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Combine the fractions as indicated : 


aol £— 3 a—] a—] 
Fal. : — 
BYae Ls 6x sa 2a —2a Sik 
ee: 20 +3 a — 2ab+ B 
(eae y CYL Ie an wat i 
2y 82x ‘6 ab me 
29. ar OY 2 8 35. ONTOS. 5 
xy xy ab 
. @+ab ab— vt a b 
2 ae ; te 
4a 6 b? eee a—b 
Hint. First reduce the fractions 37 Jn eee 
to lowest terms. ane eee 
2+2ab+b?~ ab 2a 3) 6) 
1. % 2a +H ab ; 
% Bata 3b a Sag eee 
2 5a 2a 
5 ea 39. 
. (c+y)? @2@-—y Tir ay Ta Dy 
: a. 72 eae 
40. A een ea ey 
SOLUTION. 
a+2 a-3 _ a+2 a—3 


2@+a—-1 4@-1 (Qa-1)(a+1) (2a —1)(2a+1) 
te + 2)2 0 — 1)—(@ —3)@ +1) 
(2a — 1)@+1)2a+ 1) 
Oe that 2 e+ 2a +3 
~  Qa-—INa@t+1)@a+1) 
e @+7a+5 
(2a — 1)(a+1)(2a+1) 
Combine the fractions as indicated : 


a b 2 5a 
er EET Ge ab Ere iG w— 4 
D2, 4 ae 45. ree ale ee ero. 
“4+5e+6 2° +7274+6 e—32+2 x-2 
gee Ot § 254 5t 2¢— 5 5 
Soot 2s 4-71 Bata = i 37 Ses 
47 2atl _ a in ee 
“@—5at+6 @-—6a+8 @—-T7Ta+12 
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The Sign of a Fraction 


The sign of a fraction is written before the fraction, thus: 


— - This means that the fraction ; is a negative quantity. 


Besides the sign of the fraction as a whole, there is the sign of 
the numerator and the sign of the denominator. 
+ 


Thus, — ; means — at Each of the signs may be + or —. If no ~ 


sign is stated, the sign + is understood. 
Principe. Both terms of a fraction may be multiplied by the 


same number without changing the value of the fraction. (See page~ 


191.) 
According to this principle and the law of signs in division, 
the following fractions are equal : 
Ce (2) (3) 
—-@a@. +-a = +a 
+b —b +6 
(2) is obtained from (1) by multiplying both terms by — 1: 
suite a) = a 
— 1(b) —b 

(3) follows from (1) and (2), according to the law of signs in 
division. (See page 67.) 

Note that there are three signs to be considered: the sign 
of the fraction, the sign of the numerator, and the sign of the 
denominator. 

From the above it follows that: 

_ The sign of one of the terms of a fraction may be changed, pro- 
vided the sign of the other term is changed or the age before the 
fraction is changed. 

That is, the value of the fraction is not altered if two of the 
three signs of the fraction are changed. 


Show that +3 es Gog a 8, 


i THE SIGN OF A FRACTION 197 
; | 
_ ORAL EXERCISES 
Explain how the indicated changes are made and show that 
the relations are true: 


oes 1 pe ae oes ea 
4 4  b=a a—b 
), See PS sy ae eee EL 
ang 3 y—2x r-—y 
eee. |, as Se, 
b b b—a a—b 
a g, 3 2a _ 2a—3 
="D aye Ute Oo 
9 ach ®t 8 
“2-4 ee 
10 ee 2S eer 2 
"54+42-—2 w—4r—5 
11. Change i —_ 5 to a fraction with denominator 2 b — 4. 
6 ? b ? a 
12. te 14. = ; 
‘“8-a a-38 4—2b ~2b-—4 
13, 3 —  _ " 15. Sone Ft 
sa Gs 4 2 a= 4 


16. In the fraction e— 2 he ~ Ra — 4) what is the 
effect on the sign of the fraction of changing the sign of one of 
the factors? the sign of two of the factors? the sign of three 
of the factors? the sign of four of the factors? Explain each 
case. 

From a consideration of the changes of sign noticed in ex. 16 
it follows that : 


The sign of a fraction is not changed if the signs of an even 


number of factors are changed. 
The sign of a fraction is changed if the signs of an odd number 


of factors are changed. 
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EXERCISES 
2 and 3 : 
a+2 2—2 


1. ‘Combine the fractions 


2 om Bo a 8 ee ieee ee 
a-+-2.~2—a2 @+2 *-—2 (a + 2)(x — 2) 
Let 4 se 6 ee ee eee 
(a + 2)(a —.2) w—4 4-7 


Combine the following fractions : 


2 ab 4 E48 2 te oe 
Cnet Cae Uma Beat 2 eae t+y Y= 
Bch ee t+3 2=2% a+ 2- 4205 
OL. ~ 3 G0 spe 0 ih 3 
4. = 8. = 12. 
V—y wae - atb 'b=e a+3 o=@ 4 
5 ie ey tae 9 ¢st Da asl 73 i x 


Ral -e go 2 “ae heey x—-4 16—22 


= il x — 3 G 
1452 
PER Cy eae ie 


Fe 

16. 2 Obie bee he eae 
a—40? 2b-—-a 2b+.4 

17 as Ore cee 
saa i pu a ES) 


Exercises on Combined Operations 


G9 


SoLvrion. (1+2)oue eae ey lara) ee ae 
y y y y 


y 
(+ 2)+(2-1)= 244 x i ie aa 
y y ’ y if = Gy) x—-y 
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Perform the indicated operations : 


oc GHC) 


RQ) 8 Eeeeey 
4. (1-%)+(e-") 9. @+y)(2+ -) 

B. (2—3)+($+») 10. (@ti+7) ay 
Berek 8 e004) 


12. (4-—2.)+ (6+ +77) 

13. [etree hero = 

a ue aan caer) 
ee) wee ce) 

16 (32-5 - ee eS 2) (x — *) 
n Ger tg) ee 
BoE) te vee 
eae) ys ae ce) 
ae Cate) eae 

a (ene ail (anes, 


a+ 30 4 Ge 0 Cea 0 oh to 
a2: (Ga ae wacgaet taee a—3b 
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Complex Fractions 


a fraction that has a fraction in either its numerator or its” 
denominator or in both is called a complex fraction. 


a 4 
Thus, i, Bs) and “ are complex fractions. S 
4a ae . 
d ; 
-% 
pet 
ExamPie. Simplify the fraction —~—* 
toe ey 
~ =—2 
Vp ve 


SOLUTION. eri the fraction as an exercise in division. 
Gs ae (G+ o\ ee ee ee 
xy ry 
5| 1 


= Giver ys 27  _ they 
2a ee z—y 


1 
EXERCISES 
1. Simplify the fraction in the example above by multiply-— 
ing both terms by zy, the L. C. M. of the denominators z and y. 
2. Formulate a rule for simplifying a complex fraction. 
Simplify the following fractions : 


2a 2 142 b+a_» 
3. eee ct Aa 12, 24 
oe 5+: res bit 
4 a b a b-—a 
2 a_ 6 1 
3a 2a—2 i ee xr 
4. —— 3 i 13, ee 
6 a? : 2a+2 ae 1 fod x 
1 Bun Pe 
a zr—y 
of y @ecb L che 
eos a+2 sed ees oe eae == 
Bof 8 2 2 2 ow ee 
12 2 2 3 ue, Boy 
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REVIEW EXERCISES 


1. A fraction is The terms of a fraction are ——. 

2. If 3 is added to both terms of 5%, is the value of the 
fraction increased or decreased? _ 

3. If 3 is subtracted from both terms of 3%, the value of 
the fraction is 

4. If x increases, what change takes place in the value of 
pee ty of = 5 

8 te 


ay If x decreases, what change occurs? 


5. If x is positive and decreases, what change takes place 
=F 
25 


in the value of ? What change occurs if x is negative? 


. 6. If x is negative and increases in absolute value, what 
change takes place in the value of (5 — x)? x? | 


i Wy = 22 = a the value of y is a function of ~—. 
x 


8. In ex. 7, if x increases, then y ——. 
9. If y = kz, y is said to vary 


10. If y= s y is said to vary 
x 


11. If y = kz’, y is said to vary 

12. If the signs of an odd number of factors of a fraction are 
changed, then ; if the signs of an even number of factors 
are changed, then ——. 


13. Is the value of the fraction (a — b)(c — b) the same as 
(a — c)(c — a) 
the value of (a — b)(b — ¢) or (a — b)(b — ¢)o In each case 


(a—c)(e—a) (a—c)(a—c) 
explain the changes made and state the principle involved. 
14. A fraction is in its lowest terms if 
15. The principle used in reducing a fraction to lower terms 


is 


16. The H.C. F. of two or more expressions is 
17. The L.C. D. of two or more fractions is ——. 
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Reduce to lowest terms: 
18. 


19. 


20. 


21. 


\" 
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y+ 52 — 24 
15+ 2-22? 

18 2? + 51a” — 42 
6 2? + 29 x + 28 
82? —62—-—9 
623 — 1727+ 122 
622 — llxz — 10 
622 —17244+5 


v—3227+224-—6 
ee a +22 —15 
93 (ee ee 

a? nt 22 
OA. eo yf ee ae 
C ap i 2 ae 
wew+4e—4e—4ab — 
@—4e?—4e —8be 


25. 


Perform the indicated operations : 


80. 


99: 


2a—b 


“3a+36 
On 18 


= @ + 0 


a—b 


a—b 
a+ 6 
4— 202 


ft fags ee 


T=82 12% 
ANE 


bs 1-42? 
5 x 


l—z 


a+l1 v—l 
x— 2 


3 


C= Do 5am 
15. seen 
t-2 (1—2) 


4— x 


1 
x—l 


31. OPES el ai x—a 4 @ —8ar— 52 


2a—22 


4x+4a 
LP Mi a Ue at 


S28 a 
pe 


u—yY 
33. eee 


y — 2 


ab + 6? 


a @ a emmy 


ab — a 


a 
a? — b? 


{—1) 


5 2° 3 
35. es eS ee 
S (a=) paeee) (Qishesteg 
gg Ste eee eee 


Ve+2e2+1 


“25 cse lon 


37. Put in fractional form « — a+ y+ OY 


xta 


wi Cow Peakd athe fee: Schoys, Gud ee ; 
Carn Lancd OG glen: nhothe pun Ah ong 5 Fr bong, oes 


CHAPTER XI 
ae 


FRACTIONAL EQUATIONS 


Many equations involve more difficult algebraic fractions 
than those which you have had up to this point. (See pages 
74 and 100.) It is the purpose of this chapter to show the 
methods employed in solving such equations. 


Clearing an equation of fractions. 


EXAMPLE. Solve 52% —1)_ 32-1 elo tly 


5 15 
SoLvuTIon. 62 e—1) 32 —1 247 e+ 1) (1) 
3 5 15 
Multiply by 15: 25(2 2 — 1)— 8(82 —1)=4(7%+1) (2) 
Remove parentheses : 502 —-25-—92r+3=284+4+4 (8) 
Solve: eo (4) 
Bae ee ssa Ty gl 
CHECK. 3 5 is 3 i eal Brae eh See! 


Note that 15 is the L. C. D. of the denominators. The negative sign 
before the second fraction in (1) must be retained in (2) and a parenthesis 
must be placed around (3 x — 1) to show that the entire numerator is to be 
considered as one quantity. The parenthesis takes the place of the bar 
that indicates division. 


The process of freeing an equation of fractions is called 
clearing the equation of fractions. Before clearing an equation 
of fractions, reduce all fractions to their lowest terms. 


Summary of steps. 
1. Reduce all fractions to their lowest terms. 
2. Multiply both sides of the equation by the L. C. D. of the denomi- 
nators of the fractions. 
3. Simplify the resulting equation and solve it. 
4. Check the result. 
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. EXERCISES 
Solve the following equations. Check ex. 1 to 10 and 15 to 22: © 
al fe 12 eee 
ia 4 in 2 3y y 
Be aR 2 4 2 
J 24 2 oe 1332 ee 
2° 3 Sa y (30 Seo 
fds WIL Sec ae ee 7 5 I 
yg afi Pope ees 14 ae = 
2 3.4 5 3 Sy GySaR 
ee es 2 ie ee . 
4 a Tee x * 
5 Sti 2's Seen 16 Se-+1 3—2). 260nenee 
3 27 2 ; a3 5x 152 
So =— 1 deb 28 _ 205) eee 
2 6 = 4 ee 15 32 52 
22—3 5241 9t—1 2  2%-+9 
18. = 
i 3 ae 4 : 5t 3 15t 
6x+7 2x-1 7—2t,5_4+4 
co 5 10 aye ot a 6t 
Sy) | Tt 2t 14 
322-7 _7+42 5 3 1 t+ 4 
le — = v4 —s<— "= — ——_ SS eee 
ae 4 20 : 6t 4° 31 12¢ 
25 ey 83 5 2-t 
UI PIS po SY ee 99. SS ee 
yy 2y Tt 6 ae 
23 Solve Oa 8 Lhe eo a ee 
18 52 — 12 9 


Sotution. First combine the fractions with numerical denominators. 
32+ 37 _ 4e' 12) 72 — 29 


18 9 5a — 12 
82+37 —82%—24_ 72x — 29 
18 52 — 12 
‘18. Ne 4990 
18 52-12 
Solve: c= 6 


Check by substituting 6 for z in the original equation. 
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Solve: 
94, 3% — 2 Nera Oo 1h 
2x—5 is 5 
95, 89% +5 _ 38—-7¢ _424+6 
14 O24 2 7 
9g, 6 +7 _ 2@—-1) _2¢+1 
15 7x —6 5 
27. Ie 2 28 2 en 1 
10 52-1 5 
28. Solve see =— 2. 
x x—1 
SOLUTION. 


Clear of fractions: 8(@ — 1)— 22(@ + 1) =— 2(e + 1)(@ — 1) 
Perform the indicated operations: 

; 82-38-22 —227 =-—-22742 
Simplify and solve: oa 
Check by substituting 5 for z in the original equation. 


Solve: 
6 2x—1 382-2 
1) ——— fj ee 
: x—2 x+2 2x+1 By ay 
30 x—3 | adh ee 38 £t6 2+4 
ee h 745 cour | x 
31 62—7 oro 1 39 meet ee OE hk 
mero 1224-8 12° 19-12% 82-7 
3] 1 10 x— 4 1 
- = 40. =]—- 
pe a v—9 x—2 xr—3 
Ay a ] g+3 a42-1 2 
2 = eee = 
ee 8x—16 92-9 72 x—2 aah eee 
Goal te 4. 42 2x2—1 Fe at 
oS aa x—5 " ¢+2 ee i2 
x—-3 382-17 enable mae hl 
30. = 43. _ =Q2 
a+2 3x2 —12 xz+2 xc+l 
x—3 xa—4 22-1 x 
; = 44, 535 
We x+2 ay x x+2 


= 
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Equations with decimal fractions. 


EXERCISES 


are ee 


1. rind the value of x correct to the nearest tenth from the: 
equation 7.2% — 5.3 = 4.8% + 7.95. | 


SoLUTION. 722 —5.3 =482 + 7.95 - 
Combine like terms: y 2.4% = 13.25 
Divide both sides by 2.4: x = 5.52+ = 


The quotient of 13.25 + 2.4 is not exact, as there is a remainder after ~ 
each division. The value of x is required to the nearest tenth, hence the — 
result is 5.5. If the quotient were 5.55 or 5.56, the answer would be 5.6, 
as 5.56 is nearer to 5.6 than to 5.5. 


Nore. When a result is required correct to a nearest decimal place, find 
the result correct to one more decimal place than the question requires. If © 
the last figure is 5 or greater, add 1 to the preceding figure. If the last — 
figure is less than 5, drop it. Always give the result correct to just the © 
number of decimal places required. 


Find the value of x correct to the nearest tenth: 


2. 2.32 = 7.5 6. 2.122 + 5.84 = 5.322 
3. 4.13 2 = 8.97 6. 3.722 = 1.85% + 3.07 
4. 2.197 = 7.53 — 122 7. 7.56 % = 34.97 — 382 


Literal equations are solved by the same methods as are 
employed for numerical equations. 


Exampte. Solve for x the equation @ = ab +%—e. 
c 


b 
SoLurion. Ge es i ee 
Cc b 

Subtract ; from both sides: oe ; =ab—c 

Cc 
Combine fractions: on ce = ab—c 

c 

Multiply by bc: (ab — c)x =(ab.— c)be 
Solve: a = [Ye 
CHECK. abe ab +% ——C¢ 


¢ loving equations : 


“4 


x r+1 i1i+a 
ae, ee eae 
x—2m a 


a+b -b-a 


Solve the following formulas for the letters indicated in terms 
of the remaining letters: 


tele et ' 
19. ~=-+- Find f and p. 
hi aS a 
20. S = sa +0) ‘Find a and’. 
94. den indo auc. 
+ r—1. 
ee Find m and ¢. 
m 
Pipes. 05 Find g and s. 
g+s q ; \ 


~ L=2ar(h+7) Find'h. 
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Systems of Equations with Fractions 


Solve 
A ele 2, Hint. 
pe TH z+y=7(e—-y), or62—8y=0 
FY 29 s+y=2%e-y+5),orz—3y =— 10 
a Yel 5 
( oie 2r—3s 5 
2. ees 7. a ~ 129 ses 
52—3y= ( 11 : 
Toatt Seer . 
Set de 5 ! ei —— 3229 
x=6-Ty 7 
2z+y_3 ee 
B= 7 or) 
32 ~-—2y 5 tae 4 
yard ys 21 
Ly es Y 11 aaa 8 
5 3 4 dh) 47 
: Cor yi Par oke n— 2 Lk: 
2 3 d+ 5 
An a eee Pal boa Seek! 
6 | n—d 2 r—y 5 
"\4-n—d_2 a+2y-3__1 
2n 5 x—3y 8 
Systems of equations of the form at the right a Ly: 3 
are not linear systems, since they contain terms Ley 
in ey when they are cleared of fractions; but d ‘nea f 
they may be solved without clearing of fractions ee a) 
by methods similar to those used in solving systems of linear 


equations. 
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ExampLe. Solve the system: 2, 1b 
—=—+—=7 (2) 
zy 

Sonurion. Multiply (1) by 3: cia (3) 

oe sy 

Multiply (2) by 2: a at = =14 (4) 

Add (3) and (4): 2 2 = 17 (5) 

Multiply (5) by 2: il alee (6) 

Solve (6): 2 = (7) 

Substitute 3 for z in (2): 44+ = = 7) (8) 

Solve (8) : y= (9) 

Hence the solution is G oa : 

Check by substituting x = 3 and y = 5in (1) and (2). 

EXERCISES 
Solve the following equations. Check the results: 
(i413 ofa saa 
“oR 2 5 Pe hi] 6 
Beet.) On oO ees 
ee I 8 x y 
9 }* y & 6 jt Y 16 
i2-1 2 meek 1 
cy 3 eye VAG 
Ap ay] Zo ae 8 
oa 4 63 maar tis 
= + —-= 20 _ + - = 1 
tet af x sy 
i 3d ju ag 
© cy 
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Solve the equations: 


9 _ 10 


ll 
<1 


-_ 
= 

ll ll 

bo bee 

i) e 


_ 
= 
Fr 


Slosli~P Biw Sib Sle gy 
Ee lores [PS I1W ie 


= 
bo 
+ + + + + 
Hels 


lI 
s 
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Literal Systems of Equations 


Solve: 
1 a ae 
‘ 7 ty eG 
2axr+3by=c 
* br + 2y=b 
(ax + by =c 
=: \be tay ad 
t. (be — by = ab 
bz + ay = a? 
5. eee 
etry=r’+2r—-1 
=448 
ae 
on 


13. 
Eerie peer 
ey 
Saeed 

14. 

6 4 O58 
Lane 
ot e=3 

15. 

a ay) 
cy 

16. 

2,1 _¢6 
A Sy 
expire Ss 
* |a+tay=a 


ax + by =c 
lo oe 
zr+y= 


00 


9. 


(a — b)x Be 4 b)y 
ax — by = cd 
bx + ay = ef 


a 
| 
| 
VE is + cdy = cd 
oie 


10. 


acx — rey = zi 


12. 


3 
q 
i 
3 
: 
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. Problems with Fractions 


| 1. Mary had 2 as much money as Jane. Mary spent 4 
of her money and J ane spent 3 of her money. Together they 
had $.25 left. How much did Beas have at first? 


Hint. Jane hadccentsand Mary had 2 c cents. Mary spent a cents 


| oe had left “ cents. Jane spent a cents and had left © a cents. Then 


| 7a 7 ; = 25. Explain. 


i If 4 of a certain number larg 4 of the number is 48 more 
than + of hs number, find the number. 

3. The difference pila 1 of a certain number and + of 
the number is the same as } of the number diminished ie 2. 
Find the number. 

4. What number added to both terms of the fraction ? will 
give a fraction equal to 2? 

5. What number subtracted from both terms of the fraction 
8 will give a fraction equal to 3? 

6. What number added to both terms of the fraction 18 
will make the resulting fraction equal 4? : 

7%. The denominator of a certain fraction exceeds the nu- 
merator by 6. One half of the numerator plus 4 of the denom- 
inator is 17. Find the fraction. 

8. Find a fraction whose value is ;4 and whose denomi- 
nator is 4 less than twice its numerator. 

9. What number added to the numbers 3, 8, 12, and 20 will 
make the sums proportional? 

10. What number subtracted from each of the numbers 25 
and 29 will make the results proportional to 4 and 5? 

11. Two numbers are in the ratio of 3 to 4. If 24 is sub- 
tracted from each number, the results are in the ratio of 3 to 5. 
What are the original numbers? 
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12. The sum of two numbers is 57. If the greater number : 
is divided by the less, the quotient is 2 and the remainder is 9. — 
Find the numbers. 
13. The difference between two numbers is 8. Twice the | 
sum of their reciprocals is equal to 3 times the difference of 
their reciprocals. Find the numbers. | 

14. Mr. Corwin has 2 of his property invested at 4%, 4 at 
3%, and the remainder at 2%. How much property has he if © 
his income from it is $915? | 

15. Miss Halstead made two investments amounting to- 
gether to $4400. On one she gained 13% and on the other she 
lost 6%. If her net gain was $268, what was the amount of each 
investment? 

16. A man bought eggs at the rate of 3 for $.10._ He sold 
4 of them at the rate of 4 for $.15 and the remainder at the 
rate of 3 for $.13. He cleared $2.90 on the transaction. How 
many eggs did he buy? 

17. A scout master told his troop that 2 of his age 3 yr. ago 
was equal to 4 his age 6 yr. hence. How old was the scout 
master? 

18. If 6 yr. ago Mary was 4 as old as her teacher and 3 yr. 
hence Mary will be 74 as old as her teacher, how old is each 
now? 

19. Two quarts of alcohol are mixed with 5 qt. of water. 
How many quarts of alcohol must be added to the mixture so 
that the mixture shall be 75% alcohol? 


2+a_ 75 . 
Hint. = 220k 
INT Fan ai Explain. 


20. How much water must be added to 30 lb. of a 10% salt 
solution so that the resulting solution shall be 74% salt? 

21. A 24-pound salt solution is 12% salt. Another solution 
is 4% salt. How many pounds of the second solution should 
be added to the first in order to get a solution 10% salt? 
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22. If 12 lb. of iron weighs 11 Ib. in water and 20 lb. of lead 
weighs 19 lb. in water, find the amount of lead and of iron in 
a mass that weighs 72 Ib. in air and 68 lb. in water. 

23. A goldsmith has two alloys of gold, the first being 80% 
pure gold and the second, 412% pure gold. How much of each 
must be taken to produce 85 oz. of an alloy that shall be 662% 
pure gold? 

24. An alloy of silver and gold weighing 33: Ib. loses 2 Ib. 
when weighed in water. How many pounds of each metal 
does it contain if gold, when weighed in water, loses 5 of its 
weight and silver loses ~, of its weight? 

25. Two automobiles start from Chicago and travel north 
and south respectively. The first car travels at an average 
speed that is 2 the rate of the other car. If in 5 hr. they are 
305 mi. apart, what are their respective rates of travel? 

26. A train runs 234 mi. ina certain time. If it ran 6 mi. an 
hour faster, it could go 39 mi. farther in the same time. Find 
the rate of the train. 

27. A fast freight train runs 200 mi. in the same time that a 
passenger train goes 375 mi. Find the rate of each train if the 
freight train goes 21 mi. an hour less than the passenger train. 

28. It is noticed that a steamer that runs 14 mi. an hour on 
a lake makes a run of 72 mi. down a river in the same time that 
it runs 54 mi. up the river. What is the rate of the river cur- 
rent? 

29. John can row 3 mi. an hour and Henry can row 4 mi. an 
hour in still water. John is 21 mi. farther upstream than 
Henry and they row toward each other till they meet 138} mi: 
below John’s starting point. Find the rate of the current. 

30. Find each of two complementary angles if they are in 
the ratio of 2 to 3. 

31. Find an angle such that its complement and its supple- 
ment have the ratio of 2 to 5. 
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Work problems. 5 
1. If John can mow the lawn in 2 hr. and Arthur takes 3 hr., — 
how long will it take both of them working together? 


Hint. If John can mow the lawn in 2 hr., he can do 1 of it in 1 hr. 
Similarly, Arthur can doi of itin 1hr. Together they will do 4 + 4, or 
8, of the lawn in1hr. If Ais the number of hours it will take them to 


mow the lawn working together, then ; is the part that they can do in 
1 hr. 
Hence 2 = 
Solve the equation for h. \ 


2. Edward can do a piece of work in 3 days and Charles’ 
takes 4 days. How long will it take them working together? 


Hint. The equation is Leal Explain. 


ad 12 

3. James can build a dog house in 6 hr. and George can — 
build it in 8 hr. How long will it take them together? 

4. A can lay a certain walk in‘12 hr.; B can do the same 
work in 9 hr.; but C requires 15 hr. How long should it 
take all three working together? 

5. A can do a certain piece of work in 8 days and B can do 
the same work in 6 days.. After working alone for 2 days, A 
gets B to help him finish the work. How long does B work? 

Hint. Let d = the number of days B works 

Then 2 + d = the number of days A works 


Since A takes 8 days, he can do 4 = d of the work in (2 + d) days. 


Since B can do the work in 6 days, he can do : of it in d days. 
Then 2 7 d +¢ —~=]| 


Solve for i : = 24 
Hence B works 24 days. 
6. Jack can dig a certain trench in 12 days and Paul can 
dig the same trench in 15 days. Jack works 3 days and is 
then joined by Paul. How long do they work together? 


a 
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7. A can do a certain piece of work in 10 days, and A and B 
working together can do the same work in 6 days. How long 
does it take B working alone to do the work? 

8. A mechanic can overhaul an automobile in 9 hr. and his 
helper can do the work in 12 hr. The helper-begins the job 
and works 5 hr. Then the mechanic takes the work over and 
finishes it alone. How long does it take the mechanic? 

9. Ina factory one machine can turn out a certain number 
of articles in 6 hr. and a second machine takes 8 hr. for the 
same work. After they have worked together for 24 hr., the 
slower machine develops trouble and is stopped. How long 
does it take the larger machine to finish the work? 

10. A cistern can be filled by a large pipe in 6 hr. and it can 
be emptied by a smaller pipe in 12 hr. If the cistern is empty 
and both pipes are then opened and run to full capacity, how 
long will it take to fill the cistern? 


Hwr. 1-1L-=!1. Explain. 


Ce a 
11. Alfred and Bruce can build a fence around a field in 
8 days. Alfred works alone for 3 days. Then he is joined by 
Bruce and the two boys finish the work in 6 days. How 
long would it take each working alone to build the fence? 


Hint. The part that Alfred can do in 1 day is * The part that Bruce 
can do in 1 day is x Accordingly + > ; = * Explain. 
Then 2 = the of Alfred does in 9 ie and > — = the part Bruce does 
a 


in 6 days. Hence = 243 — = 1, the completed a 


12. James and Ray can build a summer camp in 4 days. 
James works alone for 3 days and then is joined by Ray. The 
two boys complete the work in 3 days more. How long would 
it take each alone to do the work? 
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13. Mary and Ruth together can make a dress in 4% hr a 
but if Mary works 6 hr. alone, Ruth can complete the andy in | 


4 hr. How long would it take each alone to make the dress? — 


14. If Andrew works alone for 4 days on a certain piece of — 
work, Frank can complete the work in 6 days; but if Frank : 
works alone for 3 days, Andrew can complete the work in | 
6 days. How long will it take each alone to do the work? 


15. A and B together can build a boat in 10 days; but at the 
end of 7 days, A stops working and B finishes the work in 5 days. 
How long would it take each to do the entire work alone? 


16. A tank holding 1000 gal. can be emptied in 20 min. by 
2 pipes, A and B, running together. Both pipes run together — 
8 min., then A is stopped, and the tank is emptied by B in 25 
min. more. How many gallons a minute does each pipe carry? — 


17. Two pipes empty water into a cistern. If pipe A runs | 
6 hr. and pipe B runs 9 hr., the cistern is 2 full; but if pipe B ~ 
runs 6 hr., then pipe A can fill the cistern in 16 hr. How long 
would it take each pipe alone to fill the cistern? 


Problems of investment. 


Before working these problems you should recall the meaning 
of such terms as stocks, bonds, dividends, interest, etc. 

In the problems that follow, all stocks and bonds are bought 
at par. The par value of bonds is considered as $1000, and 
that of stocks, as $100. 

Problems of investment and income are most important and 
require careful study. 


1. What does the word amount mean when used in connec- | 
tion with interest? What is the formula for the amount of 
p dollars at r per cent simple interest for ¢ years? 


2. A man invested $3000. He put d dollars at 5% and the 
rest at 6%. What was his annual income? 


a 
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_ 8. If stock costs $25 a share and pays an annual dividend 
of $2, what is the per cent of yield? What is the yield if it 
pays $1.50 a year? 

4. Mrs. Field invested $3600. With part of this amount 
she purchased bonds that paid 6% and the rest she deposited 
in a savings bank that paid 44%. If her annual income from 
this investment was $207, how much money was placed at each 
rate? 

SOLUTION, Let p = the number of dollars at 44% 

and 3600 — p = the number of dollars at 6% 


Then ae p = the income from bank at 41% 


ant an >. (3600 — p) = the income fae bonds at 6% 


at D abs pain me — p)= 207, the total income 


Multiply both sides a 100: 

43 p + 6(3600 — p) = 20,700 

Solve for p: p = 600 

3600 — p = 3000 

Hence Mrs. Field placed $600 at 44% and $3000 at 6%. 

5. Mr. Lyons received $270 yearly from his investment of 
$5000. If part of this was placed at 5% and the rest at 6%, 
find the amount at each rate. 

6. Mr. Righter invested $30,000 in bonds and received 
an income that averaged $155 a month. If he received 6% on 
part and 61% on the rest, how much did he have invested at 
each rate? 

7. Mrs. Harper invested some money in stocks that paid 7% 
dividend. She put 3 times this amount in bonds that paid 5%. 
If her annual income was $440, how much did she have invested 
in the bonds? 

8. Mr. Bond invested 1 of his money at 4%, 4 of it at 
5%, and the remainder at 7%. If his average income was $100 
4 month, how much money did he invest? 
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9. Miss Potter received a legacy of $25,000. She aul 
part at 6%, an equal amount at 5%, and the remainder at 1%. it 
her total income was $1480, how much did she have invested at 
each rate? 

10. Mr. Frank has $3200, part in a savings bank at 43% 
interest and the rest in a mortgage at 6%. If his income from — 
the mortgage is 4 times the interest from the bank, what is 
the size of the mortgage? . 

11. Mrs. Adams has $10,000 invested at 5% and $8000 at 
6%. How much must she put at 7% so that her entire income 
.may be 6% of her total investment? ' 

Hint. 500 + 480 + 72,” = 78, (18,000 +n). Explain. 

12. A man invests $12,000 so as to receive an average income 
of 54%. Part of his money is invested at 43% and the rest at 
6%. How much has he invested at 6%? at 44%? . 

13. Miss Snyder received an income of $204 from her in- 
vestments. If 4 of her investments yielded 5% and the rest, 
6%, how much did she have invested ? 

14. Mr. Goodrich received the same income from an invest- 
ment of $6000 that he did from an investment of $3600 at a 
rate 3% higher than the first rate. What rates of interest did 
he receive? 

15. Mr. Burt bought bonds that paid 54%. Mr. Woodard 
invested $1000 less in stock that yielded 6%. If Mr. Burt’s in- 
come was $35 greater, how much did each receive? 

16. Mr. Anderson had a part of his money in a bank that 
paid 5% interest and $3500 more than that amount in a mort- 
gage that paid 6%. If his total income from these investments 
was $375, how much money did he have? 

17. Miss Sharp received the same income from a 5£% invest- 
ment that she did from a 7% investment. The amount at 7% 
was $900 less than that at 54%. How much did she have in 
these two investments? 


i 
q 
4 
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Mixture problems. 


1. A merchant sold 55 Ib. of mixed nuts at $.35 a pound 
at a profit of $.35 more than 40% of the cost. Some of the nuts 
cost $.20 a pound and the rest, $.30 a pound. How many 
pounds of each did he have in the mixture? 

Hint. Let n = the number of pounds of 30-cent nuts 
and 55 — n = the number of pounds of 20-cent nuts 


Then 30 n + 20(55 — n) = 10 n + 1100, the cost of the nuts 
2;(10 n + 1100)+ 35 =4n+ 475, the profit 


(10 n + 1100)+(4n + 475) = 1925 

Explain the equation and complete the solution. 

2. A confectioner mixed 3 grades of candy to sell at $.75 
2 pound. He had some 70-cent candy, 4 more 50-cent candy 
than 70-cent candy, and 3 lb. more of dollar candy than of 
90-cent candy. How many pounds of each grade did he have? 


3. One cask contains a mixture of 14 gal. of alcohol and 
16 gal. of water. Another contains 20 gal. of alcohol and 
(0 gal. of water. How many gallons must be drawn from each 
o make a 10-gallon mixture having half alcohol? 


4. If 1 cu. in. of aluminum weighs .092 lb. and 1 cu. in. of 
‘opper weighs .31 Ib., what is the percentage of composition . 
yy weight of an alloy of the metals that weighs .276 lb. to the 
‘ubic inch? 


5. A florist had 50 lb. of grass seed for sale at $.30 a 
yound. Some of the seed cost him $.15 a pound and the rest, 
.25 a pound. He added, for expenses and profit, 334% of the 
riginal cost. How much of each grade of seed did he have? 


6. Jane and Harriet conducted the candy booth at a church 
air. Their sales amounted to $25.60 and they cleared $.40 
nore than 50% of the cost of the candy. If they had some 
0-cent candy mixed with 3 times as much 50-cent candy, how 
nuch of each grade did they have? 
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1. Think of any number, double it, add 12, divide by 2, anda 
subtract the original number. Your answer is 6. Explain. 
2. Think of a number, add to it 4 of itself, divide the result 
by 4, then multiply by 3. Why is the result the same as the | 
Gagial number? 
3. Think of another cerned multiply it by 6, increase the — 
result by 9, then divide the sum by 3, and subtract 3. bh is 
the result twice the original number? ~ 
4. Can a fraction whose numerator is less than its densainaae 
tor be equal to a fraction whose numerator is greater than its — 
denominator? Explain. . 

5. If a chicken weighs 24 oz. and a half a chicken, how 
much does a chicken and a half weigh? 

6. Show that the product of any two consecutive even in- | 
tegers can be exactly divided by 8. 

7. Kenneth said to Arthur, ‘ Give me $10; then I shall have 
as much as you.” Arthur replied, ‘‘ You give me $10; then I 
shall have twice as much as you.”” How much did each have? 

8. What is the matter with this “ proof ”’? 

Let a =6=5. Then a? = B? and at = b¢ 
a—?=0 and at — bt = 0 
Then a? — b? = at — bt, since each equals 0 
“. a — b? = (a? — b?)(a2? +b?) Why? 
Divide by a? — b?: 1 =a? + Bb? = 25 + 25 
or 1 = 50 
9. Do you agree with the following “ proof”? 
(a) Let f = your father’s age, y = your age, and f — y = d. 
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Then f =y+d 
Multiply by f — y: f —fy =fy +fd —y— yd 
fF -—fy —fé =fy —y — yd 
Divide by f —y —d: f=y 


Or your age is the same as your father’s. 
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What is meant by the square root of an expression? (See 
page 156.) Since +3 X+3=Q9and —3 X— 3 = Q, it follows 
that the square root of 9 is + 3 or — 3; that is, the square root 
of an expression may be + or —. The positive square root 
is called the principal square root. This is the root indicated 
when no sign precedes the radical sign; as, V4 = 2. The 
negative root is indicated by —V4, which equals — 2. 

The square root of a monomial composed of literal factors is 
found by dividing the exponents of the literal factors by 2. 
Similarly, any root: of a literal term is found by dividing the 
exponents of the literal factors by the index of the root. 

Thus, Va°b* = a3? = ab’; Vas? = ath? = ah; and Vadis = ath? 
= abt. 

Any root of a monomial is obtained by using the root of the 
numerical factor as the coefficient of the same root of the literal 
factors. 

Thus, V16 2b? = 4 abt and V27 zty® = 3 zy’. 


The root of a product is equal to the product of the correspond- 
ing roots of the factors. 
Thus, V36 =V4 XV9 and Vab =Va- Vb. 


ORAL EXERCISES 
Find the indicated roots: 


1. V144 xy8 4. V/49 a8b?ct 7 V8 ad? 
2. V64 ab? 5. V100 a*b?c8 8. VW 27 a*b%? 
3. V81 mn? 6. V121 7°s 9. W125 xy? 
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} Square Root of Arithmetic Numbers by Factoring 


The square root of larger numbers sometimes may be found 
by separating the numbers into their prime factors and finding 
the product of the square roots of the factors. 

Thus, V225 =V8X3X5X5=V3X 8 =3 X5 = 15. 

Similarly, V6561 a =V9 X9X9 X 9a’ = V38a5 = 34a3 = 81 a3 


EXERCISES 


Find the square roots of the following and check : 


1. 576 3. 5184 5. 1764 7. 10 X 18 X 20 
2. 324 4. 1296 6. 2304 a’ 8. 85 <X 155958 
; 18 x 10 X 45. 
9. Find the square root of 1B 30 ¢ 98 
aOR a 
Spray: Ve xX 30 X98 v2 7 
Find the square roots of : 
10 15 X 10 X 24 11. 15 X 2ESe35 
" 98 X 88 X 11 25 x75 X12 


19, 30. X 10a? x 600 
” 35 X 21a X 12 az? 


Square Root of Arithmetic Numbers 


Since the square root of many numbers cannot be found by - 
factoring, a more general method must be learned. 


Thus, since 25 = 5 X 5, it is easily seen that V’ 25 = 5; but V23 or 
25.2 cannot be found so readily. 


Note the number of digits in the following squares : 


200? 9.000012 = Olea i2r—at 10? = 1’00 | 100? = 1/00/00 
09 = .00’81 | .9? = .81 | 9? = 81 | 99 = 98’01 | 999? = 99’80’01 


A one-digit or a two-digit square has one digit in its square 
root. Thus, V1 = 1, V81 = 9, V.01 = .1. 

A three-digit or a four-digit square has two digits in its square 
root. Thus, V100.= 10, V9801 = 99, V.0081 = .09. 


tl 
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A five-digit or a six-digit square has three digits in its square 

root. Thus, V10000 = 100, V998001 = 999. 

Z If a number is separated into groups of two digits each, be- 
ginning at the decimal point, the square root of the number will 
have as many digits as there are groups. 


The formula (¢ + uv)? =? + 2tuh wv = + u(2t+ u) pro- 
vides a way to find the square root of numbers. 
Let any number of two digits, as 73, be represented by t + u, 
in which t = 70 and u = 3. Then 
¢Gtur?= P+ 2u +wior ? + u(Qttu) 
73", or (70 + 3)?= 70? + 2(70)(3)+ 3%, or 70? + 3[2(70)+ 3] 


EXAMPLE 1. Find the square root of 5329. 


SoLvrion. 5329 |70+3 Cueck. 73 
2 = 70? = | 4900 73 
2t=2xX70=140} 429 219 
Us 3 511 
2i+u= 143 5329 

ult +4)" =| 429 


The square root of 5329 is + 73. 

First separate 5329 into groups of two digits each, beginning at the 
decimal point, to determine the number of digits in the result. This gives 
§3’29, or 5300 + 29. 

The largest square included in 5300 is 4900 and its square root is 70. 
Accordingly, 70 is the first part of the result. Subtract 70°, or 4900, from 
5329. The remainder is 429. 

_ Find the next trial divisor by taking twice the part of the root already 
found: 2X 70 = 140. Divide the preceding remainder, 429, by 140 
to find the probable next figure of the root. This division gives 3 as the 
probable last figure. The sum of 140 and 8 corresponds to 2¢ + u of the 
formula. 

Subtract the product of 3 X 143 from 429. As the remainder is 0, the 
work is complete. The work may be checked by squaring 73. 

In practice, the necessary work may be abbreviated thus: 


Several zeros are omitted, as they 5329 |73 
serve simply to locate the position of the fe 49 
other digits. This position is given in the 2t + wu = 1438 |429 


work. u(2i+tu= . 429. 
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ExaMPLeE 2. Find the square root of 800.89. 
SOLUTION. 2 8.3 

8 00.89 
(1) a 4 
2) 2t+u = 48 00 
( { u(2t + u)= 3 84 
3 2t+u = 563 1689 
(3) Sree 1689 


The explanation is similar to that for ex. 1. 
Notice the divisor in step (2), 2¢ = 40. Apparently 40 is contained 


in the remainder, 400, 9 times or 10 times; but if these numbers are tried; 


it is found that they are too large and that 8 is the correct quotient. 
Step (3) is a continuation of the method of step (2). In step (3), ¢ = 280. 
Nore 1. The left-hand group of digits may contain only one digit, 
but the right-hand group must always contain two digits. If the right- 


hand group is at the right of the decimal point and contains only one digit, ~ 


a zero must be annexed to make a complete group of two digits. Thus, 
389.756 becomes 3’89’.75’60. 

Notre 2. The square root of a fraction may be found by finding the 
square root of the numerator and the square root of the denominator of the 
fraction and forming a new fraction with the results; or the fraction may 
be reduced to a decimal and the square root of the decimal may be found. 

Note 3. The square roots of numbers that are not exact squares are 
found to the nearest tenth or to the nearest hundredth, etc. If the square 
root to the nearest hundredth is required, the square root is found correct 
to thousandths (see page 206). If the last figure is less than 5, it should 
be dropped and the preceding figure should be retained as the final one. 
If, however, the thousandth figure is 5 or greater, it should be dropped 
and the preceding figure should be increased by 1. Thus, 2.864 becomes 
2.86 and 2.865 or 2.868 becomes 2.87. 


EXERCISES 

Find the square roots of the following : 
1. 1156 4. 3721 7. 264,196 
2. 2401 5. 2809 8. 82,369 
3. 4761 6. 168,100 9. 150,544 


10. State the steps to be followed in finding the square root 
of a number. 
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Find the square roots of the following : 


11. 79.21 14. 97.4169 17. 325 
12. 43.56 1b. 53¢ 18. 5841, 
13. 1.5129 16. 5921 = 19: 432 
Find, to the nearest hundredth, the square root of : 
20. 2 24. 9.871 28. 8 
21. 3 25. 15.045 29. 2 
22. 5 26. 285.3 - 30. 2 
23. 7 27. 17.952 31, 4 


You have learned that in a right triangle (a triangle con- 
taining an angle of 90°), the side opposite the right angle is called 


the hypotenuse. , A 
It is proved in geometry that the square of 
the hypotenuse of a right triangle is equal to b 
c 


the sum of the squares of the other two sides. 
That is, c? = a? + 6%. This is known as the B C 
law or theorem of Pythagoras. a 

32. Find the hypotenuse of a right triangle if a = 12,b = 5; 
if a = 27, b = 36. 

33. If the hypotenuse of a right triangle is 72 in. and one of 
the other sides is 65 in., find the remaining side. 

34. The area of a right triangle is equal to one half the 
product of the two shorter sides. Explain. 

35. Find the area of a right triangle if the hypotenuse is 26 in. 
and one of the other sides is 10 in. 

36. The area of a circle is given by the formula A = m7’. 
Find the radius of a circular tray if the area of the tray is 
100 sq. in. Give the result correct to the nearest tenth of an 
inch. 

37. What is the diameter of a wheel if the area of one side is 


700 sq. in.? (A = re 
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. Tables of Powers and Roots . 7 


It is often convenient to use tables similar to that on page — 
227 in finding powers and roots of numbers. This table gives 
the squares and the cubes of all numbers from 1 to 100, and 7 
the square roots and the cube roots of the same numbers, ~ 
correct to 3 decimal places. . 


ORAL EXERCISES 
Explain how the following results are obtained from the — 
table : . 


1. 292 = 841 6. 299 = 24,389 
2. 2.92 = 8.41 7. 2.93 = 24.389 
3. 29 = .0841 8. .293 = .024389 
4, V29 = 5.385 9. 729 = 3.072 
5. V.29 = .5385 10. V’.029 = .3072 


11. Read from the table the squares of the following numbers : 
(a) 48; (b) 4.8; (c) 48; (d) .073; (e) 77. 

12. What is the square root of: (a) 1296? (6) 13.69? 
(c) 6724? (d) 7921? (e) 32.49? | 
13. What is the cube of: (a) 17? (6) 31? (c) 83? (d) 98? 
14. What is the cube root of: (a) 63? (6) 75? (c) 19,683? © 

(d) 493.039? 


15. Show that the approximate square of 6.782 is 46; that 
the approximate cube of 3.684 is 50. Explain. 


16. What is the approximate value of : (a) 7.9372? (b) 4.023? 
(c) 4.538? (d) 8.6022? (ce) 5.22? (f) 3.99? 

17. Find to the nearest tenth of a rod the diagonal distance 
across a rectangular lot if its dimensions are 5.9 rd. by 7.8 rd. 


18. Find to the nearest hundredth of an inch the edge of a 
cube if the volume is 80 cu. in. 


¢ 
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TABLE OF Powers AND Roots 


SquaRE| CuBE 
CuBEs Roors | Roots || No. |Sevarss CusBES Es Med 
1 | 1.000 | 1.000 51 2,601 |° 132,651 7.141 | 3.708 
8 | 1.414 | 1.259 52 2,704 140,608 ee We ears 
27 | 1.732 | 1.442 53 2,809 148,877 7.280 | 3.756 
64 | 2.000 | 1.587 54 2,916 157,464 7.348 | 3.779 
125 | 2.236 | 1.709 55 3,025 166,375 7.416 | 3.802 
216 | 2.449 | 1.817 56 3,136 175,616 7.483 | 3.825 
343 | 2.645 | 1.912 57 | 3,249 185,193 7.549 | 3.848 
512 | 2.828 | 2.000 58 3,364 195,112 7.615 | 3.870 
729 | 3.000 | 2.080 59 | 3,481 205,379 7.681 | 3.892 
1,000 | 3.162 | 2.154 60 3,600 216,000 7.745 | 3.914 
1,331 | 3.316 | 2.223 61 3,721 226,981 7.810 | 3.936 
1,728 | 3.464 | 2.289 62 3,844 238,328 7.874 | 3.957 
2,197 | 3.605 | 2.351 63 3,969 250,047 7.937 | 3.979 
2,744 | 3.741 | 2.410 64} 4,096 262,144 8.000 | 4.000 
3,375 | 3.872 | 2.466 65 4,225 274,625 8.062 | 4.020 
4,096 | 4.000 | 2.519 66 4,356 287,496 8.124 | 4.041 
4,913 | 4.123 | 2.571 67 4,489 300,763.| “8.185 | 4.061 
5,832 | 4.242 | 2.620 68 4,624 314,432 8.246 | 4.081 
6,859 | 4.358 | 2.668 69 4,761 328,509 8.306 | 4.101 
8,000 | 4.472 | 2.714 70 4,900 343,000 8.366 | 4.121 
9,261 | 4.582 | 2.758 zat 5,041 357,911 8.426 | 4.140 
10,648 | 4.690 | 2.802 v2 5,184 373,248 8.485 | 4.160 
12,167 | 4.795 | 2.843 73 5,329 389,017 8.544 | 4.179 
13,824 | 4.898 | 2.884 74 5,476 405,224 8.602 | 4.198 
15,625 | 5.000.) 2.924 75 5,625 421,875 8.660 | 4.217 
17,576 | 5.099 | 2.962 76 5,776 438,976 8.717 | 4.235 
19,683 | 5.196 | 3.000 77 5,929 456,533 8.774 | 4.254 
21,952 | 5.291 | 3.035 78 6,084 474,552 8.831 | 4.270 
24,389 | 5.385 | 3.072 79 6,241 493,039 8.888 | 4.298 
27,000 | 5.477 | 3.107 80 6,400 512,000 8.944 | 4.326 
29,791 | 5.567 | 3.141 81 6,561 531,441 9.000 | 4.3804 
32,768 | 5.656 | 3.174 82 6,724 551,368 9.055 | 4.327 
35,937 | 5.744 | 3.207 83 6,889 571,787 9.110 | 4.864 
39,304 | 5.830 ; 3.239 84 7,056 592,704 9.165 | 4.372 
42,875 | 5.916 | 3.271 85 | 7,225 614,125 9.219 | 4.399 
46,656 | 6.000 | 3.301 86 7,396 636,056 9.273 | 4.416 
50,653 | 6.082 | 3.332 87 7,569 658,503 9.327 | 4.434 
54,872 | 6.164 | 3.361 88 7,744 681,472 | 9.380 | 4.441 
59,319 | 6.244 | 3.391 89 7,921 704,969 9.483 | 4.464 
64,000 | 6.324 | 3.419 90 8,100 .729,000 9.486 | 4.481 
68,921 | 6.403 | 3.448 91 8,281 753,671 9.539 | 4.497 
74,088 | 6.480 | 3.476 92 8,464 778,688 9.591 | 4.514 
79,507 | 6.557 | 3.503 93 8,649 804,357 9.643 | 4.530 
85,184 | 6.633 | 3.530 94 8,836 830,584 9.695 | 4.546 
91,125 | 6.708 | 3.556 95 9,025 857,375 9.746 | 4.562 
97,336 | 6.782 | 3.583 96 9,216 884,736 9.797 | 4.578 
103,823 | 6.855 | 3.608 97 9,409 912,673 9.848 | 4.594 
110,592 | 6.928 | 3.634 98 9,604 941,192 9.899 | 4.610 
117,649 | 7.000 | 3.659 99 9,801 970,299 9.949 | 4.626 
125,000 | 7.071 | 3.684 || 100 | 10,000 | 1,000,000 | 10.000 ! 4.641 
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Problems from Geometry 


1. What is the hypotenuse of a right triangle if the other two 
sides are 5.4 in. and 7.2 in.? 


2. Find the remaining side of a right triangle if the hypotenuse 
is 6 in. and one of the other sides is : 
4.8 in. What is the area of this 78rd. 

A D 
triangle? 
; Bw] 
3. Find the distance from one 6 
corner of a rectangular field to the = 
opposite corner if the sides of the field B C 
are 78 rd. and 46 rd. 


4. What is the area of a rectangular field if the diagonal BD 
is 52 rd. and one side is 36 rd.? 


5. It took 244 rd. of fencing for a rectangular field. Find 
the diagonal of the field if the sides are in the ratio 19 to 42. 


6. The altitude on the hypote- Cc 
nuse of a right triangle divides 
the hypotenuse into two parts such b a 
that ™ = h Hence h? = mn and 
h on A B 
h=Vmn._ Also, ; a3 Hence Rael En... ¢ ——_____+» 
m 


b? = cm and b =Vcm. Find the altitude if the hypotenuse is 
17 in. and m = 342 in. 


7. Find side b of the triangle in ex. 6. Then find side a. 


8. The altitude on the hypotenuse of a certain right triangle 
divides the hypotenuse into two parts such that m = 144 ft. 
and n = 25ft. Find: (a) the altitude of the triangle; (b) the 
two sides AC and CB. 


‘Tole g ial 
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Square Root of Polynomials 
(Optional Topic) 


You will recall that a? + 2 ab + b? =(a + b)?, or [—(a + b)]?. 
(See pages 156 and 170.) Accordingly, the square root of 
a+2ab+ bis +(a+ 6). Astudy of this relation will help 
you to find the square root of other algebraic expressions. 

The expression a? + 2 ab + b? may be grouped to show the 
relation a? + b(2a+ 6). That is, a? is the square of the first 
term and the remainder is the product of b by 2a + 6. 

The work may be arranged as below. 

a + 2ab + 0?|+(a + 6) 

The square of a =| a? 

b2a+b)= |2ab+h 

We know in advance what the result is to be, just as we know 
that the square root of 9 is + 3. Using this knowledge, we are 
able to arrive at a method of finding the square root of more 
complicated expressions. 


EXxamMpLe 1. Find the square root of 9 2? + 30 zy + 25 y?. 


SoLurion. 


92? + 302y + 25y|4+(382+5y) 
The square of 32 = 9 x? 


Trial divisor = 2(3 z)= 62 30 zy + 25 y? 
Complete divisor = 627 + 5y 
5y(6a + 5y)= 30 cy + 25 y? 


Check by multiplication: [+(32 + 5y)P = 92? + 302y + 25y 
The square root of the first term is 3 x, corresponding to a in (a + b)?, 
2(3 x) = 6 z, corresponding to 2 a in a? + b(2a + b). 
eee = 5 y, corresponding to aun or 0, in a? + b(2 a +5). 
a 
62 +5 y corresponds to 2a + bin a? + b(2a + b). 
5 y(6xz + 5y) corresponds to b(2 a + b) ina? + b(2a + Bb). 
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Exampne 2. Find the square root of 42° + 12a2— 6 yz 


—4ay+92+4+ y'. 


Soturion. Arrange the terms according to the descending powers of : 


x and continue the method developed in example 1. 


4x2 — Acy +1222 —6yzt+y4+92|4+(22—y+32)- 
(1) (22)? =|4 2? 
(2) —y(4e-y)=  |—42y at 
12 22 — 6 yz +92 
(3) 38242 —-2y+32z) = Roreerye +92 


The trial divisor in (2) is found by adding — 4 TY or — y, to 2(2 z), 


giving 42 — y. 4x 


The trial divisor in (3) is found by adding ue a 
or4z2 —2y, giving 42 —2y+4+3z. a 


, or 3z, to 222 — y), 


EXERCISES 


Find the square roots of the following polynomials. Check 


ex. Lito 10: 

1. #+8a2y+ 167 5. 1442? — 216ay+ 81y 

2. a? — 18ab+ 810? 6. 9 at — 6 ab? + 54 

3.. 225 x6 — 120 75y + 16y% 7. 9b* — 30 ba + 25a? 

4. 49 a? + 28 ab’ + 4 68 8. 1+62+4+52°—122+42% 


9. 4044+ 172? — 1227 — 1223+ 4 
10. 424+ 132? —- 1223-6241 
11. 9? —12ay+6r+4y-—4y+1 
12. 4c4*-—4a%y — 1222 +y+6y+9 
13. 36a*+ 120° +9 — 35a? — 6a 


4ab , B b 
14; 4.@) = ae Ans. + eer 
a + ns + (2a =) 
3 \ 
15, F—2ab+4¥ 17. wh OF ch ae 


2 2 
16. U4,” . ae 70 , 49 
Ay es 18. 4a‘ + 20a 3- mre 


| Slew thot | 
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CHAPTER XIII 


RADICALS AND EXPONENTS 


The sign +/, which, as you have learned, indicates the square 
root of a quantity, is called the radical sign, from the Latin 
radix, which means a root. Any expression affected by a radical 
sign is, for the same reason, called a radical. A radical is 
therefore the indicated root of a quantity. 

Thus, V9, Va, Wb, and Wc are radicals. 

The small number written in the radical sign, as the 3 in Vb, 
is called the index of the root. If no index is expressed, 2 is 
understood. ~ 

The number or expression under the radical sign is called 
the radicand. 

Thus, in V5 and V. a, 5 and a are radicands. 

Any integer or the quotient of two integers is called a rational 
number. 

Thus, 2, — 2, 24, and § are rational numbers. 

A radical is rational if its root can be found exactly. 

Thus, V9, V8, and Va? + 2ab + B? are rational since their roots are 
3, 2, anda + b. 

A radical is irrational if its root cannot be found exactly. 
Irrational radicals are sometimes called surds. 

Thus, V2, V2, and V2a +6 are irrational radicals or surds, since 
these roots cannot be found exactly. 

The order of a surd or of a radical is determined by the index 
of the indicated root. If two surds have the same index, they 
are said to be of the same order. Thus, V5 and Vaz are of 
the second order and are called quadratic surds; V’ 2and Vb 


are of the third order and are called cubic surds, 
231 
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Graphic Representation of Irrational Numbers 


As you have seen, irrational numbers cannot be stated exactly 


P 
Dies. 
icp, oft aii 


without the aid of radical signs or some other indicated ex- — 
pression; but some such numbers can be exactly expressed 


graphically by the lengths 


of lines. (See page 225.) ~ BEREBRESESE SS 

If the sides of an isosceles HEEEEEEE EEE 
right triangle (Fig. 1) are EZERaSeTA 
each 1 unit long, then the Seeeekey tT 
hypotenuse of the triangle H z 
2 units long. If the WA "9 
hypotenuse is 2 units long || ea 
and one side is 1 unit long, | 4 
then the third side is V3 4 
units*long, as in Fig. 2. & 


EXERCISES 
1. What is the length of the hypotenuse of a right triangle 
if the other two sides are | in. and 2 in., respectively? 
2. Construct a line equal to V5 in. long. 


3. If the hypotenuse of a right triangle is 4 in. and one of the 
other sides is 3 in., what is the remaining side? 


4. Construct a line equal to V7 in. long. 
5. Construct a line equal to V/10 in. long. 


State the index of the root and the radicand in each of the 
following : 


6. V4 8. V8 10. Wx! 12. Va? 
7 V9 9. W725 11. 75 13. 53 


14. State which of the radicals in ex. 6 to 13 are irrational. 


15. What is the value of the expression in ex. 6? in ex. 7? 
in ex. 8? in ex. 12? in ex. 13? 
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Reducing Radicals 


If you are to work with expressions that have radical quanti- 
ties, you must first express them in the simplest form. 

A radical is expressed in reduced or simplified form when: 

(a) The radicand contains no rational factor. 

(6b) The radicand is integral. 

(c) The index of the root is as small as possible. 

Study the following examples to see how radicals having 
integral radicands are reduced or simplified. 


ExampP_e 1. Express V 18 in a reduced form. 

Soturion. V18 =V9 X 2 =V9 XvV2 = 3V2 

Since the square root of a product equals the product of the square roots 
of the factors (see page 221), V9 X 2 =V9 XV2 =3V2. 

The factor 9 of the product 9 X 2 is called the rational 
factor. 


EXAMPLE 2. Reduce 3V8 a*b to simpler form. 
Sotution. 3V8a%b = 3V4 X 2a’ab = 3V4 a*(2 ab) = 6 aV2 ab 


EXAMPLE 3. Reduce W54 a‘b? to simpler form. 
Sotution. 54 att? =V27 X 2 aab? = V27 a3(2 ab?) = 3aV2 ab? 


Summary of steps. 

1. Separate the radicand into the product of two factors, one of which 
is its largest rational factor. 

2. Find the required root of the rational factor. 

3. Multiply the coefficient of the radicand, if any, by the root of the 
rational factor and annex the irrational factor. 


EXERCISES 
Remove all rational factors from the following radicands : 
1. V20 5. V50 9. W135 13. V/18 ab? 
2. V28 6. V16 10. V/250 14. V72 ar 
3. V 27: 7. V24 11. V8a 15. Varh 
4, V32 8. V81 12. V9q%> 16. 3V32 
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Remove all rational factors : 


17. 5aV72a3 23. 5W375 29. 5 aV242 ab! 

18. 3 abV250 a 94. 17 a3V200 Bx ~=—-80._-7 a? 686 a? 

19. 5 ay?V50 x 25. 5mvV99 n 31. V(a + b)x 

20. 3.aV98 a? 26. V250 ab 32. V(a + b)%y 

21. 5V27 a? 27. 2V288 xy? 33. V23 + 2 

22. 6V/128 ab! 98. 12V'72 x5 34. V80(at — a?) 
35. V12 «(a — y)? 36. V24 a(x — y)3 


You may find it useful at times to write an expression like 
3V 2 so that the entire number shall be under the radical sign, 


thus: BV =V32- V9 =vV9 X 2 =VI1B8 


EXERCISES 


Write each of the following expressions so that the entire 
expression shall be under the radical sign : 


1, 2vV3 4. 2avx 7 3av5 
2. 2V5 5. 3bVa 8. 5V7 2 
3. 3V3 6. 5cVab 9. 7V xr 


Using Geometric Facts 


Express the results to the following in simplest radical form. 


1. If the school football field is 300 ft. by 150 ft., what is 
the longest run in a straight line that a player could make on the 
field? Express the result: (a) in simplest radical form; (b) to 
the nearest tenth of a foot. 


2. What is the length of a diagonal path across a city lot 
that is 200 ft. by 800 ft.? Express the result: (a) in simplest 
radical form; (b) to the nearest tenth of a foot. 


a ee 


EXERCISES ON GEOMETRIC FORMULAS 235 


3. A baseball diamond is a square 2 
90 ft. on a side. What is the distance 
from the home plate to second base? 
from first base to third base? 1 
4. The length of a rectangular field 3 
is 35 rd. and the diagonal is 45 rd. Find 
the width of the field. 
’ §. Find the hypotenuse of an isosceles 
A right triangle if each of the equal sides is 
ine, eo ina: 4 Inches, 


Home 


6. Find the hypotenuse of a right tri- 

angle if the other sides are 6 in. and 10 in. 

Cc b 7. If the hypotenuse of a right tri- 
angle is 15 in. and one of the other sides 


B z C is 10 in., what is the third side? 


The altitude to the base of an isosceles tri- A 
angle bisects the base of the triangle. 
8. Find the altitude, AD, if AB = 10 and 
BC = &. 
9. Find AB if AD =20andcD =12, 8 ——~p 
In the figure at the left, h is the 


C altitude to the hypotenuse of the 

b a right triangle ABC, h?=mzn, b?=cm, 
and a? = cn (see ex. 6, page 228). 

A B 10. Find CD if m=8 andn=6. 

eet seaey yt lo)? 11. Find AC if c = 15 and m =3, 


12. Find CB if c = 18 and n = 12. 

13. If a = 15, b = 12 and m = 9, find (a) CD; (6) DB. 

14. Find the radius of a circle if the area is 396 sq. in. 
Ana TT): 

15. Find one side of a square if its area is 675 sq. ft. 


ESS. J. H. S. MATH. 111 — 16 
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Rationalizing the Denominators of Fractions 


If you are required to find the value of Aas you may first get p. 


V3 
the value of V3 from the table on page 227 and then divide 2 
by this value. ) 


2 2 
Ben ABE 
aaa, aa 1.782 


The work will be simpler, however, if you first make the 
denominator of the fraction a rational number. This may be 
done by multiplying both terms of the fraction by the smallest 
number that will make the denominator a rational number. 

p ate DE NE it 
V3 _V3-V3 V9 

The factor V3 is called the rationalizing factor of the denom- 

inator. 


Thus, 


=3 V3. Since V3 = 1.732, 2V3 = 1.154 


38 

8 b8 
hk 8@ _  [sa2b) _ [6a _ a 

SoLvuTION. J 8 Bs 8 63(2 b) 16 b! 


Example 2. Find the value of — 
v2 


EXAMPLE 1. Express with a rational denominator. 


Sotution. The smallest factor that will make the denominator ra- 
tional is V4. 


3 = te - SYA TB xssr = 28s 


EXAMPLE 3. Express = : with a rational denominator. 
Vo 


Souurion. —2. = 2Va = 2Va = 2Va 


Va Ve-Va Ve 4 


Note that the resulting fraction must be expressed in its simplest form. 


You will notice that rationalization of the denominator of 
fractions involves division by a radical. 


10. 


RATIONALIZING THE DENOMINATOR 
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Express each of the following with a rational denominator : 


5 8 


Find the value to the nearest tenth: 


3 
31. /2 
2 

32. F 
v2 
V5 


33. 


se 38 46 SSS SS SF SE 


11. 
12. 
13. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


34. 


35. 


36. 


2V3 
v2 


Vis 


v: 


21. 
22. 
23. 


24. 


25. —— 


26. —— 


27. 


28. 


29. 


30. 


37. 


38. 


39. 
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Adding and Subtracting Radicals 


Before radicals can be combined by addition and subtraction, 
they must have the same index and the same radicand. Such 
radicals are called like radicals or similar radicals. 


Thus, 3 aV2 and 5 bV2 are like radicals and may be combined to read 
(3a +5b)V2. 


Exampte. Combine the radicals V12 + 3V4 — 2V75 + 
V4.2, 


3 
So.turion. First simplify each radical, then combine like radicals. 


V12 + 3v/g — 2V75 10/42 = 2V3 4 2V8 — 12V38 4 £V3 = 3V3 


x EXERCISES 

Simplify, and combine like radicals: 

1, 2V2 — 3V32 + 4V18 —V8 
. 5V5 — 2V80 +V245 — 345 
2V3 — 8V27 + 4V75 — 4V12 
. 3V8 — 2V18 +V50 + 2V32 
5V4 — 2V3 +V8 -V18 
. 2V150 — 4V54 + 6V24 +96 
. 2V54 — 6V2 —V96 +V3 
2V50 — 8V2 + 5V72 — 7V8 
. V3 — 2V27 + 3V12 + 8V4 
10. 5V11 — 3V/44 +-V99 — 22V2- 
11. 4V4 4+V124 —V2 -— 8V 14 
12. 3V5 2? — 10avV3 + 2V45 @ — 5 aV98 
13. 4V27 — 3V12 + 5V4 —V25 
14. 60VE — 8V2, + 17VE — 23-500 


ODN A A PF wW WD 
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Multiplying Radicals 


The method of multiplying radicals of the same order is 
shown in the following examples. 
Examp.e 1. Find the product of 2V3 XV12 X 3V75. 
SOLUTION. 2V3 XV12 X 8V75 = 6V3 X 12 X75 
= 6V3 X 2 X 5? X 3 = 180V3 
Exampte 2. Find the product of 5/4 az? by 2V6 aa*. 
Souution. 5V4 az? -2V6 a2 = 5 X 2V4 a2? - 602? 
= 10V8 a'z*(3 z) = 20 arV3 x 
Always express the result in the simplest form. | 


EXERCISES hy 
Perform the indicated multiplication. Do ex. 1 to 15 orally: 
1. V2-V8 633 >5V ih 11, (3V2)8V2) 
2/3 12 7. 26-12 12. (5V3) 
By Vis 3/2 8. 3V14: V7 13. (2avV3 a) 
4. V5-V15 9. 4V20- V2 14. (3V/2 az)? 
5. 2V8-V6 105775 -V32 15. (5 zyV2 x)? 


16. V15(V3 —V15+V10) 18. 5V5(3V5 —V20 +V10) 
17. V5(V15 + 2V3 —V10) 19. 83V2(V6 —V3 4+ 5V8) - 
20. (32 — 2V3)(5V2 + 4V3) 
Sonution. 3V2 —2Vv3 
5V2 + 4V3 
30 —10V6 
av 6 — 24 
30 + 2V6 —24=64+2V6 
91. (5V2 — 3)(5V2 + 3) 24. (2V3 — 1) 
22. (3V3 — 1)(3V3 + 5) 25. (3V5 —V2)? 
98. (2V'5 — 2)(3V5 + 2) 26. (2V3 + 1)(2V3 — 1) | 


For division by a radical, see page 236. 
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EXERCISES ON GEOMETRIC FORMULAS 


1. The formula for the volume of a cylinder is 
V =rh. (a) Solve for r in terms of the other 
letters. 

(b) Find the radius of a cylinder if V = 396 cu. in., 
h = 10 in., and x = 34. 

2. The formula for the volume of a cone is 
V =1n7rh. (a) Solve for r in terms of the 
other letters. 


3. The formula for the surface of a sphere is 
S = 47. (a) Solve this formula for r. 
(b) Find r in terms of z if S = 250 sq. in. 


The altitude of an equilateral triangle bisects the vertex 
angle and divides the equilateral triangle into two equal right tri- 
angles. Since each angle of the equilateral 
triangle is 60°, the angles of each of the 
right triangles are 90°, 60°, and 30°. The 
side BD opposite the 30° angle is 4 BC. 
Hence itis} ABand4AC. Such aright 
triangle is called a 30°-60° triangle and is 
an important one in geometry. 

4, Find DC and AD if AC = 5 in. 

5. Find, to the nearest tenth, the altitude of an equilateral 
triangle if one side is 10 in. 

6. In a 30°-60° right triangle, find the other 
two sides if the side opposite the 60° angle is 
5 in.; A inches. 

7. A ladder 20 ft. long is raised against a 
house so that it makes an angle of 30° with the 
side of the house. How far from the house is 
the foot of the ladder? How high above the 
C ground is the top of the ladder? 


(b) Find r when V = 100, h = 7, andr = 34. ~ 
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Exponents 
You are familiar with the following general laws of exponents : 
Multiplication. Gia aa Gere 
Division. a” + a® = a" 
Powers. (a")? = ome 


These laws are assumed to be true for any values of m and n, 
whether integral or fractional. 


Thus, a -a" =(a-a-a-... tom factors)(a-a:a... ton factors) 
= qmin 
am _a-:a-a... tom factors 
a" a-a-a... ton factors 
=[a-a-a... to (m— n) factors]= a™™ 
(a™)" = a” -a™-a™ . ~. to n factors = a™" 


The meaning of fractional ernenente, which obey thie same laws 
as integral exponents, is made clear in the following examples. 
Exampte 1. Find the product of a? - a’. 
So.tution. According to the law of exponents: 
2 a eh + af 2 
a? - qa? = a?"? = a?, ora 
1 —_ 
That is, a? is one of the two equal factors of a, or a? =Va. 
. 1 al 
EXAMPLE 2. Find the product of a® - a? - at. 
ph 1 1 1 + 1 +4 1 3 
Sotution. a®-a3-a3 =a '3'3 =a =a 
1 
That is, a? is one of the three equal factors of a. Hence a? = Va. 
. x ps 
EXAMPLE 3. Find the product of a? - a°. 
Souurion. af -at = a?! ? = at, or Va- Va =Var® 
From these examples, it is seen that the denominator of a 
fractional exponent indicates a root and the numerator indicates a 


power. 
Luis; 57 indicates the square root of the cube of 5, or bY = V 53, and 


a indicates the mth root of the nth power of a, or a” =Var. 


Read a? as “a exponent two thirds” or “ the cube root of 
the square of a.” Do not say “a raised to the two thirds 


power,” as this has no meaning. 
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EXERCISES 

State the value of : 

1. 43 4, 8? 7. 43 10. 1443 
2. 93 5. 273 8. 83 11. 32% 
3. 16 6. 64% 9. 16% 12. 642 
Write the following with radical signs: 
13. a? 15. (2a)? 17. (3a)? 19. x2y2 
14. a? 16. 2a? 18. (5a)? 20. ab? 


Express the product of the following with exponents: 
Q1, 2-2? Sonurion. 2-2? = a8 TE = 8 
22. a®- at: 24. 323-23 26. 2at-a® 28. (4a)2a3 
23. 2a%-22 25. (5u)?-a? 27. 3a-a® 29. (8a)8az 


30-37. Express the products in ex. 22 to 29 in simplified 
radical form. 


Express each of the following with fractional exponents and 
find the indicated products: 


38, V2. v2 41. V5. V5 Ase eee 
39. V22.vV2 42. Va- Va 45. Va- Wa 


40. V3 - V3? 43. Va. Va 46. V27 V3 
47-55. Express the products in ex. 38 to 46 in simplified 


radical form. 


Any number with a zero exponent is equal tol. (See page 68.) 
Thus, a” + a™ = a™™ = @°; but a +a" =1. Therefore a° = 1. 


Radicals may sometimes be simplified by reducing the index 
of the root. 


Exampie. Simplify V4 +V8 +V9. 
Sonution. VW4478 +1/9 =V2? +V93 4.1/3? = 9% 42% 4 3% 
= 2) 423 4 33 =V24V24V73 =2V24V73 


a. : 4 
6 i ree tata taad 
ey Teepe) 


a ae 
% 
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Express each radicand as a power of some number, then write the 
radical with fractional exponents reduced to lowest terms. Express 
the result with radical signs. 


EXERCISES 
State the value of : 
1. 1213 3. sacs? 5. 25° 7. 642 
Ze 28 4, —2.23 6. 253 8. 648 
Express each of the following with smaller root index: 
9. V9 12. V16 x! 15. Varx0 
10. 27 13. V/16 a! 16. Vax 
11. Vaexé 14. V/25 2? 17. V/64 xy8 
‘Find the indicated quotients : 
18. x SoLUTION. a a a8 
xt at 
19 wt 21 at 23. a 
es x ae 
mao PR ect 24, 
as 3x8 a® 


Find the indicated powers : 


25. 
26. 


27. 


28. 


29. 
30. 


(Va?)” 
(x?) 
(a?) 
(2¥)' 
(Wa)" 
(W22)8 


SoLuTION. 
31. (V23)? 
32. (v5 2)" 
33. (3V8 x)° 
34. (8°- 1253)? 
35. (643)4 


(Wa)? = (a8)? = a8 = aVa 


36. eal 
alee 
38. (22 : 
39. a V15,? 
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REVIEW EXERCISES 1. 


1. The order of a radical is determined by ——. 

2. A radical is expressed in simplest form when 

3. The denominator of a fraction may be rationalized 
by ——. 

4. A rationalizing factor is ——. 

5. The law of exponents for multiplication is ——. 

6. The law of exponents for division is 

7. The law of exponents for raising to a power is 

8. The numerator of a fractional exponent indicates —— — 
and the denominator indicates a 

9. Any number having a zero exponent is ——. 

10. The theorem of Pythagoras states that 
11. In a 30°-60° right triangle the side apnea the 30° 
angle is ——. 

12. The formula for the surface of a sphere is 

13. The formula for the volume of a cylinder is 

14. The formula for the volume of a cone is —— 

15. The formula for the volume of a sphere is V = $7zr°. 
(a) Solve this formula for r. 

(b) Find r in terms of 7 if V = 288 cu. in. 

16. The formula S = 4 gf? gives the distance a freely falling 
body will drop int seconds. (a) Solve the formula for ¢. 

(b) Find ¢, to the nearest teuth, if g = 32 and S = 100. 


17. (a) Solve the formula h = - for v. 


(b) Find the value of v when h 2 25 and g = 32.16. 

18. Define rational and irrational radicals. Explain how an 
irrational quantity may be represented graphically. 

19. What is meant by the principal square root of a number? 
What is the value of V9 —V4?_ If the principal roots are not 
considered, what values may be given to V9 —V/42 

20. Are = 2V5 and y = 3V5 roots of the equation 
3a?—42y+y? = 65? of 834 -—2y =0? 


fh pipet wares A pGPi 4K fLAdes Dhar y oreo. th, 
, ” 
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Incomplete Quadratic Equations 


As you continue your work in mathematics, you will find that 
many problems involve equations which may appear quite 
simple, but which cannot be solved by the methods that you 
have already learned. 

Suppose, for example, that you wish to solve this problem: 

What is the side of a square if its area increased by 4 sq. in. 
equals 29 sq. in.? 

You may write the equation: 

n? +4 = 29 

The Sista of this equation differs from those which you 
have studied because it contains the term n?._ You cannot solve 
this equation without learning some new principles. 


SoLurION. nm+4=29 
Subtract 4 from each side: nm? = 25 
Since the value of n is required, 
find the square root of each side: nm=+5or—5 _ Ans. 5in. 


Note. Since (+ 5)*?= 25 and (— 5)?= 25, n has two values which 
may be written as nm =+5. While the negative result is a root of the 
squation, it has no meaning in this problem, since a square cannot be a 
1egative number of inches long. In such cases the negative results should 


»e dropped. 

In solving the equation n?+4= 29, you used the new 
principle that equal roots of equal numbers are equal. 

An equation that in its simplest integral form contains the ~ 
second power of the unknown number, but no higher powers, 
s called a quadratic equation. 

The simplest quadratic equations are those in which the first 
sower of the variable is lacking, as az? +c = 0. Such equa- 


‘ions are called incomplete quadratic equations. 
245 
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Exampte. Solve the equation (38 2 — 7)(8% +7) = 15. a 
SoLurIon. (82 —7)(82+7)= 15 x 
Find the product : 92 —49 = 15 4 

9a? = 64 a 
Find the square root : 32 =8or —8 E q 


z=or-#? 
The result is frequently written thus: x = + 8 * 3 ae 
Check the solution by substituting each root in the original equation. 


EXERCISES 
Solve and check : | 
1. 522 — 5 = 120 8 (82+ 5)(82 — 5)= 56° 
2. Sa? = 22? + 384 9 a 4 
3. 32? — 28 = 215 4 x+3 . 
4,.9e?°+5= 174 10. fe _2+9 
§. 32?= 8.= 2? + 120 4—x 2x£2-9 
6. (x — 6)(x+ 6)= 18 11. (e+ 4)(@ -})=6 
%. (22 —77NQ2@e+7=15 12 (@+2)(¢ —4)= 22 


13. (2a — 5)? = 2a2(a — 10)+ 169 
14. (22 — 4)(32 + 9)= 6(a + 10) 
15. @ +2)'-(w@—2)'=124 4g 5e-15_2-3 


16. (2x — 7)? = 2(29 — 142) “eA Vee 
17. (2% +11)? = 2222+73) 9) +4 _ 4-2 
18. (x + 3)(% — 5) =2(17 — 2) “g+16 2#—16 


21. Two numbers are to each other as 3 to 5 and their product 
is 1215. What are the numbers? 

22. Find a number that multiplied by } of itself equals 16. 

23. A rectangular field is 4 as wide as it is long and contains 
7% A. How many rods long is it? (An acre is 160 sq. rd.) 

24. Find the dimensions of a rectangular building lot that 
contains 4725 sq. ft. if the sides are to each other as 3 to 7. 

25. Find the length of a diagonal path across a square field 
that contains 4 A. 

26. The area of a triangular field is 1728 sq. rd. Find the 
altitude and the base line if they are as 2 to 3. 
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} 
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Complete Quadratic Equations 


The equations that you have worked on page 246 are, when 
simplified, of the form az?-+ c= 0. These have been easily 
solved. However, if the equation contains a term in 2, it takes 
the form az? + bx +c=0. Such an equation is called a com- 
plete quadratic equation. Its solution requires new methods. 
_ Exampte. Jane wishes to make a rug that will be 1 ft. longer 
than it is wide and that will have an area of 6 sq. ft. What must 
be the dimensions of the rug? 

This problem gives rise to the equation x(x + 1)= 6, or 
v+2—6=0. It is so simple a problem that you have 


probably already BES ale 


guessed the answer, but | 
eal el 5 


guessing will not solve 
most of your problems. 

Graphic solution of 
quadratic equations. A 
graph of the equation 
x? + x2 — 6 = 0 may be 
constructed if the equa- 
tion is written 

R=2 +2 —6 
From this equation 


SCeeERee sees e 
construct a table of Bere Eee Eh 
values for xandythat |] [1/1/17 7 [| | | | 

3 PIS ee ae a | 


satisfy the equation. 


These pairs of values have been plotted on the graph above 
at points A, B, C, etc., and a smooth curve has been drawn 


248 QUADRATIC EQUATIONS 4 


through the points. This line is the graph of the fanctiony 
y =2?+a2-—6. Band G represent the points at which y = 0. 
They represent the roots of the equation 2? +  — 6 = 0. : 
Notice that the values of y in the graph on page 247 are deter- 
mined by the corresponding values of zx. The curve is the 
locus of all points that satisfy the condition y = 2? + x — 6. 
The graphs of equations that have this form are curved lines | 


similar to that below. Such curves are called parabolas. 


ExaMPLe. Draw a graph of the equation 2 —62+9 = 0. 
Sotution. First write the equation as y = 2? —6x+9. Construct 
a table of values of x and y that satisfy the equation. 


The pairs of values, z =—1, y = 16; zx =0, y =9, etc., are plotted as 
shown in the graph below and a smooth curve is drawn through the points. 


Unlike the circle, which is a closed 
curve, the ends of this curve will 


EGRaS tt 


BRERURSBEBES 4 
ZGaEEe ER MREEREEEE never come together. ; , 
EEHEEEEEEEHEEH > oe gan 
2 -, = 
ESCORT) ee 
TCCOCELLEL TLL]: «roots of this equation are the 
rT Ti {Ty TTT tT tT yyy | | points where the line y = 0 
HAE HH (the x-axis) crosses the curve. 
BURDEVWERGTGERe In this case the z-axis is tan- 
FLT TTA ETT TTT TT] gent to the curve at the point 
met el tale tele ie raken 
SSW ER RER SA Vacs SS Th _ a 
TTTT Tre eee the graph on page 247 in- 
rT TT TENET I/LEET [1 dicates that in general there 
el ALN Vl ee eal bet ts t drat 
erat | B e wo roots to a quadratic 
ean E equation. The two roots of 
> ata = 7? —6 i i 
Slaeesn | Yee x + 9 are identical, 


each being 3. 
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i1.if y=4, the equation y = 27?—62z+9 becomes 
4=27—62+9, or 2 —62+5=0. Place your ruler 
along the horizontal line that indicates the line y = 4 in the 
graph on page 248. What are the points in which the curve 
cuts the line y = 4? What, then, are the roots of the equation 
x*—6x+5=0? Substitute these roots in the equation. 
Do they satisfy the equation? 

2. If y=2, the equation y= 2?—62+9 becomes 
x? —62+7=0. At what points does the line y = 2 cut 
the curve? What, then, are the approximate roots of the 
equation x? —62+7=0? 

3. i y=-—2, the equation 2?—62+9 becomes 
a? —6x2+11=0. What relation does the line y =— 2 bear 
to the graph? The graph does not show the roots of this equa- 
tion. The roots are said to be imaginary. Such values are 
studiéd in more advanced algebra. 


Construct graphs of the following equations. From the 
graphs determine the roots of the equations. Check the roots 
by substitution : 


4. 7° —1=0 9. 2+2-—12=0 
6. 2? — 16 =0 10. 2?°+72+12=0 
6. 2’ +2-—-2=0 11. 2? —7x+12=0 
7. 2 —x-—-2=0 12. 2 —72r1+6=0 
8. 2? —32+2=0 13. 2?+527-—-6=0 


14. Construct the graph of 1222+ 2324—-—9=y. From 
the graph determine the approximate roots of the equation . 
when y = 0; when y = 7. 

15. Construct the graph of 22—6x-+10=0. What 
does the graph tell you about the roots of the equation? 

16. How many points is it desirable to plot before con- 
structing the graph of a quadratic equation? 
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Equations That Can Be Solved by Factoring 


You have seen- that quadratic equations may be solved — 
graphically ; but this method of solution has several disadvan- - 
tages. It is therefore well to be familiar with other method 
of solving such equations. 

The following example shows how factoring may be used in 


the solution of some quadratic equations. 
Example. Solve the equation x? — 7 x = 18. 


SOLUTION. 2 —Tx=18 (1) . 
Subtract 18 from each side: 22 — 7x —18 =0 “(2)_- 
Factor the left side of (2): (x — 9)(a@ + 2)=0 (3) 


It is evident that if the product of two numbers is equal to zero, either 
number must be zero or both numbers must be zero. Thus, if ab = 0, — 
then a = 0 or b = 0 or both a and 6 equal zero. Accordingly, from @) r 
above, either c — 9 = 0 or x + 2 = O or both factors equal 0. : 

Hence x = Yor x =— 2. i. 

Cuecx. Check by substitution. 

If z =9, 2 —7x2 = 81 —63 = 18 A 

Ifx=—2, 2 —7x= 4+14=18 Hence the values are correct. 5 

If the product of two factors 1s zero, then at least one of the 
factors 1s zero. 

Instead of substituting the values of x in the original equation, — 
the checking of equations of the form 2? + ba + ¢ = 0, when 
the coefficient of x? is 1, may be done in a simpler way. 
Notice that the sum of the two roots is 9 — 2, or 7, which is. 
the coefficient of x with its sign changed, and that the product 
of the two roots is 18, the known term. Hence the roots of | 
the equation are 9 and — 2. Compare this with the method of 
factoring x? + bx + ¢ (page 162). 

In general, if the roots of the equation x? + br + c = 0 are 
correct, their product equals the known term, c, and their 
sum equals the coefficient of x with its sign changed. If the 
equation is of the form aa? + ba + ¢ = 0, it should be changed 


before checking to the form a? + hs + £ = 0 by dividing by a. 
a a : 
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EXERCISES 


| Solve the equations and check : 


1. —527=6 13. 67+1=52 

2 —- Sx = 9 14. 2x7 —~77%+3=0 
fo. Ce = 12 15. 62+2=2 

4. 2? +22 = 15 16. 62? + 212 = 45 
6. 27 — 32 = 10 Li 2a A 6 ee 

6.927 +72 =— 10 18. 322-+7= 102 
i. 2 +b = 62 19S 52? 14:33 
8 22+12=82 20. x —2ar+a=0 
9. 327+ 627 = 24 21. ’?+3a =4a2 
Hint. Simplify by dividing by 3. 22. 2 —axr+2a=22 
10. 227 = 147+ 60 23. 2? + ab = ax + br 
fs — 3 x = 180 24. 2? = 3 br — 20? 
2. 2-+22 = 143 25. 2127 = 2dr +3@ 


26. A rectangular lot is twice as long as a square lot and its 
width is 5 rd. less. If the area of the rectangular lot is 
132 sq. rd., find the dimensions of each lot. 


SoxtutTion. Let s = the number of rods in length of the square lot 
Then 2 s = the number of rods in length of the rectangular lot 
and s — 5 = the number of rods in width of rectangular lot » 
Then 2 s(s — 5) = 182, or s*' — 5s = 66 
Solve the equation: s = 11 or — 6 

Since the side of the square cannot be a negative quantity, disregard 
— 6. Then the dimensions of the rectangular lot are 22 rd. and 6 rd. 

27. A rectangular lot is 3 times as long as a square lot and 
10 ft. wider. The area of the rectangular lot is 18,900 sq. ft. 
greater than the area of the square lot. Find the dimensions of 
each lot. 


28. The length of a field exceeds its breadth by 24 rd. and 
its area is 4 A. What are the dimensions of the lot? 


29. A rug is 4 ft. longer than it is wide and has an area of 
21 sq. ft. Find the dimensions of the rug. 
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Completing the Square 


You will find that many quadratic equations cannot be solved 
by factoring, as the algebraic expressions have no rational factors. _ 
For example, the left side of the equation 27 + 42+ 1 = : 
cannot be factored. To solve such an equation it is necessary 
to find a way to make the left side of the equation a square. ~ 
The square of a binomial is equal to the square of the first 
term plus or minus twice the product of the first term by the 
second term plus the square of the second term. (See page 169. 4 
Thus, (« - a)? = a? + 2 ar + a. > 
An expression like x? + 2ax can be made a square by adding’ 3 
to the expression the square of one half the coefficient of x. : 


Thus, 2 + 2ar +(7 creat + Qiaxz ar, ~% 


Exampie, Add a term to 2? + 6 az to make it a square. 


Souution. The first term is a square, z2. The second term is twice 5 
the product of the square root of the first term, x, by 3a, or 22(8a). The — 
term that is lacking is the square of 3 a, that is, the square of one half the | ‘ 


coefficient of 2. eS -) =(3 a)’, or 9 a?. 
Hence 9 a? is the required term, since v2 +6ar +9a@ =(¢# + 3a)?. 
EXERCISES : 


Add terms to the following expressions to make them squares. 
Factor the resulting expressions. Do ex. 1 to 10 orally: 


1. + 22+(_) 1. e+ 524+( ) 
250 Ce 2p (2) Hint. 2?+52+28 =? * 
3. 2 +42r+4+( ) 12. #7 —3274+( ) 
4. 2—42¢+4+( ) 13. 7 +72-+( ) 
5. 2 +624+( ) 14. ’?+2+( ) 
Gre 8 --(e) 15. 2 —x+( ) 
7. ¢—82 +( ) 16. 2 +82+( ) 
8. 2 —10x¢+( ) 17. 2 —82+( ) 
9. 2+ 122%4+( ) 18. 7 +232-+( ) 
10. 2? — 12% +( .) 19. -27 —22-+-( ) 
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Solving Quadratic Equations by Completing the Square 
Exampte 1. Find the roots of the equation 2? + 42 — 12 = 0. 


SOLUTION. v+4xrx—12=0 (1) 
Add 12 to each side: v2+4e2=12 (2) 
Add to each side of (2) the 

square of 3 the coefficient of x: Y+4er+4=16 (3) 
Take the square root of each side of (3): e+-2—+ 4 (4) 
Whence r=—2+4 (5) 
Solve (5): x =2or —6 


CuEck. 2 — 6 =— 4, the coefficient of x in (1) with sign changed. 
2(— 6) = — 12, the known term of (1). Or, check by substitution. 


EXAMPLE 2. Find the roots of the equation 2 7?— 52+2=0. 


SOLUTION. 22 —52+2=0 (1) 
Subtract 2 from each side: 22—5xr=-—2 (2) 
Divide both sides of (2) by 2: Ca Sree Ls) 
Add the square of 4 the coefficient of x 

to each side of (3): e— sa --(S)? = 2 (4) 
Take the square root of each side of (4): 2—-S=+8 (5) 
Solve (5): zt=§t+$=£o0r2 

“2 =2or}h 

Cuecx. The equation in the form for checking is 22? -§2 +1 = 


2+41 =24, or §, and 2(4) = 1. Hence the roots check. 


EXAMPLE 3. Find the roots of the equation 7? + 47+ 1 =0. 


SOLUTION. v’+4r+1=0 (1) 
Subtract 1 from each side of (1): e+4z2=-1 (2) 
Add the square of 4 the coefficient of x 
to each side of (2): e+4274+4=3 | (3) 
Take the square root of each side of (8) : r+2=4+V3 (4) 
Solve (4): z=—-2+V3 
an 2G 
—2-v3 


The decimal values of the roots arex = — 2 + 1.732+ = —.268 or — 3.732. 

Cureck. —2 chin a4 (e2 2 — v3) = —4and(— 2 en/ 8) (= 2 — V3) =1 

“Also, — .268 — 3.732 =— 4 and (— .268)(— 3.732) = 1.100116, or 1.1 
(approximately 1). 
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Summary of steps. ; 

1. Arrange the equation in the form 2? + br = c, the coefficient of 2? 
being 1. 4 

2. Complete the square of the left member of the equation x? + br = c y 
by adding to each side of the equation the square of one half the coefficient x 
of x. : _ 

3. Find the square root of each side of the equation. Write the sign ~ 
+ before the square root of the right side. : 

4. Solve the two resulting linear equations. 

5. Check the solution. 

EXERCISES 


Solve the following equations by completing the square. - 
Leave irrational results in the simplest radical form : 


1. #+22-—-3=0 22. 22° —T7x+2=0 
2.¢+427-—-5=0 23. 427 —2z7=1 

3. 2 -—62+5=0 24. 3a°7+22=1 

4. 7+8e-7=0 25. 227+527+1=0 
5. 227-82 —20=0 26. 5224+32—-2=0 4 
6. 2% —62+3=0 27. 32 —52+2=0 : 
7. 2% —82=5 28. 3027 +42+1=0 | 
8 2+8=62 29. 47 +52+1=0 

9. 2+227=2 30. 32° +227-—-1=0 

10. 2? +22%=5 31. 42? -—32=1 

11. 2?+527+4=0 32. 227 -—52=3 , 
12:2? — 64 ="6 33. 527 +627+1=0 ¥ 
13. 2 +327-—18=0 34. 1227+ 1382+3=0 

14. 2? +32 = 40 35. 7 +227=3 

15. 2? +527 =7 36. 10224+5= 272 

16. 7? +32-9=0 37. 622 — 2574+ 14=0 

17. 2 +5=72 38. 82? — 142 = 15 

18. 2 -—2272=4 39. 2 +32-—-3=0 

19. 2+42=1 40. 2+ pr+q=0 

20. 2% —42%=3 41. rv’? + pr +q=0 

21. 322? -—62+1=0 42. azv?+ br +c=0 


Hint. See example 2, page 253. 
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‘Solving Quadratic Equations by the sivadsa Ge 
Formula 


The equation az? + bx +c = 0 (ex. 42, page 254) is the stand- 


ard, or general, form of all quadratic equations. Its solution is 


important and should be remembered. 


as V Vs 
The result, x = os ~ # aie that was found as the 
a 


at of the equation az? + bx + c = 0 is known as the quad- — 
ratic formula and may be used to find the roots of any quad- 
ratic equation. 
Any quadratic equation may be put in the standard form 
ax? +bx+c=0. Note that a is the coefficient of x?, b is the 
coefficient of x, and c is the known term. 


EXAMPLE 1. Solve the equation 2 —5x2+4=0. 

Soxtution. In this equation a, the coefficient of 22, is 1, b, the coefficient 
of z, is — 5, andc, the known term, is 4. To solve the equation substitute 
the values of a, b, and c in the formula. 

_ —b+Vb —4ac _ —(— 5) 4 V(— 5) — 40) (4) 
2a 2(1) 
5b +V25— 16 543 
2 


Cuercx. Check by substitution or by finding the relations between the 
roots as given on page 250. 
EXAMPLE 2. Solve the equation 3 2? + 42% = 5. 
SoLuTion. B82+427=5 


Subtract 5 from both sides : 322+ 44 —5=0 
Substitute a = 3, b = 4, and c =— 5 in the quadratic formula: 


_—b+veR—4ac _ —4+V16 — 4(8)(— 5) _ —4 + V76 
oo La a alee AL : 


2a 2x3 
_~—4+2v19_ —2+V19 
6 Deh 
4 —2+V19 ,, —2-vi9 
3 3 


Cuecx. Check by substitution in the original equation or by finding 
the sum of the roots and their product. 
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EXERCISES ; 
Solve by the formula. Leave irrational results in radical form : 


1. 422 -—187+3=0 9. 2 =x+2 

2. 1022+ 10 = 292 10. 772 =42+3 

3. 1022+ 992 = 10 11. 2422+2x7%-—-5=0 

4. 152? —347+15=0 12. 327 -—72.—8=0 

5. 202 — 152+ 25=0 13. 277 —82+3=0 

6. 327—14=2 14. 3227 —-—1lz2+10=0 

7. 52+ 132 =6 16 2°.) 

8 2@+r=1 16. 4.227 —392=83 

Find the result correct to the nearest tenth: a 
17. 2+22 = 13 21. 22 +122 = 40 P- 
18. 2+32=5 22. 2% —2x24=2 3 
19. 327+ 62 = 15 88ers ee 28 3 
2050227) — 20-0 =. 12 24. 2? —2.52=3 


The three methods of solving quadratic equations. 


Pree) Comet Sere 


1. Solve by the factoring method whenever the expression is 
easily factored. | 
Thus, v—3x2—4=0 . 
(c — 4)(2 +1)=0 é 

: z=4or-1 

2. Solve by the method of completing the square when the 
coefficient of x? is 1 and the coefficient of z is an even number. 


Thus, ; v’—82=5 
2 —82+ 16 = 21 
zt—4=+V21 
za=44+V21 


As this is the general method for the solution of all quadratic 
equations in one unknown number and is also the basis for the 
quadratic formula, you should be thoroughly familiar with it. 


3. Solve by the quadratic formula whenever methods 1 and2 
are not easily applicable. } ‘ 


to 


16 


Se 
— 


= 
ae 


= 
= 


14. 
15. 
16. 
17. 
18. ——— 
19. 


20. 


OM AD oP ow po 
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EXERCISES 


Solve the following equations. 


the nearest hundredth : 
n2—4n=0 
vn —20n+ 91 =0 
. 6n? — 17n = 183 
. 327— 1824+4=0 
ve—x=3 
e+tsrex-—-14=0 
322—72—20=0 
327—52—2=0 
= 52 
. 6n7+5n = 56 

me poe ot 
nm —.1 n 
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Give irrational results correct 


21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


31. 


32. 


33. 


34. 


35. 


36. 


22? — 24x = 56 
v’—24=— 1072 
(247+ 1)(@ —2)=2 
Qn — 1G —3)=2 


3” — 4.16 =1.2n 
P38 tic 
sof 3 3t=2 
2? — 12t = 54 
37 + 27r = 66 
e+e2t+2=0- 

4 5 
32—5 aoa 
10." 8 
3 i, 
e+2 52+1 
t+4. 2“2+9 
2x —-6 4 7 i ae 
ze+1 e—1 «-1 
i 
e202 “2 = 2 

D ey 
3m—5 m— 15d 
8 12 
m+1 m— 2 
3z2—1 5-42 _ 4 
7-2 AAA Al 
Ly or pad 
3y+5 S5y-1 
Tee ae ig bi 
t=— 1-3 2% 
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\ 


Exercises with Literal Equations and Formulas 

Solve for x: “a 
1. 7+3a@ =4a2 5. (1 — a®)a? = b(2 2 — b) es 
2.2 =(n + n)z 6. (cx ta+m)y=(a-—m)? | 
3. 2 +2axr=b 7 (a—b)r =a(r4—b) = 
4. 42? -—4ab = 0? — 8az 8 

9. (a) Solve the formula S = a + vt — 16? for ¢. 

(b) Find t when S = 46, a = 32, and »v = 60. 

10. (a) Solve the formula S = 52 a@ +(n —-1)¢] for n. 


(b) Find n when S = 820, a = 3, andd = 4. 


OME = 


11. If the radius of a circle is 7, the side s of aregular decagon — 


(10 sides) inscribed in the circle is determined from the pro- 


plang 8 
portion - = 
sr 


Solve for s. Determine the value of s to the 
nearest tenth when r = 10. 


12. The radius of a circular arch 

She ‘ 
2h 

Find the height, h, of the arch if 

r = 30 and s = 20. Are both re- 

sults possible? Explain. 


- is given by the formula r = 


13. (a) Solve the formula P = ue (ex. 52, page 10) for d. 
(b) Find the value of d when P = 78 and n = 6. 
14. (a) Solve theformula m = 9" for v. 

c 


(b) Find » correct to tenths if m = 12, ¢ = 3.3, and g = 15. 


15. The length of a pendulum is proportional to the square 
of the number of seconds required for a complete oscillation. 


& T™. Solvefort, Findtif T = 1, L = 39.1, and/ = 19.55, 


2 
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Problems 


1. Find a number whose square is 56 greater than itself. 

_ Hint. n? =n+ 56. Explain. Show that there are two such 
numbers. ; 
2. Find a number such that its square is 72 less than 
17 times the number. . 

3. Find a number such that the product of the number and 
the number diminished by 2 is 15. 

4. Find a number such that the product of the number and 
the number increased by 10 is 75. 

5. If 6 times the square of a certain number is equal to the 
number increased by 35, what is the number? 

6. Three times the square of a certain number is equal to 
50 decreased by 5 times the number. Find the number. 

7. The sum of two numbers is 25 and their product is 144. 
What are the numbers? 

8. The difference between two numbers is 12 and their 
product is 108. What are the numbers? 

9. The difference between two numbers is 8 and the sum 
of their squares is 274. Find the numbers. 

10. Find two consecutive integers whose product is Ue 
Hint. There are two sets of numbers. 


11. Find two consecutive integers the sum of whose squares 
is 85. 

12. Find the price of eggs per dozen when 1 more egg for 6¢ 
reduces the price of a dozen eggs 12¢. 

13. Find the price of eggs per dozen when 3 less for 36¢ raises 
the price 12¢ a dozen. 

14. The side of one square sheet of paper is 2 in. longer hen 
the side of another square sheet. Find the side of each square 
if the sum of their areas is 340 sq. in. 

15. The perimeter of a rectangular building lot is 260 ft. and 
its area is 2625 sq. ft. Find the dimensions of the lot. 
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16. A picture 20 in. by 15 in. 
is surrounded by aframe. Find | 
the width of the frame if its area — 
is 246 sq. in. 

17. How wide a strip must — 
be cut around a rectangular — 


ISt2w 


lawn 80 ft. by 60 ft. in order to — 

mow + of it? x 

18. A garden plot 50 ft. by z 

30 ft. is surrounded by a path. — 

of uniform width. The area of the path is 516 sq. ft. What F 
is the width of the path? = 
19. A circular park with a radius of 50 ft. is surrounded by a a 
path of uniform width. If the area of the path is 44 of the area 3 


of the park, find the’width of the path. (Area of circle = zr.) 


20. A path 5 ft. wide surrounds a circular park. If the area — 
of the path is 42 of the area of the park, find the diameter of — 
the park. 


21. The diagonal of a rectangular lot is 130 ft. Find the 
dimensions of the lot if one side is 70 ft. longer than the other — 
side. 


22. A rectangle is 12 in. wide by 16 in. long. How much 
must be added to the length to increase the diagonal by 4 in.? ° 


23. An open box is made from a piece 
of tin that is 5 in. longer than it is wide by 
cutting out a 5-inch square from each corner 
and turning up the sides. If the box con- 
tains 750 cu. in., what are the dimensions of 
the original piece of tin? 


24. Mr. Stanley received $864 for radio sets. If the price 
of each set had been $3 more, he would have sold 4 sets less. 
Find the price of the radio sets and the number of sets he sold. 


§ / 
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25. Victor earned $288 during the summer. If he had earned 
$2 a day less, he would have had to work 12 days more to earn 

. the same amount. How many days did he work? How much 
did he earn a day? 

26. A group of men agreed to pay $147 for a dinner; but as 
7 of the men failed to attend, each of those who did attend had — 
to pay $.50 more. How many men attended the dinner? 

27. Mr. Schuyler bought a number of row boats for $1500. 
He sold all but 2 of them at an advance of $25 on each boat 
and received the same amount that he paid for all of them. 
How many boats did he buy? 

28. Mr. Schuyler bought a secondhand row boat. After 
repairing and painting it, he sold it for $75. The per cent of 
his gain on the cost was equal to the number of dollars he paid 
for the boat. How much did the boat cost him? 

29. Miss Jones bought some household goods at an auction 
and immediately sold them for $48, with a per cent of gain on 
the cost equal to 4 the number of dollars she paid for the goods. 
How much did she pay for the goods? 

30. In a village telephone system each subscriber may talk 
with each other subscriber; that is, if there are n subscribers, 
the total number of different calls that may be made is n(n — 1). 
Find the number of subscribers if 2352 calls may be made. 

31. A crew can row 4 mi. down a stream and back again in 
1 hr. 50 min. If the rate of the stream is 24 mi. an hour, what 
is the rate of the crew in still water? 

32. Two men together can do a piece of work in6 days. How 
long will it take each to do the work alone if it takes one 5 days 
longer than it does the other? 

33. A certain cistern can be filled by two pipes, running to- 
gether, in 32 hr.; but the larger pipe alone will fill it in 4 hr. 
less time than the smaller one. What time is required by each 
alone to fill it? 
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Systems of Equations with One Linear Equation and — 
One Quadratic Equation q 

An equation of the second degree in two variables is a quad- 
ratic equation. j 
Thus, 22+ y = 5,2+ y? = 3, and zy + x = 4 are quadratic equations. — 
Every system of simultaneous equations involving one linear — 
equation and one quadratic equation can be solved by the ~ 
method of substitution. (See page 143.) 4 


EXAMPLE. Solve the system: ie Dirty 
ty = 6 : 
SOLUTION. 22—y=4 (1) 
zy =6 (2) 
Solve (1) for y: - y=2a—4 (3) & 
Substitute 2 2 — 4 for y in (2): a(22 —4)=6 (4) 
22—42=6 (5) 
z—22—3=0 (6) & 
@G-—3@¢ +)=0 > (7) 
x=3or—-1 
Substitute the values of z in (8): y =2or — oH 


Cuerckx. Substitute each pair of values of x and y in both of the original 
equations. 
es site ee oy 
(3) (2) = 6 (—.1)(— 6)=6 
Note that (2) could be solved for either x or y and the resulting value 
of the variable could be substituted for that variable in (1). 
When stating the roots of a system of quadratic equations, 


be careful to group the pairs of values correctly. 


Summary of steps. 

1. Solve one of the equations for one of the variables in terms of the © 
other variable. Substitute this value of the variable found in the other 
equation. Solve the resulting equation. 

2. Substitute the roots found in step 1 for the variable in one of the 
original equations. Solve the resulting equation for the remaining variable. 
Group the pairs of roots found. 


3. Check by substituting each pair of values found for the variables 
in both of the original equations. 


| Solve the following equations. 


- 
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EXERCISES 
Check ex, to 10; 


rty=5 


52—3y= 


16. 
17. 
18. 
19. 
20. 
21. 


22. 


23. 
24. 
25. 


26. 


27. 


cs Aa aD 
ry + y? = 18 
272-—-y=-—2 
3sy=a+7 
tz+2y=—-8 
x—ay=4 


@-AY —)=0 
gty=12 
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Problems 


1. Find two numbers whose sum | is 20 and whose product 
is’ 96. 

2. Find two numbers whose sum is 18 and the sum of whose — 
squares is 234. ; 

3. The difference between two numbers is 8 and the dif-— 
ference between their squares is 96. Find the numbers. 

4. A certain fraction increased by its reciprocal is 12. _The 
sum of the numerator and the denominator of the frhotone is 5. 
Find the fraction. 

5. The ratio of two numbers is 3 to 4 and 4 of the product 
of the numbers is 64. Find the numbers. 

6. Find two numbers in the ratio of 5 to 3 such that the — 
difference of their squares shall be 36. 

7. The area of a rectangular field is 4 A. Find its ap ‘ 
mensions if it takes 104 rd. of fencing to inclose it. + 

8. The perimeter of an athletic ficld is 700 ft. and the diag- 
onal is 250 ft. Find the dimensions of the field. 

: 9. A rectangular playground is — 
55 ft. longer than itis wide anditsarea 
is 60,500 sq. ft. Find its dimensions. — 
10. A city lot situated at the inter- 
section of two perpendicular streets is - 
triangular in shape. It has a total | 
street frontage of 184 ft. and a back 
Fulton Street line of 136 ft. Find the other two 
sides of the lot. (See page 9.) 
11. The yearly interest on a cer- 
tain sum of money is $42. If the 
sum were $200 more and the rate 1% less, the annual income | 
would be $6 more. Find the principal and the rate. 


Pr : (= 1) See 
Hint. ino oe 200) Ae 7 
{00 (P + 200) 100 8. Eliminate ae Pr term 


we) 
(oy) 
“a 
—~ 
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CHAPTER XV 


FIRST STEPS IN 
DEMONSTRATIVE GEOMETRY 


acta Historical Introduction Pythagoras 


In your study of arithmetic and algebra, you have had to 
work problems concerning triangles, rectangles, circles, and 
other figures. Algebra is concerned chiefly with the study of 
the equation and with the solution of problems by means of 
the equation. Geometry, on the other hand, deals with lines, 
their combinations to form different figures, and the relations 
between these figures. 

The study of geometry is supposed to have originated with 
the Egyptians. Each year the Nile river rose and overflowed 
its banks and flooded the surrounding country. This made 
the Nile valley very fertile, but it also caused considerable 
damage; for it washed away sections of the fields and covered 
up important landmarks. The necessity for finding methods 
of measuring the land led the Egyptians to the study of geome- 
try, which literally means ‘‘ earth measurement.’”’ With such 
knowledge as a basis, the Egyptians built palaces and pyramids 
which are still standing. The practical applications interested 
them so much that they extended the study of geometry until 
they had discovered a great many other facts. 

The Greeks followed the Egyptians in this study and three 
hundred years before Christ, a Greek named Euclid wrote a 
textbook that contains much of the material that is still used 
in our textbooks to-day. He did so much for the study of 
geometry that in England this study is called Huclid instead 


of geometry. 
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Review of Terms and Constructions : 

Let us begin our study of geometry with the line. We shall | 
consider two kinds of lines — straight lines and curved lines. | 
A straight line is the shortest line that can be drawn between ~ 
two points. ; 


The edge of your ruler or the edge of this page in your book represents a 
straight line (st. line). 


Va a 


Pe tii eh ti Poa meme 


A curved line is one no part of which is straight. 
Point out examples of curved lines in the classroom. 
In general, a straight line is called simply a line. Unless ~ 
otherwise limited, a line is indefinite in extent. That is, it 
extends in both directions with- 
Sey Bhaons out limit. Thus, ABisa straight 
line. 
The lines and figures that are studied in elementary gecnie tay 
all lie on a flat, smooth surface called a plane. 


¥, 


Thus, the surface of the blackboard or of your desk is a plane surface. 


Exercise 1. Locate two points P and Q. With the use of © 
your ruler or some other straight edge, draw a straight line — 
between the two points. Can you 

P draw more than one straight line be- — 
tween the two points? 


Exercise 2. If an aviator wished to fly from one city to | 
another city in the quickest possible time, what kind of course — 
would he choose? Why? How many such courses would 
there be? 


Exercise 3. Fasten a thumb tack in the corner of your | 
desk and another tack in the desk across the aisle. Stretch — 
a thread from one tack to the other tack. Do the same thing — 
with another thread. What relation do the two threads bear 
to each other? 


CONSTRUCTIONS 267 


These exercises show us the fact that: Through two points 
only one straight line can be drawn. : 
Since this is true, it is sometimes stated that: Two points 


determine a straight line. 
EXERCISE 4. Draw any straight line, A 
asthe line AB. Draw any other straight re) 
line, as PQ, intersecting AB at some P Q 
point O. How many times will the two 
lines cross if each is extended indefinitely 
in both directions? How many such 
lines can you draw through 0? B. 


Exercise 5. If you know that Mr. Brown lives at the inter- 
section of Albany Avenue and Crown Street, can you find his 
house easily? Why? 


Two straight lines can intersect in only one point. 
That is: 
Two intersecting lines determine a point. 


Angles. If two straight lines are drawn from the same point, 
as lines BA and BC, an angle is formed. C 


This angle is read ‘‘angle ABC” or “angle 
CBA.” B is the vertex of the angle and is 
read as the middle letter. 1 


The abbreviation for angle is the sign Z. Some- B A 
times angles are designated by one letter or numeral, as 21 above. 

The line BA may be called the initial line, while the line 
BC may be considered as rotating counterclockwise starting 
from the position BA and assuming any ee : 
one of many positions, as BC, BC’, BC”, yao 
etc. The amount of rotation from ae : 
initial position determines the size of the 
angle. 

Thus, ZABC is less than 2 ABC’ or ZABC"™. 
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£ The lengths of the sides of an angle 
have nothing to do with the size of — 
the angle. 


Thus, ZABC = ZABD = ZABE. 


B A Circles: “If thd"line GA'snaee an 
complete rotation about the point O as a center, 
the point A describes a circle. The curved line 
is called the circumference of the circle. It is 
the location or locus (see page 133) of all lA 
points that are situated at a given distance 
frdm the point O. 

The line OA is a radius (plural, radiz) of the circle. 

The circumference of a circle is divided into 360 degrees (360°). 
This is based on the ancient Babylonian division which was 
made on the supposition that there were 360 days in the year. 
The degree is divided into 60 smaller units called minutes (’) 
and each minute is divided into 60 parts called seconds (’’). 

Measurement of angles. If the rotating side of an angle 
has made one quarter of a complete revolution, the angle formed 
is called a right angle. 

Thus, Z AOB is a right angle (rt. Z). 


we Susat logan cage ose at i ih lay al a atari 


If the rotating side of an angle has com- 
pleted one half of a revolution, the angle 
\ 0  ; formed is called a straight angle. 

Tee Thus, ZAOC is a straight angle (st. Z). The 
ar sides AO and OC form one straight line, AOC. - 
An angle less than a right angle is called an acute angle. 


An angle greater than a right angle but less than a straight — 
angle is called an obtuse angle. 


i eee ne 


Thus, Z AOD is an acute angle and Z AOE is an obtuse angle. 


Point out two acute angles in the classroom; four right 
angles; two obtuse angles; one straight angle. 


fee 
), <*) 
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a 


If one line makes a right angle with another 4 
line, the two lines are said to be perpendicular 
to each other. G D 
Thus, if 4 DCB is art. Z, then DC is perpendicular 
to AB (DC 1 AB). Also, AB is perpendicular to 
DC (AB 1 DC). B 
Two straight lines or two sane are equal to each other if 
they have the same size. That is, if one figure can be placed 
upon the other so that the two figures exactly fit, they are 
equal and are said to coincide. 
Thus, line AB is Be arti 
equal to line CDif you 
can place line AB on A B ¢ D 
line CD so that the point A falls on point C and point B falls on point D. 


EXERCISES 


1. The number of degrees in a right angle is —— because ——. 

2. The angle formed by two perpendicular lines is — degrees. 

3. The number of degrees in an acute angle lies between 
—— and ——. 

4. The number of degrees in a straight angle is ——. 

5. An angle that lies between 90° and 180° is called ——. 

6. Explain how ZXYZ 


Z 
was constructed with com- B : 
passes and ruler equal to D F. 
ZAOB. 

Ont Cyn A YRTE aX 


7. Draw an acute angle 
with sides 2 in. long. Con- 
struct another angle equal to it. 
Cut out the two angles and see if 
you can make them exactly fit over G 
each other. 
8. Explain how CD was drawn 
perpendicular to AB at. the point 
D on the line AB. A ESB f B 
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construct DC perpendicular to AB. Cut out the two angles 
you have drawn, ZADC and Z BDC, and see if they will 
exactly fit over each other. 


P 10. Explain how the perpen- 
F dicular PD at the left was drawn 
G D from the point P to the line AB. 


A 
Locate a point outside the line 


and draw a perpendicular to the line from that point. Draw 


several other lines from the point to the first line. 

12. Measure each of the lines you drew from the point to 
the given line in ex. 11. Which of these lines is the shortest? 
Can you draw a shorter line from the point to the given line? 

From this experiment we-con- 
C clude that : 

The perpendicular is the shortest 
line that can be drawn from a point 
to a straight line. 

13. Explain how the perpendicu- 
lar bisector of line AB was- drawn. 


D 14. Draw a line 34 in. long and 


11. Draw a line 3 in. long. x 


su 


= 

> 
2 

: 

—- 

<7 
‘ 

i 
ro 


construct its perpendicular bisec- . 


tor. Draw the perpendicular bisectors of each half of the line. 


C 15. Explain how the line BD was 
drawn so as to bisect Z ABC. 


E G D 16. Draw an acute angle and con- © 


struct its bisector. 


B 17. Draw an obtuse angle and con- 
Ee A struct its bisector. 


18. What angle is formed when a straight angle is bisected? 
A right angle is one half of a straight angle. 


ANGLES yal 


From ex. 9 and ex. 18, we conclude that : 


All right angles are equal. =f 


19. What is the sum of Za+ Zb bre 
pce d? =o 
The sum of all the angles about a point on one side of a straight 
line is 180°. 

New relations between angles. If one line meets another 


line, as in the figure at the right, two angles are formed whose 
sum is a straight angle. These angles 


are called supplementary angles. 5 
Thus, Za and 2b are supplementary angles. a b 


When the two angles are adjacent, as in the figure above, 
they are called supplementary adjacent angles. 

Two angles whose sum is a right angle are 
called complementary angles. 


Thus, 21 and Z2 are complementary angles. 
Supplementary angles and complementary [2 f 
angles may have any position. They are 
not necessarily adjacent to each other, as in the figures above. 
EXERCISES 


1. Select the pairs of angles from those below that appear 
to be supplementary angles. 


b 


2. Select the pairs of angles from those above that appear 
to be complementary angles. 


as 
3. In the fie res at the 


left, suppose that 44 BC 

— OF", Z2X¥Z =, : 

46=Zn. What re tion 
a4 exists between Za and 26! 


Z between 4m and a 


q pa Se ae ore y cae 
Caantiig tal ra opel te See eg 
tities are equal to each other. 
Therefore (..) Za+Zb=4m+Zn 
But Zb=Zn 


If equals are subtracted from equals, the results are equal. 
. (Za +26)— 26 =(4m+Zn)—Zn 


or . Za=/Zm 
Complements of the same angle or of equal angles are equal. 
4. In the figure at Cc 


the right, Z AOB and 

ZDEF are straight "§ 

angles and 2b = Zf. 2 

What relation exists A 0 Ss a 
between Za and 26? between Ze and Z f? 


Za+Zb = 180° and Ze + Zf = 18° 
.Za+Zb= Ze+ ZF 


Zb= Z 
A D - Za = Ze b } 
2 : Supplements of the same angle or of equal 
4 angles are equal. 
Cc B_ Vertical angles. If two straight lines inte: 


sect, as in the figure, four angles are forall 

‘Any two opposite angles formed by the prolongation of the lines | 
through the point of intersection are vertical angles. - 

Thus, 41 and £3 are vertical angles; also 22 and 24. 
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_ You might assume that two vertical angles are equal because 
they look equal ; but you know how deceptive appearances are. 
You might draw a pair of vertical angles and cut them out to 
‘see whether you can prove the angles 

equal by making one angle exactly fit 

the other angle. This is a good method A D 
of proof; but the one below is better. 


5: Prove that the vertical angles in 


; : C B 
the figure at the right are equal; that is, 
prove that 21 = 23. 
STATEMENTS REASONS 
(1) Z1is the supplement of 22. (1) The sum of 414+ 22 is a 
: Sts Zs 
(2) Z3 is the supplement of 22. (2) The sum of 23+ Z2 is a 
st. Z. 
(Alea Ziv—a Zs. (3) Supplements of the same 


angle (22) are equal. 


The statements in the column at the right are the reasons 
why the statements given in the column at the left are true. 


A reason must be given for every step in the proof. 

Theorem. The exercise just proved may be stated more 
fully thus: 

If two angles are vertical angles, they are equal. 


A geometric exercise in this form is called a theorem or a 
proposition. 

A theorem is a statement to be proved. It consists of two 
parts. First, the facts that are given; second, the relation 
that is to be proved true. 

The part that is given is sometimes called the hypothesis 
and the part that is to be proved is called the conclusion. 

Thus, in the theorem “ If two angles are vertical angles, they are equal,”’ 
it is given that the angles are vertical angles. A proof is required that the 
angles are equal, 
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EXERCISES | 3 
2 1. In the figure at the left, prove that — 
es £2 =L4. : x 
Z ¥ . ; 
2. Prove that if the line HF in the A D < 
figure at the right bisects Z AOC, it will, = 
if extended, bisect the vertical angle F 2 \p/ 3 ae F = 
BOD. oe Z 
Here it is given that 21 = 22 and you are ae 
to prove that 23 = 24. C B i 
Show that Z1 = 23 Why? % 
22 = LA Why? 3 
23.= LA Why? ; 


ia 


A line that bisects one of two vertical angles will, if extended, 
bisect the other vertical angle also. 


3. The bisectors of two supplementary adjacent angles are 


C = perpendicular to each other. 
D Given: The supplementary adjacent . 
angles AOC and BOC, the line DO bisecting _ 
OU Z AOC, and the line ZO bisecting Z BOC. 
A 0 B Prove: DO .1 EO. 
STATEMENTS REASONS 
Z41=22 Why? 
Z4=23 ‘Why? 
414+ 24=224 23 If equals are added to equals, the 
sums are equal. 
414+224+ 2384 Z4 = 180° The sum of all the angles about a 
point on one side of a st. line is 180°. 
2(Z22 + 23) = 180° Substitute 22 + 23 for its equal 
41+ 24. 
“ 22+ 23 = 90° Why? 


and DO 1 EO Why? 
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Triangles 


A polygon is a plane figure bounded by C 
straight lines. A polygon formed by three 
intersecting straight. lines is called a triangle. 

Thus, the figure ABC is a triangle (A). 


Two triangles that can be made to fit A B 
over each other and coincide, part to part, are said to be 
congruent (2). 

Two triangles that have the same area are equal in area, but 
not necessarily equal in shape. Recall the formula for the area 
of a triangle, A = i bh (see page 5). 

The altitude, h, of a triangle is the line drawn from the vertex 
angle perpendicular to the base. é 

Two triangles hav- is 
ing equal bases and 
equal altitudes have 
equal areas; but hf 
they may have differ- 


ent shapes. A b B D b FE 


Thus, A ABC has the same area as A DEF, but the two triangles are 
not congruent. 


' 
1 
4 
4 
1 
1 
1 
‘ 
1 
1 
1 
' 
L 


When two triangles are congruent, it is evident that if one 
triangle is made to coincide with the other, the three sides and 
angles of the first triangle c! 
will equal the corresponding C 
parts of the second triangle. b 

Thus, in the figure, ZA corre- 
sponds to and equals ZA’, ZB 
corresponds to and equals 2B’, A [a B N Cc B’ 
and ZC corresponds to and 
equals ZC’. In the same way a corresponds to and is equal to a’, b to b’" 
and c toc’. Note that side a lies opposite 2A and similarly for the other 
sides and angles. Corresponding angles lie opposite corresponding sides. 
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Exercise 1. In 
A ABC and A’B'C’, ¢ 
AC = sA'C’, 
LA =ZA', and 
AB=A'B’. Ex- 
plain how A A’B’C’ B 
was constructed. a 
Exercise 2. Construct two triangles having two sides and — 
the included angle of the first equal to the corresponding parts of 
the other. Cut out the triangles. Can you make them coincide? — 
Theorem. Two triangles are congruent if two sides and the — 
included angle of the one are equal to the corresponding sides and 
the included angle of the other. 


’ 


¢ 


7 e 

A B OA B 

Given: Two A, I and II, with AB = A’B’, ZA =ZA', 
and AC = A’'C’. 

Prove: AI congruent to AII. 


Proof: Suppose that you have cut out AI and are going to try to ~ 
make it coincide with AIT. 


pas eds ye les hae aie iil Liaise tet 


wa 

Place AI on AIT so that side AB Equal magnitudes can be made to ' 
coincides with side A’B’ and ZA | coincide, and AB is given = A’B’. 
coincides with ZA’. ZA is given = ZA’. 

AC then coincides with A’C’ and AC is given = A’C’. . 
C falls on C’. 

Since B falls on B’ and C on Through two points only one st. 
C’, BC coincides with B’C’. line can be drawn. 

« AL = ATI. They coincide. 


When you clearly understand this proof, you can give it with 4 
triangles lettered differently from those above. Do not learn — 
the proof by heart, but try. to understand the method. 
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] Whenever you find two triangles with two sides and the 
included angle of one equal to the corresponding parts of the 
other, the triangles are congruent. 


j 
EXERCISES 


1. In the figure, O bisects lines AB and CD. 
Prove that AC = BD. 


‘Hint. To prove that two lines are equal to each A 
other, show that they are corresponding parts of con- ~ B 
gruent triangles. 
In this case, prove that AAOC = ABOD. Then 
show that AC and BD are corresponding parts of the 
congruent A. Z1= 22. Why? D 


2. Explain the measurements that might 
be taken in the figure at the right to find the 
distance -A B across the pond. 


3. If CD is the perpendicular bisector of 
AB, prove that CA = CB. 


Hint, Of what two A are CA and CB corre- 


sponding parts? C 
How can you prove two A congruent? 
Are there any lines in the two A that you know 

are equal? Are there any 4 equal? Are these 

equal 4 inciuded between equal sides? If so, ae: 


that the A are congruent. 
4. END that ZCAD = ZCBD; that eres Z eo 


5. P is any point in the bisector of 
ZBAC. AB=AC. Prove that P is 
the same distance from B that itis from A 
C; also that ZBPA = ZCPA. 
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D C 6. Show that the mid-point of the base 
of a square is equidistant from the opposite — 
vertices. 

Hint. AD =BC. Why? ZA = ZB. Why? 
Ea 
< 


7. In the figure for ex. 6, prove: 

A M B (@) ZADM = ZBCM;; (b) ZMDC = ZMCD. 
In a circle, a line passing through the = 

center, as AOB, is a diameter. 


~ 


8. If two diameters are drawn as in the / 
figure at the right, prove that lines AD and ; 
CB are equal. Name three pairs of equal C x 
angles. \C ee 

9. If: AB = AC and AD = AE in the : 
figure at the right, prove that DC must equal BE. A 

Hint. DC is part of AADC and BE is part of AABE. — 


Show that thetwo A arecongruent. ZA iscommon to both D E 
of these A, ; 


10. In ex. 9, show that ZB = ZC; also that 
ZADC =ZAERB then that £ BDC = 7 CHE ame Co 


An isosceles triangle has two sides equal. In AABC, AC . 
= BC, ZC is the vertex angle, Z A and Z B are the base angles. — 


G 


VOY S, 
LT PRETO tr ed 


11. Prove that the bisector of the vertex — 
angle of an isosceles triangle divides the tri- — 
angle into two congruent triangles. 


12. Using the fact proved in ex. 11, prove : 
that : 


A D B The base angles of an isosceles triangle are 
equal. 


13. Prove that the bisector of the vertex angle of an isosceles 
triangle is the perpendicular bisector of the base of the triangle. 
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A median of a triangle is a line drawn from the vertex of an 
angle of the triangle to the mid-point of the opposite side, as 
CD in the figure for ex. 11. 

14. How many medians can you draw in a triangle? 


15. Prove that if two sides of a triangle are equal, the bi- 
sector of their included angle is a median of the triangle. 

An equilateral triangle has three sides equal. G 

16. Prove that the three angles of an equi- 
lateral triangle are equal to each other. 


Hint. Show that ZA = ZB; then consider AC the 
base and show that ZA = ZC. , A B 


A 17. In the kite-shaped figure at the left, 
prove that ABCD is isosceles if AB = AD and 
AC bisects Z BAD. 
B D 18. In ex. 17, prove that Z BCA = Z DCA. 
19. If, in the figure for ex. 17, AA BD is isos- 
celes and ACBD is isosceles, prove that the line 
AC divides the figure into two congruent tri- 
C angles. 
Hint. Show that ZABD = ZADB and ZCBD = ZCDB; then ZABC 
= ZADC. 
20. Show that the line AC in ex. 17 is the perpendicular bi- 
sector of BD. That is, prove that: 
The line that joins the vertices of two isosceles triangles on the 
same base is the perpendicular bisector of the base. 
Hint. Use ex. 19 to prove that ZBAC = ZCAD; C 
then use ex. 13, page 278. 
21. If the base AB of isosceles triangle ABC 
is trisected (divided into three equal parts) DisEESE 
at D and E, prove that CD = CE. A 
22. In the figure of ex. 21, show that ZCDE = ZCED. 
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Theorem. Two triangles are congruent if two angles and the 
included side of one are equal to the corresponding angles and the ' 


included side og the other. 


G C 


tA 


Zo Maer 
A + oad ‘1 B . 
Given: Two A, land II, with ZA = ZA’, side AB = A’B’. 
and ZBi= ZB 
Prove: AI congruent to AII. 


Proof: Suppose that you have cut out AI and are trying to make it 
coincide with ATT. 


Place AI on ATI so that side AB Equal magnitudes can be made 
coincides with side A’B’ and ZA | tocoincide and AB is given = A’B’. 
coincides with ZA’. AC then falls ZA is given = ZA’. 
along A’C’ and point C falls someé- 
where on A’C’. 

ZB coincides with 2B’, BC falls ZB is given = ZB’. 
along B’C’, and C falls somewhere on 
ACH 

Then point C falls on C’. Two st. lines intersect in one 
point only. 


. Al = ATI. They coincide, point to point. 


EXERCISES 

1. Explain how AIT below was constructed if ZA’ = ZA, 
A'B’ = AB, and 7B’ = ZB. a 

2. Construct two 
triangles that have 
bases 3 in. long and- 
equal acute angles - 
at the extremities of 


the bases. A B AN 


C Gi 


; 
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3. In the figure at the right, PZ is . XY 

and bisects ZXZY. + Prove that APXZ 
= APYZ. re 


4. In ex. 3, state each pair of equal lines 
and equal angles. What kind of triangle is 
AXYZ? Why? — 


5. Prove that every point i in the perpen- 


he dicular bisector of a straight line is equally 


distant from the ends of the line. 


6. (a) Two boy scouts were directed’ to 
find the distance across a river.- Explain 
how they may have used a diagram similar 
to the figure at the left to find the width of 
the river. 

(b) If ZD = 90°, DC = 136 ft., and 
EC = 289 ft., find CB, AC, and AB. Q 


7. IfMPbisects ZQMN and ZQPN, yy Oe p 
prove that 2Q = ZN. eet 
8. (a) State each pair of equal sides N 
in the figure for ex. 7. 
(b) Draw line QN. What’kind of triangles are AMQN and 
AQNP?. 
(c) Prove that MPLQN. (See ex. 20, 
page 279.) . ; B 
9. Show that if BEC is the perpendicular 
bisector of AD and ZA =ZD, CE must 
‘be the same length as CB and the point # 
must be the same as point B. A Cond 
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A quadrilateral (quad.) is a polygon having four sides. 


Jui i, 
SB cee hs hi 


a Re 


A B10. Ifin the quadrilateral ABCD, Z1= Z2- 


and 23 = 24, prove that AB = DC and © 
pate AD = BC; also that ZD = ZB. : 


D C 11. Triangle ABC is isosceles, with AB = 
AC. BE and CD are drawn so that 21 = 22. A 
Prove that BD = CE. 


Hivr. Show that ADBC ~ AEBC. Di XE 


12. In the figure for ex. 11, prove that: 
(a) AODB=AOEC; (b) OB = OC. 


13. In the same figure, prove that if AO B 
is drawn and extended to BC, it will bisect BC. (See ex. - 
page 279.) 


14. In the figure for ex. 11, if ZABE = Z ACD, prove that 
AE = AD. 


.: 
i 
x 


p 15. In the figure at the left, if RT 


bisects ZPRQ and ZPSQ, prove that 
ks RP = ho. 


16. In the figure for ex. 15, draw 


PQ. Prove that RT is the perpendicu- — 


Q lar bisector of PQ. 


17. Explain. how 
AII was construct- G 
ed -if A’B’ = AB, 
AC = AC, and 
EC eB. 


18. Construct a A B 


triangle similar to AI with AB= 5in., AC =4 in, and 
BC = 3} in. Construct another triangle with sides of the. 


same length. Are these triangles congruent? 
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_ Theorem. Two triangles are congruent if three sides of the 
_ one are equal to the corresponding sides of the other. 


3 éj 


Given: Two A, I and II, with AB = A’B’, AC = A'C’, 
and BC = B'C’. 
Prove: AI =AII. 


Proof: Suppose that you place AI adjacent to AII so that AB coin- 
cides with its equal A’B’ and C falls opposite C’. Draw the line C’C to 
divide the figure into two isosceles A. 


AA'C’C is isosceles. A’C’ is given = AC. 
Then Z1 = 22. Base angles of isosceles A are =. 
AB’C’'C is isosceles. B’C’ is given = BC. 
Then 23 = Z4. Why? i 
21+ 23 = 22 + Z4, or Equals added to equals give 
213 = 224. equal sum:. 
“. AIL = AI. Two sides and included Z are =. 


Note that Z1-+ Z3 forms 213 (read ‘‘angle thirteen’’) as the whole 
equals the sum of tts parts. 


EXERCISES A B 


1. If the opposite sides of a quadrilateral 
are equal, the diagonal divides the quadri- 
lateral into two congruent triangles. State D C 
the pairs of equal angles in the figure at the right. 
2. In the figure for ex. 15, page 282, if RP = RQ and PS 
= SQ, prove that 7 PRS = ZSRQ. 
3. In ex. 2, show that 2 P = ZQ; also that Z PST = Z TSQ. 
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Parallel lines. Two lines, as AB and CD, are parallel if they — 
lie in the same plane and will not meet however far they a 
extended. For example, the oppost 
A——_—_—_—_B edges of this page are parallel. . 
C———__——_—__f)__— The symbol for “ parallel,” “parals 
lel to,” or “is parallel to”’ is || . 
Mention several pairs of parallel lines in the classroom. 
Parallel lines may be considered as drawn in the same direc- 
3 D tion from the initial line. Thus, 
the rotation of AH and CD from 
the initial line AB is the same. 
That.is, ZCAH = 7 Bor. 3 
A 3 C B A line that crosses two parallel 
lines, as AB crosses AE and CD ~ 
in the figure above, is called a transversal. The 4 CAE ands 
BCD are called corresponding angles. a 
Assume for the present the truth of the two theorems that 
follow, which you will prove later in your study of geometry. 


I. If two straight lines are cut by a transversal so that the 
corresponding angles are equal, the lines are parallel. 


II. If two parallel lines are cut by a transversal, the corneal 
sponding angles are equal. 


Note the difference between these two theorems. Theorem I 
states that in the figure above, if Za = Zc then AE || CD. 
Theorem IT states that if AE || CD, then Za = Zc. The part 
that is given in Theorem I becomes the part to be proved in 
‘Theorem II, while the part to be proved in Theorem I is the part 
given in Theorem II. | 

Theorem II is called the converse: of Theorem I. The con- 
verse of a theorem is not always true. 

State the converse of : 

(a) If two angles are vertical angles, they are equal. 

(b) The base angles of an isosceles triangle are equal. 
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. EXERCISES 
1. Explain how line XY 
was drawn parallel to line AB 
through the point P. 


2. Draw a line MN and 
construct a line parallel to 
MN through a point K outside 
of MN. How many lines can you draw through K parallel to 
| MN? 


Through a given point, only one line can be drawn parallel to a 
given line. 
Or, Two intersecting straight lines cannot both be parallel to the 


same straight line. 
2 


3. In the figure at the right, 4c and d and 4b and e are 


called alternate interior angles (alt. y 

mt. 2). If Zc = Zd; prove that 

AB || CD. y P/a . 
Sotution. Zc = Za Why? c/b 
Then iii ae Wyse 
= AB|\CD See Theorem I, page 284. ee a D 


p44. In ex. 3, if 2b = Ze, prove 
that AB eb. vk 


If two straight lines are cut by a tranversal so that the alternate 
interior angles are equal, the lines are parallel. 


5. In the figure for ex. 3, prove that AB is parallel to CD 
Zb+ Zd = 180°. 
Hint. Zais the supplement of 26. Why? 


' Zdisthe supplement of 7b. Why? 
Then Za=Zd. Why? 


\ 
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x Sotution. Zc =Za Why? rah 

Za =Zd See Theorem II, ~ 

A Pia B page 284. Ry 
c/b . Zo =Zd Why? é 

C e/d Show that this exercise is the con- = 
f/Q verse of ex. 3, page 285. 


7. If AB|| CD in the figure above, 
- prove that 2b'= Ze. ‘* 
Of which exercise is this the converse? y 
If two parallel lines are cut by a transversal, the alternate interior | 
angles are equal. 


8. If in the same figure 2b is supplementary to Zd, prove 
that AB |[CD. 


If two straight lines are cut by a transversal so that the interior 
angles on the same side of the transversal are supplementary, the 
lines are parallel. 

9. Prove the theorem above if Zc + Ze = 180°. 

10. If AB || CD, prove that 2b + Zd = 180°. 


If two parallel lines are cut by a transversal, the interior angles 
on the same side of the transversal are supplementary. 


11. In the same figure, prove that AB || CD if Za = Zf. a 
Pe 12. IfCDand EF are each L AB, prove . 
that CD || EF. 


Hint. Zz is what kind of angle? 

X y Lat —% Za NN Nae 
Then CD || EF. Why? 
Assess, ob | 


Two lines perpendicular to the same line are parallel. 


13. If in the figure for ex. 1, page 277, AB and CD bisect 
each other at O, prove that AC || DB. 


: 
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You have several times made use of the fact that the sum of 
the angles of a triangle is equal to 180°. You are now going 
to prove this fact. If you have not already cut a triangle into 
three pieces and fitted the angles together, do so now. (See 
page 20.) 

Theorem. The sum of the angles of a triangle is 180°. 


C 
ee ies | Cares 


A B 
Given: AABC, with 44, B, and C. 
Prove: 2A +24B+ZC = 180°. 


Proof: To find the sum of the angles, draw the line XY || AB through C 
and compare the 4 formed at C with 4 A and B. 


Za= Ld Aaand ¢ arealt. int. A of || lines 
and alt. int. 4 are =. 
Mili = VLE Same reason as above. 
But Zd + Zc + Ze = 180° Sum of the 4 about a point on 
one side of a st. line = 180°. 
“ ZA+2ZC+2ZB = 180° A quantity may be substituted 
for its equal. 


EXERCISES 


1. Prove that the acute angles of a right triangle are com- 


plementary. 
2. What is the value of each angle of an 
equilateral triangle? (See ex. 16, page 279.) C 


3. Prove that the altitude CD of the 
equilateral AABC divides the triangle into 
two congruent right triangles. 
4. How many degrees are there in ZACD 
and ZCAD of AI, ex. 3? A D B 
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5. Prove that : 


is one half the hypotenuse. (See 
page 240.) 

6. Use the figure at the right 
to prove that the sum of the 
angles of a triangle equals 180°. 

Hint. BD || AC. A B 


Ci: D 


‘ 
7. Prove that if two angles of one triangle are equal tg two F 
angles of another triangle, then the third angles are equal. ~~ 

8. Prove that two triangles are congruent if two angles > 
and the side opposite one of these angles of one triangle are ~ 
equal to the eorresponding angles and side of the other triangle. 7 

9. In the figure for ex. 6, if Za’ = 28° and Zc’ = 52°, find © 
the angles of AABC. q 

10. Find each angle of a triangle if they are in the ratio ‘ 
QRS tds 


11. Find each base angle of an fieacene triangle if the ver- 
tex angle is 80°. 


12. Prove that a triangle cannot have more than one right 
angle or one obtuse angle. 


13. Prove that only one perpendicular can be drawn to a ; 
straight line from a point without. 5 


14. Find the sum of the angles of a quadrilateral. 
Parallelograms 


A parallelogram is a quadrilateral whose opposite sides are 
D C parallel. 


Thus, ABCD is a parallelogram (2). 
ee /. You have worked problems involving 
parallelograms and have made use of the — 


A B formula A = bh for the area. (See page 5.) 
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EXERCISES 


1. Prove that the diagonal of a 
parallelogram divides the figure into 
two congruent triangles. (See page 5.) 


Hint. 41 = 22 Ex. 6, page 286. 
Ba 24 = Z3 Why? 
ALS All Why? 


_ 2. Prove that the opposite sides of a parallelogram are 
equal. 
3. Prove that the opposite angles of a parallelogram are 
equal. 
Da C. 


4. Prove that the diagonals of a paral- 
lelogram bisect each other. [OK 
Hint. What is given? Prove that DO = OB ais 


and CO = OA. Show that they are correspond- 4 B 
ing parts of congruent triangles. 

5. Prove that if the diagonals of a quadrilateral bisect each 
other, the figure is a parallelogram. 

6. Prove that if the opposite sides of a quadrilateral are 
equal, the figure is a parallelogram. D C 


- Hint. What is given? What is to be proved? 
How may you prove one line || to another line? 
(See ex. 3, page 285.) Show that AI = AII and 


complete the proof. A B 


7.. Show that if two sides of a quadrilateral are equal and 
parallel, the figure is a parallelogram. 


8. State the converse of ex. 2. Is it true? 
9. State the converse of ex. 4. Is it true? 


10. Prove that parallel lines included between parallel lines 


are equal. 


11. Find each angle of parallelogram ABCD if ZA = 90°. 
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A rectangle is a parallelogram whose — 


Rectang le angles are right angles. 


A square is a rectangle that has ail its sides equal. = 
12. Prove that the diagonals of a square are Square Pp 
perpendicular to each other. (See ex. 20, page & 
279.) 
13. If one angle of a parallelogram is a right angle, prove 
that the figure is a rectangle. 


D 
— 14. Prove that the diagonals of a rectangle ; 
ee are equal. 3 


3 
Hint. Of what two Aare DB and AC corresponding > 
A B parts? Can you provethese A =? Complete the proof. | 


? 
4 
q 
3 


15. If the diagonals of a peralecem are equal, the figure : 
is a rectangle. S 


= 
16. Prove that the bisectors of the opposite angles, A and © 
C, of the rectangle above are equal and parallel. x 


17. Prove that the median to the hypotenuse of a right tri- 
angle equals one half the hypotenuse. A 
_ Proof: Rt. AABC and the median BD are given. Prove 
that BD = AC: 

To show that BD = 4 AC, double BD and show that 
2B: Di =sAC. 

Ex'‘end BD to LH, making DE = BD. Connect E with 


A and C. B 
Quad. ABCE is a parallelogram. Ex. 5, page 289. 
COABCE is a rectangle. Ex. 13 above. 
Then AC = BE, or 2 BD. Ex. 14 above. 
That is, BD = + AC. Why? 


Dee Os C 18. If the mid-points of the sides of a 


eos F rectangle are connected in order, prove that — 


an equilateral parallelogram is formed. That 
A E B is, show that HG = GF = FE = EH. 
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Similar Triangles 


Similar triangles are triangles that have their angles equal 
_and their corresponding sides proportional. They have the 
same shape, but are not necessarily the same size. 
_ The symbol for similar is ~. 


Fie. I Fie. Il Fig. IIL 


The following pairs of triangles are similar : 
AABC ~ AA'B'C’, ADEF ~ ADE'F’, AOPQ ~ AOP'Q' 
A a ek aA’ OF 


In Fig. I, AB BC AG 

; I ee DE 
In Fig. II, DE BF DF 
In Fig. IIT, pete eee, 


PO PO 00 

We shall assume that : 

Two triangles are similar if the corresponding angles are equal 
or if the corresponding sides are proportional. 


EXERCISES 


B 
1. If DE || AB, prove that ADEC ~ AABC. Nee 


Hint. 41 = 22. Why? 23=2Z4. Why? Then E 
thethree 4 of AABC =thethree 4of ADEC. Why? 


2. In the figure for ex. 1, state the corre- 
sponding sides of the two similar triangles. C 
Write the series of equal ratios of the corresponding sides. 
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> Soe iiaavthe figure at the left, DE is eivell 
Sh mer | AB, AB=8 in, AC = 10 in, BC =8 in. 4 
D ‘and DE =6in. "ana the lengths 4 DC and EC. ~ 
4. In the same figure, if AB = 24 in. — 

AC = 16in., BC = 12 in, and DC = 8 in., 
C find DE and EC. = 


5. In the same figure, if AB=9 in., AC = 12 in. 
BC = 10 in., DE = 6 in., DC = 8 in., and ‘ 


EC = 62 in. are A ABC and DEC similar? R “ESS 
Why? 

6. If RS || QM, prove that ARSP~ : P 
AMQP. 

7. State the proportional lines in ARSP ft) 
and AMQP. 


8. If in the: figure for ex. 6; RS = 10 in, SP = 12 in., 
RP = 15 in., and SQ = 20 in., find QM and PM. 


9. In the figure for ex: 6, if RS = 12:imy RPiale in., = 
PM = 12 in., and SQ = 24 in., find SP, PQ, aa QM. 


10. Given the right AABC, with CD L AB. Prove that 
AI ~ AABC. 


C - Hint. Z1 and Z3 are complemen aaa 
Why? 
Z4 and Z3 are complementary. Why? 
Z1 = 24 Why? 
A D B Complete the proof. 


ee ata cial “iF fied ee 


11. In the figure for ex. 10, prove that: (2) AII ~ AABC; j 
(b) AI~ ATI. 


12. In the figure for ex. 10, prove that AD: CD = CD: DB 4 
or that CD? = AD x DB. (See ex. 6 page 228.) 


Nors. CD’ means “the square of the line CD.” 


tam: y (Re 54. 


: 
] 
; 
: 
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» 13. -In the figure for ex. 10, page 292, show that: 


SAC 7. aie 
(2) AG = AB or AD x AB = AC? 
DEL OR. Kee 
m) Une ap” BD X AB=CB 


-14. From ex. 13, show that: 
AD X AB + BD X AB = AC? + CB? 
AB(AD + BD)= AC? + CB? 
AB X AB = AC? + CB? 
ie or AB? = AC? + CB? 
That is, 

In any right triangle the square of the hypotenuse is equal to 
the sum of the squares of the other two sides. 

The theorem just stated and the one concerning the sum of 
the angles of a triangle were probably first proved by an 
influential Greek mathematician, named Pythagoras, who 
lived more than 500 years before Christ. It is stated that 
Pythagoras was so elated when he had proved the theorem 
that bears his name that he sacrificed an ox. Many years 
before this theorem was proved, its truth was assumed and 
the fact was used in practical life by the Egyptians and Greeks 
to construct right angles. . 

Pythagoras founded very popular 
schools for the study of mathematics. 
His most devoted followers formed a 
brotherhood, which was held together 
by an oath not to reveal any of the 
secrets of the organization. 

The theorem that bears the name of 
Pythagoras is one of the most useful 
facts of geometry. More than 100 
proofs have been discovered for this relation. The one given 
above is an algebraic proof. Show that the relation holds in the 
figure above, which you have studied in your previous work. 


294 


Complete the following statements : 


triangles is 
9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 


18. 
angles are 


19. 
20. The median of a triangle is 


21. 


opposite is 


22. 
are 


23. 
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REVIEW EXERCISES 


Through two given points I can draw straight line. = 


The size of an angle is determined by ——. 


A right angle is — 
Line AB is perpendicular to line CD when 


Two lines are parallel if 


Two geometric magnitudes are congruent if Z 
The distinction between equal triangles and congruent: y 


Two re are supplementary if 


Two angles are complementary if 
A theorem is ——. ~~. S E. 


Every theorem consists of and ——. ‘a 


The converse of a theorem is ——. 


Two triangles are congruent if or if or if 
An isosceles triangle is ——. 


The sum of the angles of any triangle equals , a 


The sum of the acute angles of a right triangle is 
If two parallel lines are cut by a transversal, the —— — 


Two lines perpendicular to the same line are 


If one acute angle of a right triangle is 30°, the side 


A quadrilateral is a parallelogram if two pie sides 
and —— or if the opposite sides are or 


The diagonals of a rectangle are 


CHAPTER XVI 


FIRST STEPS IN TRIGONOMETRY 


The foundation of all mathematics lies in measurements. 
The simplest measurements result from direct counting, as of 
coins, books, etc. The study of such relations leads from the 
simplest to the most complicated forms of arithmetic. You 
have seen how the science of geometry arose from the need to 
measure the earth’s surface. When direct measurements can- 
not be made, indirect measurements may be taken by means of 

congruent triangles, as explained in ex. 6, page 281; but if the 
measurements to be taken are large, this method may be prac- 
tically as difficult as direct measurement. If the height of a 
tall object is desired, similar tri- A 
angles may be used, as explained 2 

in ex. 6, page 109; but this SS = 
method cannot be applied in all 
cases. 

Suppose, for example, that you 
must find the distance AC across 
a river from the point C and the 
only measurements that you can 
take are the length of BC and 
the size of the angles B and C. The method you have used in 
‘similar triangles will not hold for this case. 

Such problems require for their solution new methods, which 
are explained in trigonometry, the science that treats of the 
measurement of triangles. 
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Similar Triangles — 


Triangles that have the same shape and equal angles are 
called similar triangles (page 291). 

Thus, AABC and A’B’C’ in the figure below are stareg AADE andl 
ABC in ex. 1 and 6, page 109, also are similar. q 

_Corresponding sides of similar triangles or of equal triangles — 
are sides that are opposite equal angles (see page 275). 


In similar triangles, the corresponding sides are proportional. — 


ir es Sah al ial a ant ae 


nye 


ae eg > ae en 


EXERCISES 
In the similar triangles A BC and A’B’C’, find:. 
Side a if a’ = 6 in., b’ = 8 in, and b = 6 in. 
Side bif a’ = 12 in, b’ = 15 in., and a = 20 in. 


Side c if b’ = 18 in., c’ = 24 in., and b = 12 in. 
Side c ife = 5 ft; v= 12 ft., and a’ = 255 ft. 


5. The sides of a triangle are 8 ft., 12 ft., and 15 ft., respec- 
tively. What are the sides of a reine Bane if the ae cor- - 
responding to 8 ft. is 10 ft.? a 


6. If the angles of a triangle are 30°, 40°, and 110°, respec- 
tively, what are the angles of a similar triangle twice as large? 


ad og ae A ee 
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Trigonometric Ratios 


On squared paper, as in the figure, draw an angle of 30° having 
the side AC’” 2 in. long. At four places along line AB, as at 


BB’, B”, and B’’, draw lines perpendicular to AC’”. Care- 
fully measure the lines AB and BC, AB’ and B’C’, etc. to the 
nearest ~, of an inch. What is the value of the fractions 


a an etc.? How do these results compare with what 


you have learned before (page 291) ? 

_ .In a similar way, construct an angle of 40°, draw the lines 
perpendicular to one side, and carefully measure the lengths 
of the side opposite the angle and the hypotenuse to the nearest 
zs of an inch. Find the value of the ratio of these lines to the 
nearest tenth. 

If you have done the work accurately, the values of the ratios 
Be BC! 
AB’ AB’ 

These ratios, and others similar to them, are so important 
in practical work that special names are given to them. In 
all right triangles that have the same acute angle, the ratios 
have the same value. 


, etc. should be approximately equal. 
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Sines 


In a right triangle ABC, the ratio of the side opposite Lae 
to the hypotenuse of the triangle is called the sine of angle yi 
and is written sin A. Thus, in either figure on page 299, 3 


BC (the side opposite Z A) 
AB (the hypotenuse) 


sin A = 


An approximate value for the 
sine of an angle may be read 
from a figure drawn on squared | 
paper, as at the right. Take 
OA = 10 spaces. Construct the 
arc AF of a circle. From O, 
with the aid of a protractor draw 
radii making angles with OA, as 
indicated. Since each radius is b 
equal to 10, the sine of each angle may be read directly from 
the length of the perpendicular line. For example: 


sin 25° (Z BOG) = BG — 42 — 49 


From the figure you can easily see that the value of the sine : 
of an angle depends on the number of degrees in the angle. — 
Hence the sine of an angle is a function of the angle. 


EXERCISES 


Construct a figure as in the diagram above with radii that 
make angles of 35°, 50°, and 75° with OA. From the figure 
estimate the sines of the following angles: : 


13353 ; 2. 50° 3. "75a 


4. Construct right triangle ABC with AB=10 in.,. 


AC = 8 in., and BC = 6 in. What is the value of sin A? of 
sin B? | 
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5. If in the right triangle at the B 


right, AC = = 6 and BC = 2.5, what is 


———— 


the value of AB? (See page 293.) 
-6. In the triangle of ex. 5, find sin A. 
7. In the same figure, what is sin B? 6 


8. Draw an isosceles right triangle having an arm equal 


to3in. What is the value of each of the acute angles? What 


is the sine of one of the acute angles? How accurately did 


- you measure the 3-inch arm? 


9. Draw a 30°—60° right triangle with the side opposite 
the 30° angle equal to 14 in. Find the value of sin 30° and 
of sin 60°. Express the result in simplest radical form. (See 
page 240.) . 


Cosines and Tangents 


Besides the sine of an angle, there are two other ratios that 


are in frequent use. B 
The cosine of an angle is the ratio of the 
side adjacent to the angle to the hypotenuse C Fy 
of the triangle. ‘‘ Cosine of angle A ”’ is 
written cos A. In the figure at the right, A b C 
_ AC (the side adjacent to ZA) a) 
Soi AB (the hypotenuse) pee c 


The tangent of an angle is the ratio of the side opposite the 
angle to the side adjacent to the angle. “ Tangent of angle A ” 
is written tan A. In the figure above, 

aay ee BC (the side opposite Z A) a 
AC (the side adjacent to Z A) b 

Exercise. In the figure above, if a = 6 and b = 8 find: 
(1) sn A; cosA; tan A. 

(2) sin B; cosB; tan B. 


ESS. J. H. S. MATH. 111 — 20 
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An interesting connection between the sine, the cosine, and 
the tangent of an angle and one that sometimes may be used 
in checking your work is shown below: 


a 
sn A 6 446 4% @ tand (See figure on page 299.) 
COs Aneel, Aree OO ' 
(63 “4 
Y B” As angle A changes in size from 0° to 90° 2 


sin A increases from 0 to 1. 

cos A decreases from 1 to 0. 

tan A increases from 0 without limit. ~ 3 
The sine, the cosine, and the tangent of ¥ 

an angle are the three principal functions 

G c C X of an angle studied in trigonometry. 


atk : 
Ke tt ocean ine he ial 


EXERCISES 
Give decimal results correct to two places. 
1. Construct a right triangle ABC ae = 90°) with — 
AC =45in. and BC =6in. Find AB. 
2. In the triangle of ex. 1 find: 
(a) cos A (b) cos B (c) tan A (d) tan B 
3. Draw an isosceles right triangle. From it find cos 45° 
and tan 45°. How does the value of cos 45° compare with that 
A of sin 45°? 


4. Draw an equilateral triangle and an ' 
altitude, as in the diagram. What is the 
value of each angle of AABC? What is the 
value of each angle of AABD? Explain. 


D 5. (a) Inthe figure for ex. 4,if AB = 2in., 


what is the length of BD? What is the — 
length of AD? Explain. 


(b) Write the value of each of the following ratios in simplest — 
radical form : 


cos 80° cos.60° tan 30° tan 60° 


B 
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6. Using the results obtained in ex. 8 and 9, page 299, and 
ex. 3 and 5, page 300, complete the following table with values 
stated in simplest radical form: 


Size of angle | 30° 


| 
Sine | 
| 


Cosine 


Tangent 


7. What relation is there between sin 30° and cos 60°? 
between cos 30° and sin 60°? What name is applied to the 
angles 30° and 60° when taken together? N 

8. Draw any right triangle, as A MNP 
at the right. What relation exists between 
ZM and ZN? (See ex. 1, page 287.) 
between sin M and cos N? What con- M n 
clusion can you draw about the sine of an angle and the 
cosine of its complement? 

9. In the figure for ex. 8, state tan M; tan N. What 
relation exists between the tangent of an angle and the tangent 
of the complementary angle? 

10. If ZM increases in size, what change takes place in 
tan M? in sin M? in cos M? 

11. If 2M in triangle MNP increases in size, what change 
takes place in ZN? 

12. If ZN decreases in size, what change takes place in 
tan N? in sin N? in cosN? 

13. What angle function was used in working ex. 4, page 
109? 

14. In the figure for ex. 4, page 109, find: 


2) 
i 


(a) sin A (b) cos A (c) tan A: 


15. In the figure for ex. 4, page 109, find tan C. 
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16. Make a drawing on squared paper, similar to the figure — 
below. Explain how the approximate values of tangents of 
angles may be read directly © 


22. Construct on squared paper a drawing similar to that 


on page 298 and explain how approximate values of the cosines — 


of angles may be read from the drawing. 
23. From the drawing of ex. 22, find the approximate values of : 
(a) cos 15° (b) cos 40° (c) cos 55° 


Compare your results with those you obtained for ex. 1, 2, 
and 3, page 298. 


POU NTT er ies fae ek 


id 


ae ee 


La 4 from the drawing. 
1 
D 17. If ZBOA = 15°, finds 
a eal OR ° 
r Ee tan 15°. 
iit D 18. If ZCOA =25°, ime 
Il | tan 25°. 
Ct > 19. li -<4.D0A =402 sia 
C er 
tan 40°. , = 
| B 20. If ZHOA = 45°, find 
LAA tan 45°. 
Q Ga 21. If ZFOA = 65°, find 
tan 65°. 


24. Explain why the sine, the cosine, and the tangent of . 


an angle are called functions of the angle. 
25. In the figure, HDLAB and 
C CBLAB. If AD=7.5, ED =10, and 
AB = 18, find: (a) AE; (6) BC; (c) AC. 


Ee 26. Show that sin Z AED = sin C. 
27. Show that sin A in AAED = sin A 
aA B in AACB. 


28. Find: (a) tan ZE in AAED; 
(b) tan C. 


of a telescope and two graduated 
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The Transit 


In measuring land, it is generally easier to measure the size 
of an angle than the length of a line. For this purpose, sur- 
veyors and engineers use an instru- 
ment called a transit. This consists 


circles that serve as protractors. One 
of the protractors is vertical, for 
measuring heights and depressions. 
The other is horizontal, for measuring 
horizontal angles. 

To measure an angle, the telescope 
is first pointed along one side of the 
angle and the corresponding reading 
on the protractor is noted. Then the 
telescope is pointed along the other 
side of the angle and the protractor 
reading is noted. The difference between the two readings 
gives the required angle. 

When measuring the height of objects, allowance must always 
be made for the height of the telescope above the ground. 


Approximate Numbers 


A surveyor wishes to find the distance across a marsh which 
it is difficult to measure. At point C he sights a point B across 
the marsh. Then he turns the telescope 
of the transit through an angle of 90° and 
sights point A so that Z ACB is 90°. He 
is able to measure the line AB and finds 
that it is 520.5 ft. He measures ZA and 
finds that it is 40°. 
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~ 


When the surveyor measures the distance AB and finds that 3 
it is 520.5 ft., he cannot be sure that it is exactly 520.5 ft. and — 
not 520.47 ft. or 520.52 ft. He is sure that the distance is cor- 
rect to the nearest tenth of a foot; but his measuring tape and ~ 
the lay of the ground will not permit him to make more accurate 
measurements. When he measures shorter distances, he may — 
get the result correct to the nearest hundredth of an inch or ~ 
thousandth of an inch, if his instruments are of sufficient ac- s 
curacy and he is careful in taking the measurements. : 

All measured numbers are only approximately correct. ‘They q 
may be a trifle too much or too little. In problems connected 
with measured numbers, the results are correct only to the 
number of figures that the measurements are correct. ; 


Exampye. Find the demence BC in the diagram at the rieht. 


‘ 2 BC om, BE 
SoLtuTion. sin A = AB’ or sin 40 5005 


BC = 520.5 sin 40° 


The table of sines (page 307) shows that 


sin 40° = .6428 
Hence BO = 520-5 6428 
= 384.5774 Ans. 334.6 ft. 


The table of sines is correct to four decimal places and the measured 
distance is correct to four figures, hence four figures are retained in the 
result. Since, however, the fifth figure in the product is 7, it is dropped and 
the fourth figure is changed to 6. 


The figures that are retained in the answer to the problem 
are called significant figures. They signify, or tell, the accuracy — 
of the number. 


Thus, if you count your money and have exactly $100, the two zeros are 
significant. If.you measure a distance and find that it is 37.8 ft., the 
three figures are significant. If you express this distance to the nearest 
foot, you state it, with two significant figures, as 38 ft. The same dis- 
tance may be expressed with one significant figure as 40 ft. 


» =e 
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Table of Trigonometric Ratios 


On page 307 is a table of the values of the trigonometric ratios 
of angles from 1° to 90°. The approximate value of the ratios 
for all angles can be found from this table. More elaborate 
tables are used for practical work where greater accuracy of 
| results is required. 


_ Exampre 1. Find sin 53° 20’. 


: SoLuTiIon. Sin 53° 20’ lies between sin 58° and sin 54°. Since there are 
60’ in a degree, 20’ equals + of a degree. ; 
From the table, sin 54° = .8090 


sin 53° = .7986 
Difference = .0104 
4 of .0104 = .00342, or .0035 . 
Hence sin 53° 20’ = .7986 + .0035 = .8021 


The process by which the trigonometric ratio of an angle 
not given in the table is obtained is called interpolation. It is 
based on the principle that the ratio varies just as the angle 

does if the function is an increasing one or inversely as the 

angle does if the function is a decreasing one. While this is 
not exactly true, the method gives a very good approximate 
result. 


EXAMPLE 2. What is cos 23° 50’? 


SoLvurion. cos 23° 50’ = cos 238°, or cos 23.83° 
From the table, cos 23° = .9205 
cos 24° = .9135 
Difference = .0070 
.83 of .0070 = .0058 
Since the cosine of an angle decreases as the angle increases, the propor- 
tional part of the difference (.0058) is to be subtracted from the value of 
cos 23°. 
_ Hence cos 23° 50’ = .9205 — .0058 = .9147 
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EXERCISES 
From the table on page 307, find: 
1. sin 22° 4. cos 38° 7. tan 50° 
2. sin 48° 5. cos 72° 8. tan 20° 
3. sin 70° 6. cos 85° 9. tan 34° 
Using interpolation, find : 
10. sin 35° 20’ 13. cos 47° 10’ 16. tan 75° 30’ 
11. sin 43°40’ - 14. cos 81° 30’ 17. tan 60° 45’ 
12-2 sin 58° 27’ 15. cos 23° 47’ 18. tan 25° 32’ 


Find the value of angle A when: 


19. sin A = .2588 22. cos A = .9703 25. tan A = 3.73218 
20. sin A= .5878 28. cos A = .8988 26. tan A = 1.6003 ~ 


21. sin A = 9703 24. cos A = 1045” 27. tan A = 2309 


28. Find angle A when sin A = .6734. 


SoLuTion. sin A = .6734 is not found in the table of sines, but it is 
bet ween sin 42° = .6691 and sin 43° = .6820. Use interpolation to find A. 


sin 43° = .6820 sin A = .6734 
sin 42° = .6691 sin 42° = .6691 
Difference = .0129 Difference = .0043 


Since A lies between 42° and 48°, assume that the difference is 


.0043 43 
: PS re 2S P= OY" 
0129 of 1°, or 199 x 60 20 


Hence ZA = 42° 20’. 
Find the value of angle A when: 


29. sin A = .6967 32. cos A = .0640 35. tan A = .5619 


30. sin A = 61384 33. cos A = 3007 36. tan A = .2742 
31. sin A 


Il 


8962 34. cos A =-.9588 37. tan A = 3.1716" 


38. If the arms of a right triangle are 3 in. and 4 in., respec- 


tively, what is the value of each of the two acute angles? 
Hint. The tangent of one angle will be 3, or .7500. 


TABLE oF SinEs, CosInEs, AND TANGENTS 


SINE Cosine | TaNGENT 


TANGENT 


.0175 | .9998 0175 46° -7193 | .6947 
.0349 | .9994 .0349 47° .7314 | .6820 
.0523 | .9986 .0524 48° .7431 | .6691 
0698 | .9976 .0699 49° “T1547 -| .6561 


0872 | .9962 0875 50° .7660 | .6428 
1045 | .9945 1051 51° “hel | 26298 
1219 | .9925 1228 52° -7880 | .6157 
.1392 | .9903 1405 53° .7986 | .6018 
.1564 | .9877 1584 54° .8090 | .5878 


1736 | .9848 | ".1763 55° 8192 | .5736 
.1908 | .9816 1944 56° ».8290 | .5592 
.2079 | .9781 .2126 57° .8387 | .5446 
.2250 | .9744 2309 58° .8480 | .5299 
2419 | .9703 .2493 59° 8572 | .5150 


.2088 | .9659 .2679 60° .8660 | .5000 
.2756 | .9613 2867 61° .8746 |. .4848 
.2924 | .9563 3057 62° .8829 | .4695 
.3090 | .9511 .3249 63° .8910 | .4540 
8256 | .9455 3443 64° 8988 | .4384 


.3420 | .9397 .3640 65° .9063 | .4226 
.3084 | .9336 3839 66° .9135 | .4067 
22° .3746 | .9272 .4040 67° 9205 | .3907 
23° .3907 | .9205 4245 68° .9272 | .3746 
24° 4067 | .9135 4452 69° .9336 | .3584 


25° 4226 | .9063 4663 70° .9397 | .3420 
26° .4384 | .8988 4877 le .9455 | .3256 
71 fs .4540 | .8910 5095 72° “| -.9511 | .38090 
28° .4695 | .8829 5317 73° .9563 | .2924 
29° .4848 | .8746 5043 74° .9613. | .2756. 


30° .5000 | .8660 5774 75° .9659 | .2588 
31° 5150 | .8572 .6009 76° .9703 | .2419 
32° .5299 | .8480 .6249 tis .9744 | .2250 
33° 5446 | .8387 .6494 78° 9781 | .2079 
34° .5592 | .8290 6745 79° .9816 | .1908 


35° .5736 | .8192 7002 80° .9848 | .1736 
36° .5878 | .8090 7265 81° .9877 | .1564 
37° .6018 | .7986 -7536 82° .9903 | .1392 
38° .6157 | .7880 7813 83° .9925 | .1219 
39° .6293 | .7771 .8098 84° .9945 | .1045 


40° .6428 | .7660 .8391 85° .9962 | .0872 
41° .6561 £1547 .8693 86° .9976 | .0698 
42° .6691 | .7431 .9004 87° 9986 | .0523 
43° .6820 | .7314 .9325 88° .9994 | .0349 
44° .6947 | .7193 .9657 89° .9998 | .0175 


1.0355 
1.0724 
1.1106 
1.1504 


1.1918 
1.2349 
1.2799 
1.3270 
1.3764 


1.4281 
1.4826 
1.5399 
1.6003 
1.6643 
1.7321 
1.8040 
1.8807 
1.9626 
2.0503 


2.1445 
2.2460 
2.3559 
2.4751 
2.6051 


2.7475 
2.9042 
3.0777 
3.2709 
3.4874 


3.7321 
4.0108 
4.3315 
4.7046 
5.1446 


5.6713 
6.3138 
7.1154 
8.1443 
9.5144 


11.4301 
14.3007 
19.0811 
28.6363 
57.2900 
infinite 
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EXERCISES 


In the following exercises, find the angles correct to the neares t 
minute. . a 


in the drawing. If the back line is at right angles with James ~ 
Street, what is the angle of. 
intersection of the streets? — 

(b) In two different ways, 
find the length of the back 
line. How do the two results _ 
compare? é 

Hint. (a) If A is the angle of 3 


James Street intersection, cos A = aa = .7500. 


Va From the table, 24 =41¢ 0am 


Show that this is true. 
(b) If Lis the back line, 03 = sin 41° 24’, or L = 200 sin 41°24’. Show & 


that L = 132.3. Ai q 
By means of the Pythagorean principle, L = V 200? — 150'= 50V7, or 4 


L = 132.28, or L = 132.3. . 


oe 


2. Give the equation necessary to find a, b, or c in each ; 
of the following figures. Show how the result may be checked — 
in each case. | ‘ 


3. Find the value of the parts not given in the triangles of © 
ex. 2. Check each result. 


; | Kwa) 
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Find the lines and the angles of triangle ABC that are 
issing in the following exercises. Angle C is the right angle. 
Jse the Pythagorean theorem only as a check: 


a b c Angle A Angle B 
500. 25° 
| 320 32° 30’ 
458 | 38°20’ 
| ed |, 0/378 43° 
430 eet 53° 25/ 
208 bias 1h 88* 20" 
Sy ee 48°40’ 
360 420 
250 650 
8s | 110 
240 450 


15. A ship sails northwest a distance of 70 mi. If the shore 
line extends north and south,.how far is the ship from land? 


Hint. A northwest line makes an angle of 45° with a west line. 


16. An engineer in surveying 
for a bridge made measurements 
indicated in the figure at the 
right to find the distance across 
the river. What is the width 
of the river? 


17. In ex. 16, what is the A 
distance from A to B? 
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18: An enemy babe was hidden behind a range of hills. 
To find the approximate distance to the battery, a line 2000 ft. : 
long was laid off at right angles to the line of fire. At the far- 
ther end of this line the apparent position of the battery was” 
’ sighted. This made an angle of 80°15’ with the base ine 
Draw a figure to represent these conditions and find the approxi- 
mate distance of the battery from the line of defense. — 


seal 


a 

19. The boys of a scout camp wish to lay out a mile rowing Re 
course on a lake. They lay out a base line BA of indefinite — 
length. The course is to runin ~ 
the direction of BP that makes ~ 
an angle of 70° with the base _ 
line BA. Find the point A from — 
which the point P may be sighted — 


a 


if angle A is a right angle. § 
20. From the data given in ex. 19, find the distance AP. : 
C 21. Find the altitude of triangle 


ABC if it is known that AB = 6 ft., 
AD=4 ft., ZA =32°908 andl 
ZC = 90°. Cheek. : 
A D B 22. What is the area of the tri- © 
angle in ex. 21? . 
23. If in the triangle in ex. 21, CB = 24 in, ZC = 90% 
and ZB = 53° 35’, what is the length of the altitude, CD? of 
AB? Find the area of the triangle. . 


24. In the figure for ex. 21, if AC = 22.5 ft. and CB = 12 ft., 
finds (@)"ZA> Xb) ZB5 (co) AD: id) DBA@ ee: 

25. In two different ways, find the area of the tone in- 
ex. 24. 


26. If a school football field is 300 ft. by 150 ft., find the 
angle that a diagonal. line from one corner to she: opposite | 
corner makes with the goal line. 
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27. Find the length of the diagonal line in ex. 26 by using 
the angle the line makes with the goal line. Check. 

Solve the following triangles (ZC = 90°); that is, find the 
sides and the angles not given, and the area: 

28. A = 52°30’, c = 30 in. 30. A = 48° 36’, a = 120 ft. 
29. A = 30° 25’, b = 42 in. SL. @ = 75 it:,.b = 63 ft: 

32. Two girl scouts make a camping tent in the form of a 
Square pyramid. The ground line of each side is 10 ft. and the 
siant corner lines make an angle of 60° with the ground line. 
If no allowance is made for waste, find the number of square 
yards of cloth necessary to make the tent. Drawa oo to 
represent the tent. 

33. Find the total area of a tent similar to that of ex. 32 if 
the ground line of each side is 12 ft. and one of the slant corner 
lines is 15 ft. 

The angle of elevation of an object is illustrated at the right. 
It is the angle that the line of sight from the observer to the 
object makes with the horizontal 
line from the point of observation. 

A similar definition holds for the 
angle of depression of an object. 
In the first case the object is above 
the point of observation, while in 
the second case it is below the point 
of observation. 

Thus, in the drawing, Ze is the angle of elevation of point B above the 
observation point A, and Zd is the angle of depression of object A below 
the point of observation B. Ze = Zd. 

When the height of objects is measured or the distance of 
she depression is found, the elevation of the observer above 
she ground must be considered. In the following problems, 
sonsider only the elevation above the eye of the observer. or 
she depression below the eye. 
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EXERCISES 


‘1, Frank wishes to. find the height of the nagiele in the 
school yard. He measures a distance of 30 ft. from the base 
A of the pole and then measures the angle of 
elevation of the top of the pole as 70°. 
How high is the pole? eB 
2. At the time when Frank makes the ; 
“measurements of ex. 1, the length of the- 
shadow of the pole is 40 ft. What is the 
angle of elevation of the sun? 
3. A ladder 30 ft. long rests apaineh a 
building so as to make an angle of 75° with — 
the ground. How far from the ground is 
the top of the ladder? 
4. If a ladder placed as in ex. 3 makes an 3 
angle of 78° with the ground at a distance of — 
Beso C16 feltrom the building: inal He eee the 
ladder. How high on the building does it reach? 
5. Find the approximate height of the Eiffel Tower. if the 
angle of elevation of the top of the tower, when measured — 
200 ft. from the base, is 78° 40’. 
6. Find the approximate height of the Washington Monu- — 
ment if the angle of elevation of the sun is 61° 36’ at a time — 
when the shadow cast by the monument is 300 ft. long. ‘ 
7. From the top of a lighthouse 70 ft. high the angle of de- 
pression of a boat is 12° 42’. How far from the lighthouse is _ 
the boat? 
8. An officer of a boat observes that the gla of elevation 
of the top of a lighthouse is 10°15’. If the top of the light- 
house is 120 ft. above the water, how far from its base is the 
boat? 
9. The grade of a road that rises 10 ft. for each 100 ft. 
measured along the road is said to be a 10% grade. Find the - 
angle of elevation of the road. 
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10. In some places the railroad up Pikes Peak has an angle 

_ of elevation of about 10°12’. What per cent grade does this 

represent? How high does such a 
railroad rise in 200 ft. of track? 

- 11. At a point P, 120 ft. from the 

base of a cliff, the angle of elevation 

of the base of a flagpole is observed 


to be 39° 50’ and that of the top of oe 
the flagpole is seen to be 45°. Find nh 
the height of the pole. pee 
_ Hint. First find AC, then BC. Then P 
find their difference. 120 ft. 


12. An airplane is above a point 1 mi. distant from the ob- 
server. If the angle of elevation of the airplane is 42° 27’, 
how high is it above the ground? 

13. A telephone pole 30 ft. high is strengthened by a guy 
wire that has an elevation of 72°48’. Find the length of the 
guy wire. 

14. While flying a kite, Ray noticed that the angle of ele- 
vation of the kite was 44° 24’. If the kite string was 180 ft. 
long, how high was the kite? 


. REVIEW EXERCISES 


1. Similar triangles are triangles that have ——. 


2. Ifin the diagram 
at the right AABC is 
similar to - AA’B’C’, 


a — 
then > 


Getta 7 Ae =.40": 
ZB = 70°, then ZC 
Pe Ale MOABs) ZC? 
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4. If in the triangles of ex. 2, page 313, a= 20 in., 

b = 2.5in., c = 2.5in., and a’ = 6 in., then.b’ = ? c=? 
5. If a triangle is formed by increasing each side of AA BC. 
by 5 in., will the new triangle be similar to AABC? Why? E 
6. If a triangle is formed by lines each 
B 5 times as long as the sides of AABC, 
Cc will the new triangle be similar to AABO? 
a Why? 
6 7. The three ratios that are used in 
trigonometry between the sides of a right 
—, and 


Fee ih 


triangle are 


= 


to the 
9. The value of the sine of an angle depends on ——. 


8. The sine of an Sie is the ratio of 


10. The cosine of an angle is the ratio of 


TAYE slide Sipe Fa a Pre sf 


11. The tangent of an angle is the ratio of : 
12. If in the figure above the lengths of the sides of Z A in=y 


crease and ZC remains a right angle, then sin A ——, cos A 
rey and tan A 

13. The sine, then cosine, and the tangent of an angle are 
called —— of an angle because 


14. If a andc are known, b may be found by ——. 

15. If aand b are known, ZA may be found by —_. : 
16. If c and ZB are known, a may be found by ——. ‘S 
17. If b and ZA are known, c may be found by ——. i 
18. The sine of ZA = the —— of ZB. 


19. The sine of any acute angle equals the 
plement. 


of its com-— 


20. The angle of elevation of an object is the angle ——. 


21. The angle of depression of an object is 


22. Measured numbers are approximate because 
23. The term interpolate means ——. 


YS=4nr? find Sutter 1 =3,4and r=3.5. 


CHAPTER XVII 
ALL SORTS OF EXERCISES 


Addition 
Find the indicated sums: 
1. — 9 5. 33 9. 25 a2 118}, 45a 
13 — § 12 a — 13.2a 
28 28 —17@ 12.34 
= 15 17 19 @? a 
2 — 1, 6. 4 10. 52 ax 14. — 7.2 bx 
— 28 25 COG — 8.8 bx 
— 52 iS — 65 az DT iM 
98 =e i) — IZ ax — 3.4 br 
3. 15 7. 15 11. 3y 15. Baler 
— 23 =o Sn 0); 200 5 
19 9 —10y 5.87 
— 10 — 13 18 y —6Ar 
4. 36 8. — 42 12. — 5382 16. — 3.7m 
7: 15 30 x 4.1 m? 
— 91 73 — 22 2m 
25 — 21 15% — 3.5 m? 
aT, — ex? + 3.6% —2.¢ 19. SM = 2 9 
Be) DE 3c SOD ai) 1 
18. 4axr?>— bret & 20. 3m—-—8m+17 
—7Tav2+ 5bx — 30? 2m + 7m — 15 
8 ar? — 3ba + 20? —m+5m-+ 3 
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- Find the sum of: 


+ 


multiple of 17. 


multiple of 23. 


21. 32°+52—-—7,224+ 1382? — 8, and 137 12's Jagat 
22. 5ax + 3 by —c,7 by — 8 ax + 5c, and9 ax — 10 by < 
23. 3(a + b)+ 5(c — d), 4(a +.b)— 6(c — d), and 7(c — d) © 
24. 7(22—y)— 3(x+y), 5@@+y)+ 4(22—y), and Cr i 
(w+ y) 

25. 22+ ay — y?, 2ay —2?+3y?, and42?+4+ 5y? — 3 ay 
26. 322+ ay, Ty? —227,82°+7 ry —5y?, and — 3 zy. 
27. How many 2’s are there in av + br — x? 

28. How many y’s are there in 2 ay — 3by + 5y? 

29. Express 8 X17+12X*17—3X174+9 X17 as a 


Pi 


> ee ee ee baat eet oh 


30. Express 15.X 23 +9 X 23 = 25 X 2B +6 X 2 as a 


Subtraction 
Subtract the lower number from the upper one: 
its 5 6.713 92 1270 13. ce 
= 2 25° —@4 — Ce 
2. — 18 6. 53 105423, 14. 2ax 
3 02 12 a 5 ax 
a 15 Yoaa 28 11. | 18 Pibrieon ‘ 
ee Sew SSP — ab . 
fee 17 8. 19 12. = Tat SI6s eee 
— 15 5 NG a — 12 pq 
17. 2a— 3b 19. 2a+5b—-7 
4a+5b a= Tose 8 
18. vax +5 20. 3e+527+2 


—2ar —-7 —8x2-—-T7T2r+3 


SUBTRACTION 317 


21. What number added to 3x +7 y — 8z will give 52+ 
2y+2? 
22. What number added to 15ax+ 13by —7 will give 
| 2ax — by? 

23. What number subtracted from 3 x? + 5x2 — 2 will give 

8243? 

_ 24. What number subtracted from 6 2? — 7 ry + 87? will 

give 15 xy? 

25. From the sum of 6r+7y—8z and 2x —7y+32 
subtract 32 -+y—2z2. ° 

26. Subtract the difference between 7a? — 2ab + 6? and 
3 a? + 50? from 8. a? + 3 ab. 

27. By how much does 2a + b — c exceed 5b +c? 

28. By how much must 3 2? + x — 7 be increased so that 
the result shall be 52x? — 22 + 19? 

29. What is the excess of 32? — 7zy + y? over 2? + 10 xy 
= har? 

30. 7 ax — 2 bx + 5 exceeds ax + 3 bx — 7 by what expres- 
sion? 

31. To the sum of 1522? —72ay+ 8y? and 227+ 22y—13y* 
add the difference between 3 2?—5 zy + y’? and 22°+8 ry—5y’. 

_ 32. By how much must ax + by — cz be increased so that 
the result shall equal the difference between 5 ax — 2 by + 3 cz 
and 2 ax + by — 13 cz? 

33. Find the sum of 3 a’z? — Tax +.5, 40°2? + 3ax + 11, 
and 27 ax — 17 — 5 a’2’. 

34. Find the difference between 7 a’x*? —15ar+1 and 
a’x? + 3 ax. 

35. By how much does the answer to ex. 34 exceed the 
answer to ex. 33? 
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Numerical Substitution 


If a=3,b=—2,c=—1, « =— 3, and y = 0, find the 
value of : 
2a+3b-0 8. @ —2a—15 


tle 

2052 6. -80* 9 @+04+¢ 
S380) be cx 10. a*b + ab* —xex 

£4. 22? - ay + x* 11. aoe era) 

5. ab + bc + ca 12. Cee a 

6. ax — by — ab 13. 2? — 3@ — y)4+4@ — 2m) 
Tf ORS NES cay) 14 5S ae = 


15. Find the value of a ae if a = 3, b =9, 
and c = — 30; ifa = 2,6 =— 11, andc = 14. 


16. Find the value of — b —Vb? — 4ac if a = 8, b = 13, 


ande =— 10; ifa = 3,b =— 14, andc =— 5. 
17. If C =3(F — 32), fmd=C when F = 75°3 whem 
aS 


18. If F = 3C + 82, find F when C = 20°; when C =— 10°. 
19. If C =p find \C. when -E = 110, R= 4.3) anda 


ip 3 DARSe os 
20. If S = os —$, find S when a = 2.5,r = 2, andl = 80. 


21. Find A if A = p(l + rt) and p = 580, r = 44%, 1=3) 
22. Find A if A = p(n)! and p = 200, ; =s.05, #93: 


23. Find $ if S = 5(2t — 1) and a = 4.9, t = 5. 


~ 


: ies Ms ited wR aC OT ae 


et id felons big 


24. If S = iat? + ot, find S when a = 32.16, t = 4, and — 


es 710). 
25. If S = 5a + 1), find S whenn = 12,a = 5,and1 = 38.. 


26. Find Tif T = 2ar(h +1) anda = 3.14,7r =5.1,h =8. 
27. If S = 2arh, find S whenz = 3.14,r = 4.2, andh = 4.7. 
28. If S = 477’, find S when z = 3.14 andr = 3.5. 
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Parentheses | 
Remove the parentheses and unite like terms: 
1. 22 —(82+4+ 5) 6. 7a —(— 2a+5) 
2. 82 —(42 — 2) 1228 ¢7— 3 = 22) 
3. 7a +(3.2 — 2a) 8.990 — 30-5 — 24) 
4. (6a+3)—2a 9. 3y+2a — 3(y — 2a) 
poet oad (+ 4a 10. 5zy — y(2a2 + 8) 


11. 22 — 322 —4)+(92+4 3) 

12. 7a —[(5a — 3)4+- 3a] 

13. 3a+/5a— Qa —4)+7al 

1a ow (4a — 22°) 323] — Ae 

ite | te (oo 12h) Sh 
Group the last three terms in a parenthesis: 

16. 49 Bb? — 22 —2ay—- 7 

17. 16a? — 252? + 10 zy — y¥? 

15> 2507 — 162? — 48 or — 36.0" 

19. 36 m? + 28 ab — 49a? — 40? 

20> Oa — 9 30.4-—"25 a’ 


Group the terms containing x or y in one parenthesis and the 
other terms in another parenthesis: 


Bie! te a) LiF 

PAE TT Rie NE tet Sd lle 2!) 

23. 252? + 9 y? — 36a? — 30 ay 

Ae — (ara 2 xy 

25. 2 —a@ —+ 97? —62y + 2 ab 
Write as a single term: 

26. 12V2 — 2dv2 + 18V2 — 5dv2 

QT. 273 +(5a — 2)V3 —V3 + av3 

28. (5 — Ta)V2 — 3(a — 2)V24-V2 

299. ava — 2 —(2 —2)Va—a2+Va—2x 

30.. ax + br — 7x +(a — b)x 
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Multiplication 
Find the indicated products : 
Loe 2. 6. 7 — se 9.- ax -+-b 
xz+5 (aes eek oa! Ot =e 
2 a + ha 6. ibe 10.. 7 z? — ab. 
de =" 3 0 ab + 5c? 32 -¢ 
3. (ee eae Al he Geet pb a =s 4 
—2a+5y xe — bd 2ne+ 5g 
4.3a+ 0 8. 2a' +b 12. 5a’ — 1.2 4 
2a—5b 3a3 — b 307 +2500 


Simplify the following : 
13. (a+ x)? — 52a —2z)(a+ 32) 
144. Qe—y(4e2+2ay+ y?)+ 8a(a4 — 2y)? 
15. (32 —y)?+22(44+3y) } 
- 16. (2a — b)? -3a+b)? +(a — 2b)? 
17. (at —a+@—1)(a4+ 1) 
18. (2? — 22-4 2)(@? + 22 +4 2) 
19. (@ — 3 ab + 2 b*)(8 ab — 2 b*) 
20. (22° + 322 — 5)(8 2 — 4) 
A. (a2 +2a+ 1a 22. (a"— 2a"+ 4)(a"+ 2) 
23. If (4r — 5)\(2r+ 3)= 87? +cr — 15, what must be 
the value of c? 
24. Tlf (22 —5)\824+ 2)= 622 — + be + c, find the values of 
b and c. 
= If (ax + 4)(8 x — 3)= 56 22 + 112% — 12, find the value 
of a 


26. If ahaa nia eer FS find thel 
value of p. 


13. 


re be . 
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_ Division 


Find the indicated quotients. Check ex. 1 to 5 by sub- 
painting 2for zx. Check ex. 6 to 15 by multiplication. 


(62? + x — 35)+(82 — 7) 
(21 x? + 35a — 40)+(7 2 — 5) 
(10 22 + 32 — 27)+(22 —3) 


. (10 22 + 8124 20)+(22 +5) 


(2a? — ll a — 28)+(¢ — 7) 
(623 —72?+ 142 — 8)+(22? —x+ 4) 


(2? — 52? + 82 — 4)+(e — 2) 


(6 23 — 23 2? + 29x — 12)+(22 — 38) 


- (a4 + 203+ 26a — 6a? — 15)+(a? + 44 — 8) 


(12 24 — 2? — 324+ 10 — 27 27)+(422?+ 2 — 2) 


. (wt — 523+ 15 2? — 22” + 20)+(2? — 2x44 4) 


(at + 203 — 6a? + 26a — 15)+(@ + 4a — 3) 
(27 x3 + 64)+(3 2 4+ 4) 

(125 a3 + 8)+ (25 a? — 10a + 4) 

(444 + 11a? + 25)+(22? —3 24 5) 
Q9at*+2¢74+1)-+82+22741) 


. (at —404+2e0+4+4a+4+ 1)+(e — 1 —- 2a) 

. ( —y — @ — 2ay)+(@ —y — @) 

. 8a —b? +c? + 6abc)+(2a+c — b) 

. (m+ 6m+ 9 — 252°)+(m+ 3 — 52) 

PO ei lhe 1) (sa Lab 2a) 

. (224562 —72—5)+(22 —1) 

» 6a —47% —4a84+24)+@ +2 — 202) 

. (lla? —5a+4 12 — 82a? + 30a')+(2a —4+ 324°) 

me. lap ye Ce 2 Y) ; 
. Divide 1 by 1 — 32, carrying the quotient to five terms. 
27. 


What must be the value of m in order that x? —3+2 


may be an exact divisor of 22? — 325+ 21a+2++3m? 


28. 


Write a formula to indicate the relation between the 


dividend, D, the divisor, d, the quotient, g, and the remainder, r. 
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Linear Equations 


Solve the following equations: 


1. 22+3= 13. 7% —') =8a >a 
2.38% —2= 138 144. 247+ 17 = 52+ 20 
8. 72+5=22¢—15 15. 5a +72 =22+4 87 
4.4 -Poe = 2 2 16. 2x —3=3427+4 
bf 8 = 3 ee 2 17. 322 —4)=2(@ +o) 
64 = 2 eee 2 18. 272+4= 20 + isa 
(a4 2 = Orb 2-i1 19. 3% +1=42+6 

8 2%7+5=2+7 20. 52 —(22%+ 3)= 12 
9. 4— 152 =11— 162 21. 13+(42+47)=12 
10.4132.— 6 = 1fe-'8 22. 9% — 21+ 42)=3 
Il. 64 4+ 17 = 23 4-52 23. 3(¢ — 6)— 2(4 — 4) = O05 
12°96 7 TT eal 3 ae 24. Ae 80> Ne ae 
25. 32 —i)— 5(2 2 +53) —— 32 

26. 242 ¢ =-°5)-- 10 = SG a2) 

27. 62n+3=4.7n+4+ 18 

28. 77 — 2.5°= 8n-b dil 

29: 67+ 2.3 = 1.75 1 

30. 1.3 = 4.5(2 n — 3)— 9.6 

31. (2n — 1)? — 4(n — 3)? = 25 

32. (n+ 1)n+2)—ll =n 

33. (n+ 1)(n + 5) =(n 4+ 2)(n + 8) 

34. («+ 7)(a@ + 3)—(a — 6)(a@ — 1)=0 

oo. @ — 2)? —@3)@ — 5) = "Ss aot 

36. (27 — 1)? 4+ 18 = 4(@ — 2)@ —1)—1 

37. «(2x — 3)— 22(5 + x)= 39 

38. (x — 4)(@ + 8)=7—-(8 — 2)(x4 + 5) 

39. (l0z — 3)\@+1)+52 =22+4+ 5)(52 —4)-—8 
40. 5(z — 1)? — 3(@@ — 2)? =(22 — 1)(84+ 2)—6 

41. (2 + 7)(3 — 2) = 2(e — 3)(x@ — 5)— 3(@2 + 8) 

42. «2? =(2x% — 3)(@ — 7)—(a@ — 1)(@ + 4) 

43. (x + 5)(22 — 3)—(@ — 7)(a@ + 3)= x(x — 1)+- 18 


. 
‘ 
i” 
a 
<a 


a 
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- lba* — Tab — 20? 

. sy —Ty —6 

. 2¢7°4+7¢2+3 

- 22 + ty — 64" 

a a7 = "6 
watt OL — 35 

. 42? — 1227? 4+ 9 y! 

- 92? — 24 ary + 167? 

. 4m? — 28m + 49 

- 1627 — 120 zy + 225 y? 
-. 86m + 60 mn + 25 n? 
- 10a? — 27ab+ 18 B 

. 2277+ 712 — 21 

. 16a* — 14502 +9 

. ax? — Gary + 9 axy 
~ 16.0? 224 2%y + 56 ay" 
2 Dia? = Ache == 4c? seub* 
eat oe) eG aap 
. 2 —b—a+2ab 

- m—S8mn+ 16n?—4r? 
pit = 20 ya 44 ==, Og 
eta Cy rf pe che 


FACTORING 
Factoring 
Find the prime factors of each of the following: 

a + 2ax 32 
x? — Ary 33 
Mie ate 34 

Se ales Ee 35 
ON ha 36 
40° — 9% 37 
8a? — 27? 38 

ae 2m? = 80 mn? 39 
. 64 27y — 36 y? 40 
. 3 mr — 363 m3 41 
ew 10a- — 8tx° 42 
. at — 1604 43 
. ab? — 81 a3 44 
seo a — 36 a’ 45 
. 64a — 25 46 
. 49 v2 — 25 sé 47 
ae y?* == {fF y? 48 
a 4 2. — 24 49 
. a& — 2a — 48 50 
. m* — 13m — 48 51 
. 2@—Try+ 10y 52 
et Ae — 12 53 
. 2 — 5ay — 142y* 54 


. r—2r—15 

. 2 — 8x2 — 20 
Sie ot 
.-m+o6n—7 

. &—c—6 

. 4a — 15ab —40? 
. 12ec0+ 7c — 12 

. 602+76 — 24 


. 2a? + 2 be — ab — 4 ac 
LO La ea ay ad 
. @& + ab — ac — be 

. 122? — 84ay4+ M47y 
. 152° + 35 22 — 302 

- 9 e+ 30 x + 25 
yee 2 Lye oe View 

. v4 — 18 47+ 81 

. 9a!t — 25 
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Reduction of Fractions 


Reduce to lower terms: 


1 e—4 7 e+ 5x2 — 24 
“ePtd4et4 ' 2@+62 — 16 
2 aw? — 9 8 a - 8 ry 
“o+6x2+9 z+ 5ay — 247° 
3 24+ 32 9 Ag? — 20 ay + 25y 
“eP+t4e4+3 ~ 10 2? — 29 zy + 10y? 
22+ 2 0 gett + Qe +z. 
‘ 6t2—-2 as ge — 
5. 16a?+ 8a? —8a 11. yn — 
16 a* — 16 v2" — 2a" — 383 
3c —6c an — qr — 6a 
._ > 120) ee 
6 6c — 24 et — part oa 


Reduce to equivalent fractions having their L. C. D.: ~ 


3) 2 1 
pe and 
a i een 
5 3 2 
45, =, nd 
ied ae ey a O 
2a —3a 
tie Oe Se ao 72 Oe 
a? — ax — 2a? 2? —4axr+4e@2 ond on eee 
3 » 5 
16. % ? —— 
PEPE Oo Po eae 
(INI Reo Phat Sa edd 
g—-2a+3 24+32 2— 
Express as a single fraction : 
i) ya a We ieige s 
c—3 a= 
1 3a+2b 
19. « + ——_ 29. Bae 
zr+1 a+2b 4 
2 b—a 
20. _ i 
—=_-3 23 +1 


Simplify the following: 


FRACTIONS 


Addition and Subtraction of Fractions 


325 


plea 3 3 2 
ie fi es 
a yey 2S emg 
2. ae. Fs 2 8 4a 382 —2 
mesaa—7 sa+2 See ane er 
= ee ee: 9. 4 a 3 
_— a—6 a-+6 8a+12b 9b-—6a4 
a 5 D4 10 2.5 4? 
eae ak b “Baty y—-9x 
| 4 2 a+6,a—6 2 a? 
5. = , ie 
2a+3 a-—-2 e acres’ a — b 
.: b a+b a-—b 4 ab 
pe ; = — 
i a eee © PD a? ie 
1 | SS SA i ge 
a-—3 3+a @a@-9 
ee! 7 a+3 
ae <a ES Oe eT 
15 eA 2:0 200 Fee ha 
“@—ab’ @&—3ab+20 a&— 2ab 
3x ~ 2 1 
i +2 — 2 a) 
ee ae CD 
pe iG a 2 
18 a+b b+ ec a he 
“(—c(c—a) (—ala—b) (@—b)(b—¢) 
ue a y ae 
19. ay + y? ry — 2 ey 
1 3 ee eae | 
tg a+1 t—2° «+3 
‘ eee ee 2 2 
apa) 1-2 ei 2 
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Multiplication and Division of Fractions 


Perform the indicated operations: BS 
yee 6 5 @+2)" ) 7 


ee Sea "#4+8ae4+ 15° o+ 2m 


ey — y? 6 52" aaa oe 
2. ig Sry + ai og ob 
a+t o— Y CSS ter TAS. 
é: pet arma TS 0k os ee 
a 20 Oe poe = 200? 8. SOU ae 
2 Os ae Oe AU Teta 3), OP 
or ed age aa 
(e.—d)?— -e-bid 
10. me Se Pld Si 8 
x7 x? — Wa + 21 S 
11. ag Seon a ee : 
tent = 13" 4-442 ¥ 
13. a — y ty 2 oe 4 
ey Oot Rae CT eey Ly 
Cae db, ba? — BY) 
2a-+ b 2? GD (2.a + 6)? . 
wa, 2@— Baty 2a-1, 2a-1 ‘ 
40, ae 9 a= 5 PN i | a 
15, CH4ab+3R a+b, at3bd 
a = be &—=b. (eb) , 
ig. 4¢° — 9 (2D Oey age 
Diaries O en ele ae is ae 
es SOTA SO A teh Bi 2 ee 


9@2—38a-2° 2e0+3a-2 8@—8a4+4 
4-\?._ (a + 138 16 
os ( pase Se 
fee) x—7 x? — 49 
19. aes e 0 8 ee Oe eee 6 ax — 202 
@—-9 B8a-8 3a°4+9a 38a0@+a— 24 


FRACTIONS a2 


Combined Operations with Fractions 


Perform pe indicated operations and simplify : 
PEN) E-DS 
ee) +7) eae eG ay) 
ps) G-°) SA) er A) 
Ee Ge) Smiter) 

Se tne) LAG ete 
eer ae Comer) 


12. (4—1+ +2> 14 +2—1). (:+ ++) 

i eR n=2) 
baa 2 ce 2 

ee ee a) 


18. (ag tea) (a) 
AC G37 rae) Ge ) 
7. Ce ran hel eat a) 


ey 


1 oy 

P22 eae oe 
19. (8a+4—-“\(3a-4-4)(_ 4) 
+(1+ 2(2? — 12) 


Coes 2 Ae Rae sae — 14), 
ee e+72+ 12 
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Fractional Linear Equations — 
Solve the following : 3 


5n 10 7 a 
= SS SO) I 6. = 
i 2 nas 3 
Quits asad le D 7 Cia a 
eS) 6 3 " 5n—-1 

2 a CD 4 
3 SS = 0 8. 

Ss 53 2, Tn+3 
1 1 4x—3 
=- 9. = 
. Dit DAS 2x—1 
tat 1  6n—2 
5. ——— 10. = 
a-+_6 5 2 38n+4 
fei oe Oe Be es ee 
3 3 1 5 x 

12. Li Se 
e—-2°> £=—-3 =< —4 
7 3 4 
13 = 
ma pane a—a4 
(eae lh ene 
e—-T @€4+3 P—4¢ — 91 
1Gpiee te ee ee 
Oe cr uF Se 
10 5xa2—1 5 


19. 4y 2 eee ee 
20, 4-3 4y>-—9 2y—3 

qo. BUG — 2) _ 34 4a Oe 
c+3 v— 9 3-2 a 

00; eee, SB eG eed | 
sie ae Se els ge ne SOE 
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Literal Linear Equations and Formulas 


Solve the following equations for x: 


1. ax = 'm 8. a(x — 1)= ax — 1 
2. at =br+e 9. 2b4+6@0=4ab+4+ 3a 
8. 72 =ar—c 10. m(x — m)+ a(x — a)=0 
4,2 =b-c rh hate Bagi ae LD 

a ona Phy ee : 

Sie apr ye, t-4_2—d 

a LO eb a 
pre 1 +o a ee ail 

x 2 | haat A ge ee 
mee ag pe eal Rey Be 

b a at+a«e 2b+4+2 

pm pee pS ee tee 

c 


16. Solve! =a+(n — 1)dforn. Find d. 
Peso Ss = wero) tor paar Pind 9. 


18. Solve S =“——" fora. 21. Solve V = ar*h for h. 
19. Solve C = 2 = for r. 22. Solve V = 45h for h. 


20. Solve C = aia for r. 23. Solve C = R nae for n. 
Y4. Solve L = a= 9 fort; for M: for g. 
25. Solve S = 49(2t — 1) fort. 
26. Solve T = 2ar(h + 1) for h. 
27. Solve = = 22S for 7: 
28. Given P= =2 6c + 32, express C asa function of FP. 
29. From the formula R = 9° express s as a function of 


R and g. Genet 
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Graphs of Formulas and Equations 


Graphs of linear functions. 


1. Draw a graph to represent the es for the area of 


a rectangle, A = bh, when h=3 in. From the graph 
determine: (a) A if b = 5.5in.; (6) bif A = 19.5 sq. in. 


2. Draw a graph to represent the formula for the perimeter 


of a square, p = 4s. From the graph find pif s = 8. 


3. Draw a graph of i = prt when p = 100 and r = .04._ 


Draw graphs of the formulas: 


4. C =nd (x = 3.1) Ba V = a2t 6. F=20+3% 


7. Write the equation that states that the y-values of a 
point (x, y) are 3 less than twice the corresponding z-values. 
Draw a graph of the locus of all such points. 


Draw graphs of the equations: 


8 y=42+6 9. 34—4y =0 10. 4% =3y+6 
11. At what point does the graph of 22 = = 3y — 6 cross q 


(a) the z-axis? (b) the y-axis? 
Solve graphically the sets of equations: 


aE ola ee ame 14, [3% +5y= Te 


Bp de i3i oy 224+ ys3 oop 
Graphs of quadratic functions. 


15. Draw a graph of s = 7? from n=—7 to n=+7. 
From the graph determine: (a) the square of — 3; (b) the 


square root of 124. 

16. The feta ab = 36 indicates that the product of two 
numbers is 36. Represent this by a graph, using: (a) 6 = 1 
to b = 36; (0) a=— itoa =— 36. 

_ Draw graphs of the equations : 
17. y=xr+62— 16 19) 2+ 32S 742 
18. y= 2-62-77 20. 2 —52=y 


21. Determine the roots of equations 17 to 20 if y = 0. | 
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Systems of Linear Equations 


Solve the following equations: 


[f 4%-y= ax + by =m 
Le 15. 
ole ara geek 193 ie teat 
ay oe 16 ouaery 
224 y = 13 ' ler —dy=d 
—4y=1 
Pay / % y ax + by = 2 
i ae le se ee eae 
ax —5y= 
a ae Bey ty. 
a hee AB SN naen 2 
4z+3y= A 3 3 
62 —y =09 2 
6. Seis mane ‘a ae 
7 oe j z+(1+?\y=a 
* |\62—4y=-6 " 
g, [3rt+4y = 36 1,1_5 
" |22+3y = 26 eae a, 
ae [Deo ue 
EB eae 35 je+3-3 
1, [3% -—5y = 39 Spe esas 
172 —W=Ay Pare ts 
12 ahaa ee 
' (8a-—4y=19 gg. (PY 
Die OY 2,1_7 
4za—3y pee 
eS ee 98 110.5 _» 
| e+6 yt3 eal NOY 
eae | M483. 4 
* lax + (a — byy =— ab \ 7x y 


Ess. J. H. S. MATH. I1I— 22 
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- Squares and Square Roots 


Find the indicated squares : 


. (a+ 2) 


Ce 


(2a — x)? 
(a 4+- 3.4)? 
(5a — 1)? 
(7 ax + 3)? 
(a — 2 bc)? 
(8m + 7p)? 
(2 ax — 3)? 


LB he? 


(CF — 


- 4) 


i (32 = uy’ 
- Ge+tey)? 
(a 54)? 

(227+) 
gy)? 
($e = 5") 


. +vb)? 
. (8 —Vy)? 


. (V2 4+v 2) 
. (V3 —Vy)? 
. (5+ 2V2) 


23. By inspection, square each of the following: 


(a) 3.5 


(b) 8.5 


(c) 12.5 


(d) 145 


(e) 113 


Find the square root of each of the following: 


33. 


- O.a* — 36.23 + 38 2? — 44 2 

~ O+38e—aet—2e°+274+1 

: sa gh ae 
a*—6a?+10¢0—3a+1 

3 noted eee tes 

- 10024 + 65 2? — 10023 + 4 — 202 
. 25 xt — 30 az? + 49 ax? — 
~ $2) — 8 + 152 2? = 18 ¢ 425 


wt Fay +2 a%y? — 12 9 y! 
og gry tauy — lz + oy 


24 a®x + 16 at 


2b +1 


Find to the nearest tenth the square root of : 


34. 53 


35. 59.29 


36. 33 


37. 7.5 


(2Vx + 3Vy)? 


. VIIa — De 


38. What does the formula c? = a? + b? represent? Find ; 
c, to the nearest tenth, if a = 8 and b = 5. 


39. A rectangular box is 12 in. long, 5 in. wide, and 10 in. 
What is the distance, to the nearest tenth of an inch, 


deep. 


from one corner to the diagonally opposite corner? 


RADICALS AND EXPONENTS Bish 


: Radicals and Exponents 
Simplify each of the following: 


327 6. Vi 11. Va? + a! 
Dae) 2 T..60V 4. 12. Vb? 4+ be 
3. V98 8. 32V38 13. V4 a! — 20a? 
4. V108a 9. 24V2 14. V9 ab? — 27 
. 5. V196b 10: 15/5, 15. V25 a? — 75 ab? 
16. V8: 17. Vik SoA hee tome 
27 V5 


20. 2V108 — 62V5i +V3(8 2 — 1)? 
21. 30V4 — 3V8 + 9V159 


22. V27 x —V3(7 2 — 2)? +6 
23. 6av2 — 5 V 54 4+ V24® 
24. V16 a? — Pe ab —V9 ab? — 27 b§ +V asp? — 3 oe 


| 20: V2(3 — 5V2) _ 28. (5/8 + 3V6)? 
26. V3(2V3 —V12) 29. (3V2 — 2V3)? 
27. (6 — 2V5)? 30. (5V5 — 4)(5V5 + 8) 


31. (3V5 —V2)CV5 + 4V2) 
32. (V27 —V12)(3V8 +v18) 
Find the value, to the nearest Ae ray 
2V3-— 5 3V2 +2 V27 — V'48 
33. as 34. ora 35. eae 
Find the value of : 
36. 8? — 9(27)9 + 9? — 16% +(5)7(5)? + 169% — 64% + 81° 
37. 2 +22? -—2+ 27-229 when x = 4 
88. 523? 4+323— 523 +(22)9 whens =8 
39. 2? +227-4 when zs = 3V5+1 
40. x —22-11 when z = 1 — 2V3 
41. Express ex. 36 to 38 without fractional exponents. 


334 


Quadratic Equations 
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Solve the following equations and check the results: 


1. x2? — 10x — 39 = 0 
2. 22° '% — 15 =0 
3. 2 —20=82 
AoE ae ta S 

5. 227+ 2-21 =0 
6. 327 — liz = 70 
ee ot 9 

8. 8227—2¢4-—3=0 
9. 6a = 1 


10. 6227 -—-2=-2 
It, 24? =447= 5 


12. 
13. 
14. 
15. 
16. 


17 
18. 
19. 
20. 


ev — 6x = 10 


134345 2 
3 x 
ee 


1 pa) _p)=a20m 
34 + )— {@y—)=s im 


2a? +5 = 10(r + 1) 


Find the value of x to the nearest tenth: 


Zl. v= 32 +5 

aa, 3 e162 = 52 
23. 207 + 4.=17 4 
24. 277° +627-—-3=0 
26.53.02 = 2 = 4a 


Solve the equations : 


—1 x— 3 
cy ee he Rae 
Po eee : 
32. = _* feel 
a 6 
E ie eh 
B50 aN aw eee 
ear Step 
x-—1 xr+3 
35. 2 2s oe 
r—-2°°2-—2 43 


26. 
27. 
28. 
29. 
30. 


36. 


37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 


e.=— 10¢ +2 = 0 
22—5x—4=0 
oe 3 = 0 
52 2a 4 
ble ee 


Gide 2e iy See 
ae 22x 
(c+a-+ 06) =(@ — bP 
v’+be+be + cx = 0 
v’—2axr+4ab = 2 br 
v’—2Qer=4a-@ 

2 +5 an = 14)a7 

16 a2? ++ 1 = 10 ax 
212? — 38a? = 2axz 
32 — 5ax = 112 a? 


bl 
3 


2S ere 
to 1 
2%—y=5 
oe 
3 x—y=2 
ae U e—2y=7 
22—y = 12 


eat ee pa 5 
5 2 eo = 0 
i Pi pe 1S 
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Systems of Quadratic Equations 
Solve the following equations: 


6. ae aoe 
5 S28) SS 8 Ge 

1, (PEt P= 

at —y=7 

8. ee sae 
y—3r=—4 
3 yp is 
So Patiotes 80 


ax=2y 


Many of the questions and problems that follow have been 


taken from recent examinations. 


True and False Statements 


State which of the following statements are true and which 
are false. If a statement is false, correct it. 

1. A coefficient of a term is a factor of the term. 

2. The difference between two negative numbers may be a 


positive number. 


3. If the numerator and the denominator of a fraction are 
equal, the value of the fraction is 0. 
4. The fourth root of a number is the square of the square 


root of the number. 


5. If both terms of a fraction are positive, decreasing the 
denominator of the fraction decreases the value of the fraction. 

6. If the same number is added to both terms of a fraction, 
the value of the fraction is not changed. 

7. Every quadratic equation has two roots. 

8. The square root of any positive number is less than the 


number. 


9. The product of two binomials may be a binomial. 


336 ALL SORTS OF EXERCISES 
10. One of the roots of the equation 3 2? + 8x — 3 = Ois 5. 
11. The equation 72 = ae = 0 has 2 for a root. 
ve—y=4 fa= 4,-—5 
12. The roots of the system i eae 16° = te 


13. In a radical expression the index of the root to be found . 


is always an even number. 

14. The dividend is equal to the product of the divisor by thes 
quotient and the result diminished by the remainder. 

15. The graph of a linear equation is a straight line. 


16. If both members of an equation are divided by the same ~ 


number, the quotients are always equal. 
17. If both members of an equation are multiplied by the 
same number, the products are always equal. 


sii ae: ‘ 


~ 
io 


ey ae 1 — 


'18. If four quantities are in proportion, the product of thas . 


first and the third is equal to the product of the second and the 
fourth. — 


19. The prime factors of 362? —9y* are 64 —3y and ~ 


62.+ 3 y. 
20.4xX8—6+2+8+4-— 31 =0. 
21. V16a? +98? =404 3b. 
22. V25 2? —16 =52—4. 
23. If a is greater than b, then (a — b)?=(b — a)?. 
24. (a) a8; is a rational number. 


(b) 5.333% is a rational number. 


Linear Equations — Geometric Problems 


1. Find each angle of a triangle if the first angle is twice as 
large as the second angle and the third angle is equal to the sum 
of the other two angles. 


2. Find each angle of an isosceles triangle if each of the base ; 


angles is twice the size of the vertex angle. 
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3. The perimeter of an isosceles triangle is 16 in. Find 
each side if one of the equal sides is 2 in. longer than the base. - 
4. Two angles are complementary. Find each angle if their 
difference is 15°. 
5. Find two supplementary angles if one angle is 30° less 
than the other angle. 

6. Find an angle such that its supplement is 50° larger than 
twice its complement. 

7. Two angles of a certain triangle are in the ratio 6 to 5 
and the third angle is the difference between the other two 
angles. How large is each angle? 

8. The perimeter of a rectangular field is 160 rd. Find the 
dimensions if they are to each other as 3 to 5. 

9. The sum of the base and the altitude of a triangle is 32 in. 
and their ratio is as 5 to 3. Find the area of the triangle. 
10. Find the area of a trapezoid if the sum of its altitude and 

two bases is 24 in. and the ratio of the altitude and the bases is 
as 3 to 4 to 5. 


Miscellaneous Problems 


“1. Divide 60 into two parts such that 3 times one part 

shall equal twice the other part. 

2. Separate 72 into two parts such that twice one eatt 
exceeds 8 times the other part by 4. 

3. A classroom has 27 seats, some single and the rest double. 
If the room seats 42 students, how many double seats are there? 

4. Two boys together had 150 marbles. One arranged his 
in groups of 5 and the other, in groupsof 8. They had 24 groups 
between them. How many marbles did each have? 

5. Frank is 10 yr. older than his brother Henry; 10 yr. 
ago he was 3 times as old. How old is each now? 
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" i 
a en ap. 


6. At a certain place the longest day exceeds the shortest r 


night by 7 hr. 40 min. How long is each? 


7. A man bought a number of sheep at $6.50 Sie Pour a 


of them died and he sold the remainder at $7.75 each. How 


many sheep did he buy if he received $19 more than he paid for 4 


the sheep? 


8. The cost of a horse and wagon was $225. The cost of the 7 
horse lacked $25 of being 4 times the cost of the wagon. ~ 


What was the cost of each? 
‘y Q. A farmer sowed 13 acres with wheat and oats, obtaining 


a total yield of 496 bu. If the wheat yielded 32 bu. per — 


-acre and the oats, 40 bu. per acre, how many acres of each 
did he plant? 


. 


10. A man sold 2 acres more than 3 of his farm and had ~ 


-4 acres less than 4 of it left. How many acres did he sell? 
11. The amounts possessed by Albert and John are in the 


ratio of 7 to 5. If Albert gives John $15, they will have equal — 


amounts. How much has each? 

12. An estate of $5700 is to be divided among a mother, a 
son, and a daughter. The mother is to get $2500 more than 
the son, and the daughter is to get twice as much as the son. 
Find the amount each will receive. 


13. Divide $1285 among John, Alice, and Henry so that 
John has $25 more than § as much as Alice has, and Henry’s 
money is to Alice’s as 4 to 15. 

14. The denominator of a fraction is double its numerator. 
If the numerator is increased by 3 and the denominator is 
decreased by 4, the value of the fraction becomes 1. Find the 
original fraction. 


15. What number must be added to the numerator and the 


denominator of the fraction ,%, so that the resulting fraction shall 


equal 3? 
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16. Mr. Rice wishes to divide $1600 among his three sons so 
that the second son will receive 2 as much as the first son and 
the third son will receive an amount equal to the other two. 
Find the share of each. 


17. Chester was offered for his bicycle a sum equal to 3 of 
what it cost him. He sold it later for 2 of what it cost him, 
thereby receiving $7 more than he was offered at first. How 
much did it cost? 

18. A man walks at the rate of 4 mi. an hour. How far can 
he walk into the country and ride back in an automobile at the 
rate of 20 mi. an hour if he must be back home in 8 hr. from the 
time he starts? 


19. Two automobiles are 276 mi. apart and start at the same 
time to travel toward each other. They travel at rates differ- 
ing by 5 mi. an hour and meet in 6 hr. Find the rate of each. 


20. Two automobiles leave Albany at the same time. The 
first one travels east and the other goes west. In 6 hr. they 
are 297 mi. apart. Find the rate of each if their rates are as 4 
to 5. 

21. Mr. James leaves Omaha at 8 a.m. in an automobile going 
at arate of 27 mi.anhour. Three hours later his son starts on a 
motorcycle to overtake him, traveling at a rate of 39 mi. an 
hour. How far must the son travel before he overtakes his 
father? 

22. At the rate of 3 mi. an hour uphill and 4 mi. an hour 
downhill, a man walked 174 mi. in 5 hr. How much of the 
distance was uphill? , 

23. Fred and James ride their bicycle around a 350-yard 
circular track. Fred goes at the rate of 450 yd. a minute and 
James at the rate of 280 yd. a minute. Both start at the same 
time and go in the same direction. How long will it take Fred 
to catch up with James and pass him? 
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24. A father was 3 times as old as his son 12 yr. ago, and 3 


3 yr. hence the father will be twice as old as his son. ‘How old 
is each now? ; 
25. Arthur is 5 yr. older than his sister and 3 as old as his 


father. The sum of the ages of all three is 51 yr. How old is 


Arthur? 

26. The ratio between Mrs. Clark’s age and her daughter’s 
age is 5 to 1; but 3 yr. ago the ratio was 9 to 1. How old is 
Mrs. Clark for? 

27. A purse contains 18 coins, some Ritee and the rest 


dimes. If the coins are worth or 40, how many are there of 


each kind? 
28. Mary opened her bank Be found $2.50 in quarters, 
nickels, and dimes. There were $ as many quarters as nickels 


and 4 as many dimes as nickels. How many coins of each kind — 


were Pihere! 

29. A farmer employed a boy on the condition that the bee 
was to receive $2 for each day that he worked and to pay $1 
board for each day that he was idle. At the end of 20 da. the 
boy received $34. How many days had he worked? 

30. Mrs. Corwin has $9000 invested, part at 54% and the 
rest at 6%. If she receives a yearly income of $525, how 
much is invested at each rate? 

31. Mr. Adkins invested money in bonds that paid 5%, 51%, 
and 6%. The amount invested at 5% was $2000 less than that 
invested at 6%, and the amount invested at 51% was 3 times as 
great as that at 5%. If his annual income was $670, how much 
money did Mr. Adkins have invested at each rate? 

32. A man sold two houses for $23,000. On one he gained 
25% of the cost and on the other he lost 20%. If his net gain 
was $1000, what was the cost of each house? 

_ 83. Thirty men agreed to be responsible for a dinner. Later 
5 men withdrew from the agreement and the rest had to pay $.50 
more each. What was the price agreed on? 


Pe 
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Problems with Two Unknown Numbers 


1. A man finds that he can get 2 tons of coal and 3 loads 
of wood for $45 or he can get 3 tons of coal and 5 loads of wood ° 
- for $70. How much oa he pay for 7 loads of wood and 
10 tons of coal? 

_ 2. In a barnyard there are pigs and hens having in all 
50 heads and 140 feet. How many of each kind are there? 

3. The tens’ digit of a two-digit number exceeds the units’ 
digit by 3. The sum of the digits is + of the number. Find the 
number. 

4. A number is expressed by two digits whose sum is 8. If 
6 times the tens’ digit is added to the number, the digits are 
interchanged. Find the number. 

5. If 3 is added to the numerator and 5 is subtracted from 
the denominator of a certain fraction, the value of the fraction 
is 8. If 2 is subtracted from the numerator and 3 is added to 
the denominator, the value becomes 4. Find the fraction. 

6. How many pounds of 45-cent coffee and how many pounds 
of 35-cent coffee must be mixed so that 50 lb. of the mixture 
may sell at $.42 a pound? 

7. In the equation y = ar + }, it is known that a and b 
are constants and that y = 4 when x =2 and y=13 when 
x =5. Find the value of a and of b.: 

8. One man and 2 boys can do in 12 days a piece of 
work that could be done in 6 days by 3 men and 1 boy. How 
long would it take a boy to do the work? a man? 

9. Frank and Gus can do a piece of work in 30 days. At 
the end of 18 days, however, Gus quits and Frank finishes the 
work alone in 20 days more. Find the time in which each 

could do the work alone. 

10. If 5 yd. of cloth and 2 yd. of silk cost $18.50 and 3 yd. 
of cloth and 5 yd. of silk cost $22.50, what is the price per 


yard of each material? 
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Problems Involving Quadratic Equations 


1. Find a number such that if 2 of the number is subtracted 
from the square of the number, Hie result is 75.: 


2. Find the number whose square diminished by 20 is equal — 


to 8 times the number. 
3. Find the side of a square such that if twice its perimeter 
is added to the number of square units in its area, the result is 20. 
4. The perimeter of a certain rectangle is 248 ft. and its 
area is 3700 sq. ft. Find the length of each side. 


5. A rectangle is 1} times as long as it is wide. If 2 ft. are. 


taken from each dimension, thdJnew rectangle thus formed has 
2 the area of the original one. Find the area of each rectangle. 


6.. A clothier purchased a number of overcoats for $720, pay- - 


Le ee 


eS oes. 


a ee 


Ser, 


ing the same-amount for each. He sold them for $40 each, 


clearing an amount equal to the cost of 8 coats. How many 
coats did he buy? 
7. If the speed of a railway train should be lessened 4 mi. 


an hour, the train would be 4 hr. longer in going 180 mi. Find ~ 


the rate of the train. 
8. An automobile goes to a place 84 mi. distant and returns 


in 7 hr. The average rate of speed going is 7 mi. an hour less — 


than that returning. Find the rate going and the rate returning. 


9. Two men, A and B, can dig a trench in 20 da. It would 


take A alone 9 da. longer to dig it than it would take B alone. 
How long would it take B alone? 


10. Separate a line 20 in. long into two parts such that the — 


ratio between the whole line and the longer part ‘shall equal 
the ratio of the longer part to the shorter part. 

11. At Christmas Mr. Jones distributed $180 equally among 
a number of his friends. Mr. Hunt distributed the same 
amount among 30 people less, but he gave each person $3 
more than Mr. Jones: did. How much did Mr. Jones give 
each person? Mr. Hunt? 
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Abscissa, 132. 
Absolute term, 130. 
Absolute value, 24. 

_ Accuracy of results, 304. 
Acute angle, 268. 
Addition, checking, 33. 

of fractions, 193-195. 
of monomials, 28-32. 
of polynomials, 33-35. 


of positive and negative numbers, 27, 28. 


of radicals, 238. 
review exercises, 313. 
Addition axiom, 18. 
Algebraic expression, 7, 60. 
Algebraic numbers, defined, 24. 
Algebraic representation, 11, 52, 86. 
Alternate interior angles, 285. 
Altitude, of parallelogram, 5. 
of triangle, 5, 275. 
Angle of depression, 311. 
Angle of elevation, 311. 
Angles, acute, 268. 
alternate interior, 285. 
complementary, 52, 271, 272. 
defined, 267. 
equal, 269. 
functions of, 298-300. 
measurement of, 268. 
obtuse, 268. 
of a triangle, 20, 287. 
Tight, 268, 269. 
straight, 268. 
supplementary, 52, 271, 272. 
vertex of, 267. 
vertical, 272. 
Approximate numbers, 303. 
Area, of circle, 9, 225. 
of parallelogram, 5 " 
of rectangle, 2, 63, 160, 164. 
of square, 7, 168. 
of trapezoid, 10. 
of triangle, 5. 
Arrangement of terms, 60. 
Average of numbers, 123. 
Axes, 117, 131, 132. 
Axioms, 16, 18. 


Bar graph, 111. 

Base of exponent, 7. 

Binomials, defined, 30. 
difference of two squares, 173. 
special products of, 160, 164, 168, 172. 
square of, 168, 169, 332. 

Broken-line. graph, 116-118. 


Cancellation, 68, 179. 

Central tendency, 123-125. 

Check, addition, 33. 
division, TNS PE 
equations, 14, 53, 140, 203, 250, 262. 
factoring, 158, 166. 


Check, fractions, 181, 183, 193. 
graph, 134. 
multiplication, 63. 
subtraction, 40. 
eon eeeS | ratios, 300. 
Circle, area of, 9 
cireumference of, 9, 268. 
definition of, 268 
diameter of, 278. 
radius of, 268. 
Circle graphs, 114. 
Circumference of circle, 9, 268. 
Clearing equations of fractions, 74, 203. 
Coefficient, defined, 7 
fractional, 74. 
literal, 50. 
numerical, 7. 
Coincidence, 269. 
Common denominator, 74, 191. 
Common factor, 157, 181. 
Common multiple, 189. 
Complementary angles, 52, 271, 272 
Complete quadratic equations, 247. 
Completing the square, 252, 253. 
Completion exercises, 103, 201, 244, 294, 313. 
Complex fractions, 200. 
Conclusion of a proposition, 273. 
Conditional equation, 79. 
Cone, volume of, 6, 240. 
Congruent triangles, 275. 
Consecutive numbers, 12. 
Constant, 105. 
Constant term, 130. 
Converse of proposition, 284, 
Coérdinate paper, 111. 
Coordinates of a point, 132. 
Compspending angles and sides, 275, 284, 
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Cosine of an angle, 299. 
Cross products, 164, 166. 
Cube root, 156, 227. 

Cube, volume of, 7. 

Cubic surd, 231. 

Curved line, 266. 
Curved-line graph, 119-121. 
Cylinder, volume of, 9, 240. 


Degree, angle measure, 268. 

of a term, 60. 

of an equation, 79. 

of an expression, 60. 
Denominator, defined, 6. 

lowest common, 74, 191. 

rationalization of, 236. 
Diameter of circle, 278. 
Difference, in subtraction, 36. 

of two squares, 173, 174. 
Direct variation, 105, 127. 
Directed numbers, 26. 
Dissimilar terms, 30, 32. 
Dividend, 6 
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Division, by radicals, 236, 
checking, 71, 72. 
law of signs, 67. 
of algebraic numbers, 67. 
of fractions, 186. 
of monomials, 68. 
of polynomials, 69, 71. 
represented by formula, 67. 
review exercises, 321. 
Division axiom, 16. 
Divisor, 67. 


Elimination, 141, 143. 

Equations, axioms, 16-18. 
checking, 14, 53, 140, 2038, 250. 
clearing of fractions, 74, 203. 
complete quadratic, 247. 
conditional, 79 
defined, 13. 
degree of, 79. 
fractional, 74, 203- 210. 
golden Tule of, 13 
graphic solution of, 130-136, 247. 
implied, 8 
Sacer ‘quadratic, 245. 
inconsistent, 136. 
indeterminate, 134, 139, 153. 
law of, 18. 
linear, 79, 132-135, 139-154. 
literal, 83, 146, 206, 210. 
members of, 13. 
quadratic} 245-256. 
roots of, 14. 
satisfying, 14, 79. 
simultaneous, 134, 139. 
solved by elimination, 141-143. 
solved by factoring, 250. 
solved by formula, 255. 
solved by graphs, 130, 247. 
standard quadratic, 255. 
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Factors, Brinn; ify 
rational, 233. 
rationalizing, 236. 

Formulas, defined, 3. 
geometric, 228, 234, 240. 
graphs of, 127-129, 330. 
review exercises, 329. 
solution of, 83, 84, 207, 258. 
summary of, 10. bi 

Fractional coefficients, 74. 

Fractional equations, 74, 203-210. 

Fractional exponent, 241. 

Fractions, clearing equations of, 74, 203. 
complex, 200. ; 
defined, 179. 
equivalent, 191. 
lowest terms of, 179-182. 
operations with, 183, 186, 193, 325, 326. 
rationalizing denominator of, 236. 
reciprocal of, 186. 
reduction of, 179, 324. 
review exercises, 324-327. 
signs of, 196. 
square root of, 224. 
terms of, 6, 179. 

Frequency table, 125. 

Fulerum of lever, 107. 

Fun with figures, 44, 110, 138, 220. 

Function, defined, 103. 
of an angle, 298. 


General numbers, 3 7: 
Geometric formulas, 228, 234, 240. 4 
Geometry, historical introduction, 265. " 
Graphs, axes of, 117, 131, 132. 4 : 
bar, 111. ’ 
broken-line, 116-118. ‘ 
checking, 134. 
circle, 114. 


systems of, 134-136, 139-154, 208-210,| CUtved-line, 119-121. 


262, 263, 331, 

transposition in, 81. 
Equilateral triangle, 4, 240, 279. 
Equivalent fractions, 191. 
Euclid, 24, 265. 
Exponent, defined, 7. 

fractional, 241. 

laws of, 241. 

of a power, 59. 

of a product, 59. 

of a quotient, 67, 68. 

review exercises, 333. 

zero, 68, 242. 
Extremes 1 in a proportion, 99. 


Factoring, by grouping, 159. 
common monomial factor, 157. 
definition of, 157. 


difference of two squares, 173, 174. 


review exercises, 176, 323 
square roots by, 170, 222. 
summary of, 176. 
trinomial squares, 170. 
trinomials, 162, 166. 
Factors, defined, 2, 157. 
highest common, 181. 
monomial, 157. 


of formulas, 127-129, 330. 

of irrational numbers, 232. 4 

of linear equations, 130-136. 

of positive and negative numbers, 25. 

of quadratic equations, 247. 

of radicals, 232. 

straight-line, 127, 132. 

variation expressed by, 127, 129. 
Greatest common dee 181. : 
Grouping terms, 8, 45, 4 


Highest common factor, 181. 
Hypotenuse of right triangle, 9, 225, 293. 
Hypothesis of proposition, 273. 


Identity, 79. 

Imaginary roots, 249. 

Incomplete quadratic equations, 245. 
Inconsistent equations, 136. 
Indeterminate equations, 134, 139, 153. 
Index of root, 156, 231. 

Initial line of angle, 267. 
Interpolation, 305. 

Inverse variation, 106, 129. 
Irrational expression, 156, 231. 
Irrational number, 231, 232. 
Isosceles triangle, 4, 278, 279. 
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Law of proportion, 99. 
Laws of exponents, 59, 
Laws of signs, 38, 58, ar #58, 196. 
Lever, 107. 
Like radicals, 238. 
Like terms, 30, 31, 38. 
Linear equations, defined, 79132: 
graphs of, 130-136. 
Teview exercises, 322, 328, 331. 
systems of, 134-136, 139-154, 208-210, 262, 
263, 331. 
Lines, curved, 266. 
straight, 127, 132, 266. 
Literal coefficients, 50. 
Literal equations, linear, 83, 206. 
quadratic, 258. 
review exercises, 329. 
systems of, 146, 210. 
Locus of a point, 132, 133, 268. 
Lowest common denominator, 74, 191. 
Lowest common multiple, 189. 
Lowest terms of fraction, 179-182. 


Magic squares, 44. 

Means, in a proportion, 99. 

Measurement of angles, 268. 

Median, in statistics, 124. 
of a triangle, 279. 

Members of an equation, 13. 

Minuend, 36. : 

Minus sign, 24, 

Mixed expressions, 188. 

Modal number, 125. ~ 

Mode, 125. 

Monomials, adding, 31-32. 
common factor, 157. 
defined, 29. 
dividing by, 68. 
multiplying by, 59 
subtracting, 38. 

Multiple, lowest common, 189. 
Multiplication, checking, 63. 
law of exponents in, 59. 

law of signs in, 58. 

of algebraic numbers, 57. 

of fractions, 183, 326. 

of monomials, 59. 

of polynomials, 61. 

of radicals, 239. 

review of, 155, 320. 
Multiplication axiom, 18. 


Negative numbers, 24-27, 36, 57, 67, 119. 
Numbers, absolute value of, O04. 

algebraic, 24. 

approximate, 303. 

consecutive, 12. 

general, 3. 

irrational, 231, 232. 

median, 124. 

modal, 125. 

positive and negative, 24-27, 36, 57, 67, 

119. 


rational, 231. 
Numerator, 6. | 
Numerical coefficients, 7. 
Numerical substitution, 3-10, 58, 59, 318. 


Obtuse angle, 268. 

Operations, order of, 30. 

Order of radicals and surds, 231. 
Ordinate, 132. 

Origin of axes, 119, 131. 


Parabola, 248. 

Parallel lines, 284, 285. 

Parallelogram, altitude of, 5. 
area of, 5. 
defined, 288. 
diagonal of, 5. ; 
perimeter of, 4, 45. 

Parentheses, in equations, 51. 
removal of, 46, 319 
signs of grouping, 8, 45. 

Perimeter, 4, 45. 

Perpendicular lines, 269, 270. 

UEi Gr), 9. 

Plane surface, 266. 

Plato, 24. 

Plus sign, 2, 24. 

Polygon, 275. 

Polynomials, arrangement of, 60. 
definition of, 30. ° 
operations with, 33, 40, 61, 69, 71. 
square root of, 229. 

Positive numbers, 24-27, 36, 57, 67, 119. 

Power, 7, 59, 241. 

Prime factor, 157. 

Principal root, 156, 221. 

Problems, age, 96. 
coin, 94. 
digit, 151. 
geometric, 54, 109, 228, 336. 
how to attack, 53, 86. 
miscellaneous, 15, 17, 19, 75, 89, 147, 251, 

259, 264, 337. 
mixture, 95, 219. 
number, 53, 88, 152. 
of investment, 216-218. 
puzzling, 22, 56, 153, 178. 
uniform motion, 91-93. 
with fractions, 211-219. 
work, 214-216. 

Products, of two monomials, 59. 
of two polynomials, 62. 
represented by areas, 63, 160, 164. 
special, 160, 164, 168, 172, 174. 
with zero result, 2 

Proportion, 99, igo 

Proposition, 273. 

Pythagoras, theorem of, 9, 225, 293. 


Quadratic equations, algebraic solution, 245. 
complete, 247. 
defined, 245. n 
graphic solution, 247. 
incomplete, 245. 
solved by completing the square, 252, 263. 
solved by factoring, 250 
solved by formula, 255. 
standard form of, 255, 
summary of spore, 256. 
Quadratic formula, 2: 
Quadratic surd, 231. 
Quadrilateral, 282. 
Quality, signs of, 24. 
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Quotient, 67. 


Radical expression, 156. 
Radical sign, 156, 231. 
Radicals, defined, 231. 
graphs of, 232. 
like, or similar, 238. 
operations with, 236, 238, 239. 
order of, 231. 
reduction of, 233. 
review exercises, 333. 
Radicand, 231. 
Ratio, defined, 97. J 
Rational factor, 233. 
Rational number, 231. 
Rationalization, 236. 
Rationalizing factor, 236. 
Ratios, trigonometric, 297-307. 
Reciprocal, 186. 
Rectangle, 2, 63, HO; 164, 290. 
Rectangular ‘solid, 5 Rar ic 
Reduction, of fractions, 179, 324. 
of radicals, 233. 
Reviews, 21, 42, 55, BS: 137, 201, 240, 244,313. 
Right angle, 268, 2 2 
Right triangle, 9, oo, 268, 293. 
Roots, cube, 156, 227. 
imaginary, 249, 
of an equation, 14. 
principal, 156, 221. 
square, 156, 170, 221-230, 232. 


Satisfying an equation, 14, 79. 
Scale of graphs, 111, 112, 117. 
Sets of sana tions: see Systems of equations. 
Signed numbers, 16. 
Significant figures, 304. 
Signs, double meaning, 24. 
laws of; 38, 58, 68, 196. 
of a fraction, 196. 
of grouping, 8, 45. 
Similar radicals, 238. 
Similar terms, 30, 31, 38. 
Similar triangles, 291, 296. 
Simultaneous equations, see Systems of equa- 
tions. 
Sine of an angle, 298. 
Solving equations, 14. 
Solving problems, 53, 86. 
Sphere, 10, 240. 
Square (rectangle), 7, 168, 290. 
Square of a binomial, 168, 332. 
Square root, by factoring, 170, 222, 
by formula, 223 
defined, 156, 221. 
of arithmetic numbers, 222, 
of fractions, 224. 
of polynomials, 229. 
principal, 156. 
review exercises, 332. 
table of, 227. 
Squares, difference of, 173, 174. 
Statistics, 122-125. 
Straight angle, 268. 
Straight line, 127, 132, 266. 
Substitution, elimination by, 143. 
numerical, 3-10, 58, 59, 318. 
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Subtraction, checking, 40. 
elimination by, 141 
law of signs, 38. 
of algebraic numbers, 36. 
of fractions, 193, 325. 
of like terms, 38. 
of monomials, 38. 
of polynomials, 40. 
of positive and negative numbers, 36. 
of radicals, 238. 
review exercises, 316. 
Subtraction axiom, 16. 
Supplementary angles, 62, 271, 202: 
Surds, 231. 
Symbols of algebra, 2. 
Systems of equations, 134-136, 139-154, 208— 
210, 262, 263, 331. 


Tables, frequency, 125. 
powers and roots, 227. 
ranking order, 123. 
statistical, 122. 
trigonometric ratios, 307. 

Tangent of an angle, 299. 

Terms, arrangement of, 60. 
defined, 29. 
degree of, 60. 
like or similar, 30, 31, 38. 
lowest,-of a fraction, 179. 
of a fraction, 6, 179 
transposition of, 81. 
unlike or dissimilar, 30, 32. 

Theorem, converse of, 284. 
defined, 273. 

Transit, 303. 

Transposition, 81. 

Transversal, 284. 

Trapezoid, 10. 

Triangle, altitude of, 5, 275, 278. 
area of, 5, 
congruent, 275. 
equilateral, 4, 240, 279. 
isosceles, 4, 278, 279. 
perimeter of, 4. 
right, 9, 225, 268, 293. 
similar, 291, 296. 
sum of the angles of, 20, 287. 

Trigonometric ratios, 297-307. 

Trigonometry, defined, 295. 

Trinomial squares, 170. 

Trinomials, 30, 162, 166. 

True and false statements, 335. 


Unlike terms, 30, 32. 


Variables, 105, 130. 
Variation, defined, 105. 
direct, 105, 127. 
graph of, 127, 129. 
inverse, 106, 129. 
Vertex of an angle, 267. 
Vertical angles, 272. 


X-axis, 131, 132. 
Y-axis, 131, 132. 


Zero, division by excepted, 16, 
Zero exponent, 68, 242. 
Zero product, 250, 
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